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Preface 


This is a collection of invited articles by some active researchers in the interface of 
the theory of finite groups and their representations, incidence geometries and the 
theory of buildings. The collection includes eight articles by some of the invited 
speakers at the Satellite Conference on “Buildings, Finite Geometries and Groups” 
held at the Indian Statistical Institute, Bangalore Centre, during August 29-31, 
2010. The request to the authors of the chapters of this volume was to discuss 
the latest developments in the topics mentioned above, with emphasis on the basic 
questions of current interest. This was also the objective of the conference. 

I would like to thank all the authors for kindly writing the articles and many 
colleagues who carefully refereed the chapters in time. I also wish to thank the 
speakers and the participants at the Satellite Conference. 

This conference was one of several such conferences organized at various 
universities and research institutions in India as a part of the International Congress 
of Mathematicians held at Hyderabad, India, during August 19-27, 2010. The 
organizing committee for this Satellite Conference consisted of: 


e N.S. Narasimha Sastry (Chairman) — Indian Statistical Institute, Bangalore, India 
e Bhaskar Bagchi — Indian Statistical Institute, Bangalore, India 

e Navin Singhi — Tata Institute of Fundamental Research, Mumbai, India 

e Peter Sin — University of Florida, Gainesville, Florida, USA 

e Ravindra Shukla — University of Allahabad, Allahabad, India 


The conference was supported by the Department of Science and Technology 
(DST), India, Indian Statistical Institute (ISI) and the International Mathematical 
Union (IMU). I thank these organizations for their very generous support. I would 
also like to thank Springer for kindly publishing this volume. I also thank Dr. Hans 
J. Koelsch at Springer for his encouragement and helpful suggestions and Nathan 
Brothers, Elizabeth Loew, Jacob Gallay, Rajiv Monsurate and Harini at Springer for 
their friendly and efficient cooperation which is instrumental in bringing out this 
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volume in time. Finally, I record my indebtedness to Ms. Asha Lata of the Statistics 
and Mathematics Unit, Indian Statistical Institute, Bangalore Centre, for her help 
through all stages of the preparation of this volume. 


Bangalore, India N.S. Narasimha Sastry 
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On Characterizing Designs by Their Codes 


Bhaskar Bagchi 


Abstract We observe that the finite regular generalized polygons are characterized 
by their codes (over any field!): they are the only generalized polygons (with given 
parameters) which maximise the number of minimum weight words in the dual 
code. We conjecture that an analogous characterization (over F,, p the correct 
prime) holds at least for the point-line designs of a finite dimensional projective 
space over a prime field. In support of this conjecture, we present a weaker coding 
theoretic characterization of these design in terms of the notion of “large clubs” 
introduced here. Along the way, we also prove a combinatorial characterization of 
the point-line designs of all finite projective spaces: apart from projective planes, 
these are the only Steiner 2-designs having as many hyperplanes as points. 

A similar characterization of the desarguesian projective plane among projective 
planes of a prime order is not expected, except perhaps rather vacuously. However, 
we conjecture that the prime order desarguesian planes are characterized by 
maximising the number of words of the second minimum weight in their dual codes. 
We state a conjecture, on small linear spaces of prime order, whose validity is shown 
to imply this conjecture for projective planes. 
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2 B. Bagchi 
1 Introduction 


Use of coding theory in designs has a long history by now. The monograph 
[1] is an excellent reference. Codes have been used to suggest constructions of 
designs (c.f. [8] for a nice example). They have also been used in non-existence 
results. A spectacular example is the proof of non-existence of projective planes 
of order ten (cf. [10]). Particularly in the presence of a moderately large group 
of automorphisms, codes can also be a powerful tool for characterization. For 
example, in [3] coding theory was used to prove that if a finite inversive plane of 
even order has a point-transitive automorphism group then it is a classical inversive 
plane. However, despite bright early promises coding theory has not yet been very 
successful in proving uniqueness results. The purpose of this paper is to suggest 
that, with a focus on the correct class of problems, this state of affairs can perhaps 
be improved upon substantially. Unfortunately, the results we present here are not 
as satisfactory as we had expected. But this is precisely what may attract younger 
researchers to the very attractive problems that we present here. We particularly wish 
to draw the attention of the reader to the “3p — 3 conjecture” in the last section. 

Recall that an incidence system (finite throughout this article) is a triple (X, B, I) 
where X and B are finite sets (whose elements are called points and blocks, 
respectively) and J C X x B isa binary relation (called incidence) between points 
and blocks. The incidence system (Xo, Bo, Jo) is said to be a subsystem of the 
incidence system (X, B, I) if Xo C X, Bo C B and In = Z N (Xo x Bo). It is 
called an induced subsystem (or subsystem induced on Xo) if Bo consists of all the 
blocks in B incident with at least one point in Xo. 

It is customary to identify each block £ of an incidence system with its shadow 
(i.e. the set of points incident with £). With this identification, the incidence relation 
becomes set inclusion €. Although we shall ourselves occasionally fall in line with 
this custom (so that, for instance, we say that two blocks are disjoint if no point 
is incident with both), this has certain disadvantages: (a) sometimes blocks come 
with multiplicities, i.e. the “set” of blocks becomes a multi-set (and codes do not 
“see” this multiplicity), (b) the notion of subsystems becomes somewhat murky, (c) 
the obvious duality between points and blocks gets lost and (d) often, in a natural 
construction of an incidence system, the incidence relation is not set membership. 

Given an incidence system V = (X, B, I) anda field F, the F-ary code Cp(%) of 
X is defined to be the linear subspace of F* generated by the “indicator” functions 
1 ifxlp 
0 otherwise 
a natural “inner product” (non-degenerate symmetric bilinear form) (-, -) defined by 
(Wi.W2) = Xey Wi(X) w2(x), for wi, w2 € F*. The dual F-ary code Cre) 
is defined to be the orthocomplement of its F-ary code with respect to this inner 
product: 





xp. Ê € B. Here yg(x) = . The F-linear space F* is equipped with 


CE) = {we F* : (w,w) = 0 Y w € Cpr(4)}. 
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In particular, if F = F, is the finite field of prime order p, we write C,(4’) and 
C z (¥) for these two codes, and call them the p-ary code and the dual p-ary code 
of the incidence system 4’. Clearly we have dim C,() + dim Sing (X) = #(X). 

More generally, a code is a linear subspace C of F*. We define its dual code 
C+ exactly as above. For any “word” w € C, its support is the point set {x € X : 
w(x) Æ 0}. The Hamming weight of w is the size of its support. The minimum of 
the weights of the nonzero words of a code is usually called the minimum weight of 
the code. 

The following (admittedly somewhat vague) principle is actually well known to 
experts, even though we are not aware of anybody ever writing it down explicitly. 


1.1 The Fundamental Principle of Coding Theory of Designs 


The size of the dual p-ary code (for appropriate choice of the prime p) of a design 
(or incidence system) is a measure of the combinatorial regularity of the design. The 
larger the dual code, the more regular is the design. 

This paper is an attempt to quantize this principle in various special cases. 
Actually, the original conjecture of Hamada and Sachar (briefly discussed in Sect. 3 
below) is perhaps the first such attempt. 


2 Generalized Polygons 


The incidence graph of an incidence system ¥ = (X, B, I) is the graph with the 
disjoint union X U B as vertex set, such that x € X is adjacent with B € B iff x/B; 
and there are no other adjacencies. This incidence system is said to be a generalized 
polygon if (its incidence graph is connected and) the girth of its incidence graph 
is double its diameter. If the diameter is n then we talk of a generalized n-gon. 
For any finite generalized n-gon there are parameters s and ¢ such that each block 
is incident with s + 1 points and each point is incident with £ + 1 blocks. One 
talks of an (s,t)-generalized n-gon. It is called thin if s = 1 and thick otherwise. 
The ordinary polygons (i.e. cyclic graphs with vertices thought of as points, edges 
thought of as blocks) are the most obvious examples of generalized polygons (hence 
the name); they are thin. All other examples are called non-trivial. In this section, 
by “generalized polygon” we shall mean the non-trivial ones. 

By a famous theorem of Feit and Higman (cf. [7]), all thick finite generalized 
polygons have n = 3,4,6 or 8. The generalized 3-gons (triangles) are just the 
projective planes. The following result is well known (and easy to prove): 


Lemma 2.1. Let X be a finite thin (non-trivial) generalized n-gon, say with 
parameter (1,t). Then X is the incidence graph of a (t,t) generalized 5-gon. Thus 
n = 4,6,8 or 12. 
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(In the case n = 4, a generalized 2-gon is a trivial system in which each point is 
incident with each block. This is usually excluded from consideration for instance, 
in the statement of Feit — Higman theorem quoted above since one implicitly 
assumes n > 3 in the definition of a generalized n-gon. Also, in the Lemma above, 
the case n = 16 is ruled out since there is no (t,t) generalized octagon.) 


Definition 2.2. Let and y be generalized n-gons (with the same n). We say that 
Y is a sub-generalized polygon of X if Y is a subsystem of X. The thick generalized 
n-gon ¥ with parameters (s,¢) is said to be regular if any two points x, y of ¥ at 
distance n (in the incidence graph) occur together in some (necessarily unique) sub- 
generalized n-gon with parameters (1, t). (This definition is due to N.S.N. Sastry). 


The following result is actually a reformulation of an old theorem (Theorem 
2.8 in [4]). 


Theorem 2.3. (Bagchi and Sastry): Let X be a thick (s,t) - generalized n-gon, 
with n = 2k even. (Thus, n = 4,6 or 8). Then, for any prime p, the minimum 
weight of C; (X) is at least 2(t* — 1)/(t — 1) and the dual code contains at most 
po (s +1)(t—1)s* ((st)* —1)/(st —1) words of this weight. Further, equality holds 
in the last inequality (i.e. X maximises the number of minimum weight words in its 
dual code among all generalized polygons of the same parameter) for some prime 
p iff X is regular. 
Thus, if equality holds for some prime then it holds for all primes. 


Proof. Usual counts show that the (s,t) generalized 2k-gon Æ has exactly 
(s + 1)((st)* — 1)/(st — 1) points, and each point is at distance n = 2k from 
exactly s*r*—! points. Therefore, there are M := (s + 1)((st)* — 1)s*t*—!/(st — 1) 
ordered pairs of points at distance 2k in ¥. Similarly, any (1,t) sub-generalized 
(2k)-gon Y of X contains N := 2¢*—!(¢* — 1)/(t — 1) ordered pairs of points at 
distance 2k. Now, it was shown in [4] that the minimum weight of C > (X) is at least 
2(t* — 1)/(t — 1) and the support of a word of this weight must be the point sets of 
a (1, t) sub-generalized (2k)-gon Y of X. The argument there also shows that each 
pair of points at distance 2k in ¥ are together in at most one such V. Therefore, 
there are at most M/N = t(s +1)(t—1)s* - ((st)¥ —1)/(st—1) choices for Y (and 
hence for the support S of a minimum weight word). Clearly, each such S supports 
exactly (p — 1) words of C A (X) (scalar multiples of each other). Hence, the upper 
bound. Also, if S is the point set of a sub-generalized n-gon with parameter (1, t), 
then by Lemma 2.1 we can write S as a disjoint union S* U S~ where St and S7 
are the points and blocks of the associated (t, t) generalized k-gon. Then, any block 
of X is either non-incident with all points in S, or else it is incident with exactly one 
point from S* and exactly one point from S~. Therefore, the word ws defined by 


0 if x¢S 
ws(x)=<4 1 if xe St 
—1 if xe ST 


is in C z (¥), and so are all its scalar multiples. Therefore, equality holds iff ¥ is 
regular. o 
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Examples: The known regular generalized polygons are the following. (i) the 
“usual” (q,q) generalized quadrangle with automorphism group Sp(4,q) (ii) the 
(q?, q) generalized quadrangle with automorphism group O(5, q) (iii) the “usual” 
(q.q) generalized hexagon with automorphism group G2(q), (iv) the (q*,q) gen- 
eralized hexagon with automorphism group ° D4(q) and (v) the (q?, q) generalized 
octagon with automorphism group ? Fy(q). 


It is widely believed that these five series are actually characterized by regularity, 
and this is actually known in the case of the generalized quadrangles in (i) and 
(ii), cf. [13]. Thus, Theorem 2.3 is a potential (actual for n = 4) coding theoretic 
characterization of these five series (among generalized polygons of the same 
parameters). This may be old wine in a new bottle, but it is our paradigm in the 
search for new coding theoretic characterizations. Notice, however, one peculiarity 
of generalized polygons revealed here which can not be expected of the 2-designs 
we study next: Theorem 2.3 is characteristic free; its validity is independent of the 
choice of the prime p. 


3 Dual Codes of 2-Designs 


Recall that a 2— (v, k, A) design (or 2-design with parameters v, k, A) is an incidence 
system with v points such that each block is incident with k points (so k is called 
the block size) and any two distinct points are together incident with A common 
blocks. One classical series of examples is the points versus f-flats incidence system 
PG,(n,F,) in the n-dimensional projective space PG(n,F,) over the finite field 
F; of order q. When q = p° with p prime (i.e. p = char(IF,)) the p-ary code (and 
its dual) of PG,;(n,F,) seems to carry a huge amount of information about these 
designs. In [9], Hamada computed the dimensions of these codes. 

Hamada (and independently Sachar) conjectured that P G, (n, F4) maximises the 
dimension of the dual p-ary code among all 2-designs with the same parameters. 
This conjecture is still open. However, they also made the stronger conjecture 
that PG;(n,F,) is actually characterised as the unique maximiser of the number 
of code words in the dual p-ary code. This stronger conjecture was refuted by 
Tonchev (cf. [14]) when he observed that there are exactly five distinct quasi- 
symmetric 2-(31, 7, 3) designs, including P G2(4, F2), and all of them have the 
same dimension 15 for their dual binary code. However, the strong conjecture may 
still be valid in some special cases, for instance for the points-versus-hyperplanes 
designs PG,—\(n,F,). In any case, this stronger conjecture is our model in the 
following discussions. 

In [2], we proved a very general (and sometimes tight) lower bound on the 
minimum weight of the dual p-ary code of arbitrary incidence systems. This is our 
starting point. To state it, we need: 


Definition 3.1. Let ¥; = (P;, Bi, I;), i = 1,2, be two incidence systems and let A 
be a positive integer. Then the A-join of 1 and X, is the incidence system ¥ whose 
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point set is the disjoint union Pı U P2, and whose blocks are the blocks of 4 and 
AX, together with A new blocks, say (x1, X2);, 1 < i < A, each incident with xı and 
x2 and with no other points, for each (x1, x2) € Pı x Po. 


With this definition, the following is Theorem 2 from [2]: 


Theorem 3.2. (Bagchi and Inamdar): Let n, A be positive integers and let p be a 
prime. Let X be any finite incidence system in which any two distinct points are 
together incident with at most À blocks and each point is incident with at least 
n + A blocks. Then the minimum weight of the dual p-ary code cy (X) is at least 
215 +1- mal Further, a point set S is the support of a word of Co (X) of this 
minimum weight if and only if the induced subsystem on S is the A-join of two 


2— G +1— ip PA) designs. 


Notice that if ¥ is any incidence system, say with point set P, then we may 
define r(x) to be the number of blocks of ¥ incident with x and A(x, y) to be the 
number of blocks of 4 incident with both x and y, for x Æ y in P. Then, let us put 
A= i A(x, y), r = minr (x) andn = r — A. Then Theorem 2 may be applied 

xXFy x 


to ¥ with this choice of n and A, and any prime p. However, if we are looking for 
instances of equality in this theorem, then the parameters (7 + 1 — iy p, A) should 
satisfy the usual divisibility condition for a 2-design, in particular we must choose 
p to be a prime such that p | n. 

Having said this, we are interested in investigating the cases of equality in 
Theorem 3.2 for 2-designs X. Recall that if VY is a 2 — (v, k, A) design then each 
point of X is incident with r blocks, where the replication number r of ¥ is given by 
r(k —1) = A(v—1). The number n = r — À is called the order of the 2-design, and 
it is known to play a key role in the coding theory of square designs. We introduce: 


Definition 3.3. A subdesign of a 2-design is a subsystem which is itself a 2-design. 
If Dı, D2 are two subdesigns of a 2-design D then we say that D; and D3 are totally 
disjoint if no point of D; is incident with any block of D2 and no point of Dz is 
incident with any block of Dı. (In particular, this implies that Dı and Dz have 
disjoint point sets and disjoint block sets. Notice that this definition would be very 
awkward to formulate if we identified blocks with subsets of the point set!). 


In terms of this definition, the specialization of Theorem 3.2 to designs has the 
following interesting formulation. Unfortunately, the parameter A of a 2 — (v,k, A) 
design has no standard name. In the following, we use the name balance for this 
parameter. 


Theorem 3.4. Let D be a 2-design of order n and balance À. Then, for any prime 
p, the minimum weight of C (D) is at least 2(4 +1— ip)" Further, a set S of points 
of D is the support of a word of weight 2(— + 1 — ip) in C}(D) if and only if S 
is the (disjoint) union of the point sets of two totally disjoint 2 — (+ + 1 — PE D,A) 
subdesigns of D. 
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Proof. The lower bound on minimum weight is from Theorem 3.2. Also, if S is the 
support of a word of C a (D) attaining this bound, then by Theorem 3.2, S must be as 
stated. Conversely, let S = S1 U S2 where $1, S2 are the point sets of totally disjoint 
subdesigns Dı, D2 with the parameters given. Since D; has the same balance À as 
the design D, any block of D incident with two or more points of D; must be a block 
of D; (and hence incident with exactly p points of S; and no point of S;, j Æ i). 
Therefore, for any point x € Sj, there are exactly A(7 + 1 — on) =n+A- - 
blocks incident with x each of which is incident with a unique point in S2. Since D; 
has replication number 4 and D has replication number n + A, this shows that the 
induced subsystem of D on the point-set S is precisely the A-join of Dı and D3. 
Therefore, by Theorem 3.2, S is the support of a word of C 7 (D). mi 


This has the following interesting consequence. 


Corollary 3.5. With notations as in Theorem 3.4, let D be the collection of all 
2-(F +1- ST p, à) sub-designs of D. For Dı, D2 € D, write Dı ~ Do if either 
Dı = D2 or D; and D, are totally disjoint. Then~is an equivalence relation on D. 


Proof. Only transitively needs proof. So let D1, D2, D3 be distinct members of D 
with Dı ~ Dz ~ D3. Let P; be the point-set of D;,1 < i < 3, and let P be the 
point-set of D. For 1 < i < 3, letw; : P — F, be the indicator function of P;. 
Then by Theorem 3.4, wı — wz and wz — w3 are words in C 7D). Therefore, their 


sum w; — w3 is also in CTW). Hence, by Theorem 3.4, Dı ~ D3. oO 


Definition 3.6. A club in a 2-design D of order n and balance À is a maximal 
collection of pairwise totally disjoint 2 — ( + 1 — Ip’ p, à) subdesigns of D. In 
other words, it is an equivalence class of the relation ~ in Corollary 3.5. (More 
precisely, this ought to be called a p-club, but the prime p will be clear from the 
context.) 


Notice that if S is the support of a minimum weight word in a p-ary code C 
then there are exactly p — 1 words of C with support S; they are scalar multiples 
of each other. This is because if w; 4 w2 are any two words with support S, then 
we can always choose a A € F% such that the support of wz — Aw) € C is properly 
contained in S and hence w — Aw; = 0. In view of this comment, the following is 
an obvious consequence of what we have seen so far: 


Proposition 3.7. If the 2-design D has t clubs, say of size c\,C2,...,C1, then the 
Ci 


number of minimum weight words in Co (D)is(p— 1) Pii ( 2 


4 Codes of Finite Projective Spaces 


We specialize to the point-line designs P G: (n, F4). Notice that these are Steiner 
designs, i.e. they have balance à = 1. We follow an usual convention and call the 
blocks of Steiner 2-designs “lines”. Although we shall soon specialize further to the 
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case q = p, we begin with a purely combinatorial characterization of PG,(n, Fy), 
q a power of the prime p. From now on we identify lines of Steiner 2-designs with 
their shadows. 


Definition 4.1. Let D be a Steiner 2-design. A flat F in D is a set of points such 
that F contains the line joining each pair of distinct points in F. It is a proper flat if 
F is a proper subset of the point set of D. A hyperplane in D is a proper flat which 
meets every line of D. 


Lemma 4.2. The size of any proper flat F in a Steiner 2-design D is at most r, the 
replication number of D. Equality holds here iff F is a hyperplane of D. 


Proof. Fix a point x outside F. For any point y in F, let xy be the unique line 
joining x to y. Then y > xy is a one-one function from F into the set of r lines 
through x. Hence, #(F) < r. Clearly, equality holds in this argument iff F is a 
hyperplane. Oo 


A 2-design is called trivial if each point is incident with each block; it is 
non-trivial otherwise. The parameters of any non-trivial 2-design satisfy Fisher’s 
inequality r > k, equivalently b > v. Any 2-design satisfying equality here is 
called a square (or symmetric) design. A 2 — (v,k, A) design D is a square design 
iff its parameters satisfy k(k — 1) = A(v — 1). This holds iff the dual incidence 
system D* is also a 2-design (necessarily with the same parameters as D) iff any 
two distinct blocks of D are together incident with exactly 4 points. We also recall: 


Definition 4.3. A line in a 2— (v, k, A) design is a set of at least two points which is 
the intersection of À distinct blocks. Clearly, any two distinct points are together in 
a unique line. However, the lines of a 2-design need not form the lines of a Steiner 
2-design since in general they may have variable sizes. 


Notice that the point-hyperplane design PG,_(n,F,) is self dual; the lines of 
this square design are precisely the lines of PG(n, F,). With this background, we 
have the following characterization of PG,—(n, F4). 


Theorem 4.4. (Dembowski and Wagner, cf. [11]): Let D be a square 2-design in 
which every line meets every block. Then either D is a projective plane (i.e. a square 
Steiner 2-design) or D = P G,- (n, F4) for some n > 3 and prime power q. 


Now we state and prove a similar characterization of the point-line designs 
P Gi (n, F;). Its proof is crucially dependent on the Dembowski—Wagner theorem. 


Theorem 4.5. Let D be a Steiner 2-design on v points. Then D has at most 
v hyperplanes. Equality holds here iff either D is a projective plane or D = 
PG,(n,F,) for some n > 3 and some prime power q. 


Proof. Let r and k be the replication number and block size of D. Suppose D has 
v distinct hyperplanes; we must show that it has no more. Let H be a collection of 
v hyperplanes of D and let E be the incidence system with the point set of D and 
with H as its set of blocks, incidence being set-membership. By Lemma 4.2, E has 
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constant block size r. Also, any H € H carries a 2 — (r, k, 1) subdesign Dy of D, 


with replication number = = . If H’ # H is another pr of H, then H’ N H 
is a flat of Dy, and hence a teeta 4.2,#(H'N H) < = Ai each block of 
E has size r and any two distinct blocks of E have at moe + points in common. 


Therefore, letting e; denote the number of points which ate i in exactly i blocks of 
E, an obvious two-way counting yields: 


) ei = V, 


i>0 


) i ei =rv, 


i>0 


T iG — Ne; < v(— i — 


1 
l paj; r= 
i>0 


Therefore, we get: 


0<). G-rye = >> i(i—1)e;-(@r—-1) > ie +r) e 


i>0 i>0 i>0 i>0 


<r(r—1v—(Q2r—-Drvtr'v=0. 


Therefore, mG — rye; = 0. Thus, e; = 0 fori Æ r. This means that each point 
of F is in exactly r blocks of E£. Also, the inequalities in the above argument must 
actually be equalities. Thus, any two distinct blocks of E have exactly {57 + points 
in common. This means that the dual E* of E is a2 — (1,7, rt) design. Since this 
design has b = v, it is square. Therefore, E itself is a square deaeh: Now notice that 
any block of a design is uniquely determined by its remaining blocks (the incidence 
system consisting of the remaining blocks has two replication numbers r — 1 and r, 
and the missing block must consist of the points of replication r — 1). However, if 
there is a hyperplane H of D outside H, then replacing any particular block of E 
by the new block H one obtains another 2-design (by the above argument), contrary 
to the observation just made. 

Thus, if D has at least v hyperplanes then it has exactly v hyperplanes (proving 
the inequality) and in that case the hyperplanes of D form the blocks of a square 
design E. From the definition of hyperplane one sees that every line of E contains a 
(unique) line of D and every line of D meets every block of E. Therefore, every line 
of E meets every block of E. Therefore, by Theorem 4.4, E is either a projective 
plane (in which case D = E is a projective plane) or else E = P G,—ı(n,F;). In 
the latter case, comparing parameters of D and E, one sees that the lines of D are 
precisely the lines of P G,—1ı (n, Fz), so that D = PG: (n, F3). o 





Now we specialize further to the case q = p. Let D be a 2 — ,p+1,1) 
design, p prime. By Definition 3.6, a club in D is a maximal collection of pairwise 


10 B. Bagchi 





totally disjoint 2 — (p"—!, p, 1) subdesigns of D. Therefore, letting v = aaa 
vo = p"', we see that any club in D has at most kzl = p + 1 members. This 
leads to: 





Definition 4.6. A large club in a 2 — (cae L p +1, 1) design is a club with p + 1 
members. 


Then we have: 


Theorem 4.7. For a prime p, any 2 — (ae , p + 1,1) design D has at most as 


many large clubs as there are lines of D. Ifn > 3, equality holds here iff D = 
PG,(n,F,). 





Proof. Let Do, Di,...,D , be a large club, with corresponding point sets 
Po, Pi,..., Pp. Let P be the point set of D and put Q = P\(PoU...U Pp). 
By Theorem 3.4, fori # j, the subsystem induced by D on P; U P; is the join (i.e. 
1-join) of D; and Dj. It follows that for 0 < i < p, H; = Q U P; is a hyperplane 


of D and Q is a flat of size ol We call a flat of this size a coline of D. Thus, 
with any large club in D we have associated a coline Q which is contained in p + 1 
hyperplanes. 

Now notice that if Q is a coline and x ¢ Q a point, then there is at most one 
hyperplane H > Q U {x}. H must be the union of the lines joining x to the points 
of Q. Thus, the hyperplanes through Q are pairwise disjoint outside Q. Hence, any 
coline is in at most p + 1 hyperplanes, and equality holds when it is associated with 
a large club. It follows that any coline is associated with at most one large club. The 
members D; of a large club associated with the coline Q must be the subdesigns of 
D carried by H;\ Q, where H; are the hyperplanes through Q. Thus, the map from 
large clubs to colines is injective. 

Now suppose D has (at least) b large clubs, where b is the number of lines of 


D. Thus, D has b colines each of which is the intersection of (? 4+1) pairs of a 


hyperplanes. Thus, there are (at least) ( +1) unordered pairs of hyperplanes in D. 





Letting N denotes the total number of hyperplanes in D, we deduce that W ) > 
(e +b = (5), where v is the number of points of D. Therefore, N > v. Hence, by 


Theorem 4.2, N = v and (ifn > 3) D = PG,(n,F,). oO 


Notice that the proof of Theorem 4.7 (applied to D = PG,(n,F,)) shows that 
G 7 (PGi(n,F p)) has minimum weight 2p"~' and its words of minimum weight 
are precisely the non-zero scalar multiples of the words w; — w2 where w1, w2 are 
indicator functions of distinct hyperplanes of PG(n, Fp). This is a special case of 
Proposition 2 in [2]. 

Theorem 4.7 is actually a characterization of PG,(n,F,),n > 3, by its dual 
p-ary code, even if this is somewhat obscured by the technical terms. But we would 
like to prove: 
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Conjecture 4.8. Let D be a2 — ( i 
C>(D) has at most $(p" — 1)(p"*! — 1)/(p — 1) words of (minimum) weight 
2p"—|. Equality holds here iff D = PG,(n,F,). 





,p + 1,1) design, n > 3, p prime. Then 


In view of Theorem 4.7, it suffices to show that if D has the right number of 
totally disjoint pairs of 2 — (p"—', p, 1) subdesigns, then there must be the right 
number of large clubs. 


5 Projective Planes of Prime Order 


We recall that a projective plane is just a square Steiner 2-design. Thus, a projective 
plane of order n is nothing but a 2 — (n? +n + 1,n + 1, 1) design. It is a folklore 
conjecture that, for each prime p, there is a unique projective plane of order p, 
namely the desarguesian plane P G; (2, Fp). Indeed, since the dual p-ary code of any 
projective plane of order p is easily seen to have dimension (? +9), this conjecture 
may be seen as a special case of the strong Hamada-Sachar conjecture. 

Thus, it is specially interesting to obtain coding theoretic characterizations of 
PG,(2,F,). Such a characterization will provide a powerful tool to attack the 
uniqueness conjecture. 

Theorem 3.4 from Sect.3 specializes to the following result, first proved by 
Inamdar. 


Corollary 5.1. Let m be a projective plane of prime order p. Then the minimum 
weight of C) (x) is = 2p and, up to multiplication by nonzero scalars, the words 
of minimum weight in cy (x) are wi — w2, where wi, wz are indicator functions of 
distinct lines. 


Since this holds for all putative projective planes of order p, the minimum weight 
words of the dual code fail to distinguish them. We suspect that looking at the second 
minimum weight will suffice. But what is the second minimum weight for the dual 
p-ary code even for the desarguesian plane PG,(2,F,)? Nobody knows! In [6], 
it was shown that this weight is at least 3(p + 1) for p > 11. The following 
result shows that this weight is at most 3p — 3 for every prime p > 5. Note that 
when p = 11, the upper and lower bounds coincide, so that the second minimum 
weight is 3p — 3 in this case. Indeed, calculations show that it is 3p — 3 for 
5<p<ll. 


Theorem 5.2. For any prime p > 5, the dual p-ary code of PG,(2, Fp) contains 
at least i P?(p? — 1)(p? — 1) words of weight 3p — 3. 


Proof. Take a point x, three distinct lines £1, £2, £3 through x and a line £ not passing 
through x. Put S = (€; U £2 U €3)\(€ U {x}). Thus, S is a set of size 3p — 3. It 
is enough to construct one word of C 3 with support S. To this end, we set up 
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co-ordinates such that £ is the line at infinity, x is the origin, and £1, £2, £3 are the 
lines with equation Y = 0,X = Oand Y = X. Notice that, in this co-ordinate 
system, S consists of 3p — 3 affine points. Define the word w by setting w(P) = 0 
for any point P of the projective plane, P ¢ S, and define it on S by the formula 


l/æ if B=0,a40 
w(a@, B) = 1/pB ifa=0,6 40 
-lja ifa=fp+40. 


Then it is easy to see that w is a word of C Fa with support S. Therefore, S 
supports (at least, but one can show exactly) p — 1 words of C os namely the non- 
zero scalar multiples of w. Since there are (p? + p + 1) x p° x (? +1) choices for 
S, we are done. oO 


Notice that in Theorem 5.2, p could be any prime power. But, when p is not 
prime, the words obtained are defined only over F, and not over its prime subfield. 
In view of the comments preceding Theorem 5.2, we suspect that when p is prime, 
the second minimum weight of C mata Gı (2, F,)) is 3p — 3 and the words described 
in that theorem are its only words of weight 3p — 3. But we go ahead and state a 
much stronger conjecture (a priori stronger, that is!). 

We recall that a linear space is an incidence system with exactly one line joining 
any two distinct points, and each line containing at least two points. We shall say 
that a linear space is of order p if each of its points is in exactly p + 1 lines. Clearly, 
any linear space of order p has at most p? + p + 1 points, with equality only for 
projective planes of order p. Thus, there are only finitely many linear spaces of any 
given order, and the projective planes are the largest among them. 


Definition 5.3. An incidence system ¥ is said to be non-trivial at a prime p if 
CA (a) # {0}. 
Examples of small linear spaces of order p which are non-trivial at the prime p: 


(a) Let X, be the linear space with two disjoint “long lines” £1, £2 of size p each 
and p° short lines of size two each joining a point of £; to a point of £2. The 
word sending each point of £; to +1 and each point of £2 to —lis in ce (Xp). 
Thus, 4’, is non-trivial at p. 

(b) For p > 3, let Y, be the linear space on 3p — 3 points described as follows. 
Its point-set is F% x {1,2,3}. It has three long lines 4; = F% x {i}, i = 
1,2,3, of size p — 1 each. It has (p — 1)(p — 2) lines of size 3, namely 
{(a1, 1), (@2, 2), (@3,3)} where 1, œ2,œ3 € F5 with a; + a +03 = 0. It 
also has 3p — 3 lines of size 2, namely {(œ1, i), (@2, j)} where 1 <i Aj <3, 
1,02 € E5 with a; + œ = 0. It is easy to verify that Y, is a linear space 
of order p. The word w : (œ, i) + a@ is clearly a non-trivial word in C rs p). 
Thus, Y, is non-trivial at p. 
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Inamdar deduced Corollary 5.1 from the following result by looking at the 
subsystem of x induced on the support of a minimum weight word in C (x): 


Proposition 5.4. For primes p, X, is the unique smallest linear space of order p 
which is non-trivial at p. That is, it has the smallest number (2p) of points among 
all such spaces. 


Proof. This is the special case n = p, à = 1 of Theorem 3.2. o 


The following conjecture was first formulated by the author in [5]. Here, we have 
tried to motivate it by putting it in its wider context. 


Conjecture 5.5. (The 3p—3 conjecture): For primes p > 5, VY, is the unique second 
smallest linear space of order p which is non-trivial at p. 


That is, we conjecture that if Z is a linear space of prime order p > 5 which is 
non-trivial at p, then either Z = ¥, or Z = YV, or Z has at least 3p — 2 points. 

Clearly, X, is obtained as the induced subsystem of PG; (2, Fp) on the support 
of a minimum weight word of its dual code, and VY, is obtained as the induced 
subsystem on one of the words described in Theorem 5.2. This is why they are non- 
trivial at p. Indeed, in our final result, we shall show that Conjecture 5.5 implies the 
following coding theoretic characterization of PG; (2, F „) among projective planes 
of order p: 


Conjecture 5.6. Let x be a projective plane of prime order p > 5. Then the second 
minimum weight of Cr) is > 3p — 3 and there are at most 7 pp — 1) 
(p? — 1) words of weight 3p — 3 in this code. If, further, both x and its dual z* 
satisfy equality in the last inequality then x = PG,(2,F,). 


Theorem 5.7. Conjecture 5.5 implies Conjecture 5.6. 


Proof. The first statement follows by looking at the induced subsystem of m on 
the support of words of weight < 3p — 3. In view of the uniqueness statement in 
Conjecture 5.5, it also follows that the support S of any word in C Fs (x) of weight 
3p — 3 is as described in the proof of Theorem 5.2. Hence, the upper bound on the 
number of weight 3p — 3 words follows since the bound is just (p — 1) times the 
number of such sets S in x. If equality holds for x, then the induced subsystem 
on each such set S is isomorphic to Yp. This has the following translation. If S = 
(£i U €2 U £3)\(€ U x), then letting o denote the affine plane obtained from z* 
by deleting its “line” x, the Bruck subnet of ø corresponding to the three “points” 
£1, €o, £3 at infinity is co-ordinatized by the cyclic group of order p. Indeed, any 
word of C z (x) with support S' provides such a co-ordinatization. As this holds for 
any three concurrent lines £1, £2, €3 of x, and since z™* is also assumed to satisfy the 
same, standard arguments imply that 2 must be desarguesian (cf. Proof of Theorem 
5.1 in [11)). Oo 
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The Geometry of Extremal Elements 
in a Lie Algebra 


Arjeh M. Cohen 


Abstract Let L be a simple finite-dimensional Lie algebra over an algebraically 
closed field of characteristic distinct from 2 and from 3. Then L contains an extremal 
element, that is, an element x such that [x, |x, L]] is contained in the linear span 
of x in L. Suppose that L contains no sandwich, that is, no element x such that 
[x, [x, L]] = 0. Then, up to very few exceptions in characteristic 5, the Lie algebra L 
is generated by extremal elements and we can construct a building of irreducible and 
spherical type on the set of extremal elements of L. Therefore, by Tits’ classification 
of such buildings, L is determined by a known shadow space of a building. This 
gives a geometric alternative to the classical classification of finite-dimensional 
simple Lie algebras over the complex numbers and of classical finite-dimensional 
simple modular Lie algebras over algebraically closed fields of characteristic >5. 
This paper surveys developments pertaining to this kind of approach to classical Lie 
algebras. 


Subject Classifications: AMS classification: 17B05, 17B45, 51B25 


Keywords Lie algebra ° Lie incidence geometry 


1 Extremal Elements in Lie Algebras 


Let k be a field and consider a Lie algebra L over k. For each z € L we denote by 
ad, as usual left multiplication by z, so ad,(x) = [z, x] for x € L. 

If the characteristic of k is distinct from 2, a nonzero element x of L is called 
extremal if [x, |x, L]] is contained in the linear span of x in L. Then, by linearity 
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of [x,[x, y]] in y, an element x of L is extremal if and only if there is a linear 
functional gy : L — k such that, for all y € L, 


[x, [x, y]] = 28x (y)x. (1) 


Note that gą (y) = 0 if x and y commute. 
The two identities of the following lemma were first obtained by Premet through 
polarization (see [7, 14]). 


Lemma 1.1. Suppose the characteristic of k is not even and let x € L be extremal. 
Then, for all y,z€ L, 


lx, y], [x, zl] = gx(Ly, z))x + 9x@x, y] — 8x O)[x, z], (2) 
[x, Ly, fx, lJ] = ex(Ly, Dx — glx, y] — 9x(y) Ix, z]. (3) 


Observe that the number 2 occurring in (1) has disappeared. Accordingly, 
these identities cannot be derived from the above definition of extremality if the 
characteristic of k is even. In order to include the proper notion of extremality for 
even characteristic, we need to take these identities along. 


Definition 1.2. A nonzero element x of L is called extremal if there is a linear 
functional gx : L — k such that 


(i) [x, [x, y]] = 2g,(y)x for each y € L; 
Gi) [[x, y], x, al] = gx(Ly. x + 8x@lx, y] — 8x(y)[x, z] forall y,z € L. 


The set of extremal elements of L is denoted E(L), or just E if no confusion is 
imminent. Likewise, a projective point kx with x € L \ {0} is called extremal if x 
is extremal. The set of extremal points is denoted €(L) or just £E. 

In view of (i), extremal elements are nilpotent of order 3. If x € E is such that 
Definition 1.2 is satisfied with g, = 0, then we call x a sandwich. 


By definition, each extremal element satisfies the first Premet identity (2). An 
extremal element is easily shown to satisfy the second Premet identity (3), and 
so Lemma 1.1 holds for all characteristics. According to the above discussion, 
requirement (ii) is not needed if the characteristic of k is not even. In characteristic 
2, formulas (i) and (ii) do not uniquely define the linear functional gy, but the leeway 
is removed by insisting that gy = 0 whenever x is a sandwich; see [10, Lemma 16] 
for details. We will adopt this convention. A sandwich x € E is nilpotent of order 
2 and, due to (3), satisfies ad,adyad, = O for each y € L, which explains to some 
extent the name. 

The fact that extremal elements are special nilpotent elements is exhibited by the 
direct relation with automorphisms. For x € L and t € k define the map exp(x, t) : 
L— L by 


exp(x, t)y = y + tix, y] + 07 gx(y)x. (4) 
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Lemma 1.3. Let x € L be extremal with functional gx. Then the map t > 
exp(x, t) is an injective homomorphism of groups k* — Aut(L), where k* stands 
for the additive group of k. 


Here are some elementary facts on extremal elements. Proofs can be found 
in [10]. 


Proposition 1.4. Let x, y € E andz € L. 


(i) The subalgebra (E) of L generated by E is linearly spanned by E. 
(ii) On (E) there is a unique symmetric bilinear form g with value gx (y) at (x, y). 
(iii) Foralla,b,c € (E), we have g (la, b], c) = g(a, |b, c]). In particular, the form 
g of (ii) is associative. 
(iv) Assume that L is generated by E. Then the radical of g, that is, Rad(g) = 
{x € L | g(x, L) = 0}, is a nilpotent ideal of L containing all sandwiches of L. 


A consequence of the last assertion is that sandwiches in Lie algebras generated 
by extremal elements disappear in the transition to the quotient by Rad(g). 
Moreover, if x € E(L) is not a sandwich, then x + Rad(g) is an extremal element 
of L/Rad(g) and is not a sandwich. So, going over from L to L/Rad(g), we retain 
all extremal elements that are not a sandwich and remove all sandwiches. For a 
characterization of simple Lie algebras generated by extremal elements that are not 
sandwiches, the assertion allows us to assume that they have no sandwiches. 


Example 1.5. Let V be a vector space over k. Then each member X of gI(V), the 
Lie algebra of all endomorphisms of V, of rank 1 with X? = 0 is extremal. The 
linear 1-space of X determines the incident pair (x, H ) of the point that is its image 
x = XV and the hyperplane H = ker X that is its kernel. 

Suppose that V has finite dimension n. Then the subalgebra (E) coincides with 
sl(V), the matrices of trace 0 in gl(V). If the characteristic of k is a prime dividing 
n, then the identity belongs to Rad(g). The subalgebra n(V) of all upper triangular 
matrices with respect to a chosen basis of V all of whose main diagonal entries are 
zero, is easily seen to be generated by E(gl(V)) N n(V) and to coincide with its own 
g-radical. Ifn = 3, we refer to this example as the Heisenberg algebra and denote it 
by b. It is a 3-dimensional Lie algebra with one-dimensional center Z(h) such that 


[b,b] = Z(H). 


Example 1.6. Let k be a field of characteristic 3 and let V be the vector space 
k?. We will consider the 7-dimensional Lie algebra L = sl(V)/Z, where Z = 
Z(sl(V)) is the (one-dimensional) center of s[(V) spanned by the identity matrix. 
Besides the images mod Z of the rank 1 matrices X in s{((V) with X 2 = 0, the 
images mod Z of the rank 2 matrices Y in s((V) with Y? 4 0 and Y? = 0 also 
belong to E(L). The group generated by all exp(x,t) fort € k and x € E(L) 
consists of the k-rational points of the split algebraic group of type G2. The Lie 
algebra of this algebraic group is 14-dimensional and contains L as an ideal. 


Example 1.7. Let V be a vector space over k supplied with a symplectic form f. 
Let sp(V, f) be the Lie algebra of all endomorphisms of V preserving f (so X € 
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sp(V, f) if and only if X € gl(V) and f(Xa,b) + f(a, Xb) = 0 foralla,b € V). 
Then each infinitesimal symplectic transvection, that is, endomorphism of st(V ) of 
the form x  f(x,a)a for some a € V, is extremal in sp(V, f). Ifn = 2 and f is 
non-degenerate, then sp(V, f) = sl(V). Ifm = 3 and f has rank 2, then sp(V, f) 
is a semi-direct product of the ideal Rad(g), which is isomorphic to h (of Example 
1.5), and sl(k?). 


Example 1.8. Let V be a vector space over k supplied with a quadratic form x. Let 
o(V,k) be the Lie algebra of all endomorphisms of V preserving x. Denote by f 
the associated bilinear form: f(a,b) = x(a + b) — k (a) — k(b) for all a,b € V. 
Then X € o(V,x) if and only if X € gl(V) and f(Xa,a) = 0 foralla € V. 
Each infinitesimal Siegel transvection, that is, endomorphism of sl(V) of the form 
x> f(x,a)b + f(x,b)a for some a,b € V with x(a) = f(a,b) = x(b) = 0, is 
extremal in o(V, x). 

There is a unitary variant of this example, which we denote u(V, «), where « is a 
unitary form on V. 


Example 1.9. Consider an arbitrary k-split connected reductive linear algebraic 
group G, with reductive rank n and semisimple rank £. Fix a maximal split torus 
T of G and let ® be the root system with respect to T, let X be the character 
group of T, and Y its dual so there is a bilinear pairing (-,-) —> Z. Fix a basis 
€1,...,@n Of X and a dual basis fi,..., fa of Y (so (ei, fj} = ôi). There is a 
coroot system ®* in Y with a bijective correspondence œ +> a* between ® and 
@* such that (a,a*) = 2 foreach a € @. Let L be the Lie algebra of G and H 
the Lie subalgebra of T. Then L has basis elements e, fora € ® and h; € H for 
i = 1,...,n with structure constants: 


[Ai h;] = 9, (5) 
[ea hi] = (a, fi) ea, (6) 
[e-a, ea] = X (ei. a*)hi. (7) 


i=l 
Nopea+p fora+ Be ®, 


(8) 
0 fora+B £ È, p 4 -a, 


[ew, ep] = 


for certain integral constants Nag (see [6, 28]). These integers are interpreted as 
elements of the field k. Such a basis of L is called a Chevalley basis. Now fix a long 
roota € ®. Then ey € E(L). For k of characteristic distinct from 2, this can be 
checked as follows: as «œ is long, 2a + $ € @ is a root only if f = —a, so 


[ea lex, LI] c lex, leo, H]] + X lea, [ea, ep] c ba kex+g C key. 
pE® BE@:2a+ BeE® 
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Now G acts on L via the adjoint representation and the full G-orbit of key is 
contained in €(L). In most cases, this is all of €(L). This example generalizes 
Examples 1.5, 1.7, and 1.8. If G is not semisimple, then (E(L)) is properly 
contained in L. If G is semisimple and the characteristic of k is not bad for G, 
then (E(L)) = L (see [13]). 


There are five essentially different positions two extremal elements can be in with 
respect to each other. 


Definition 1.10. For i € {—2, —1, 0, 1, 2}, define relations E; on E as follows. 


i xEj y Name 

—2 kx=ky Identical 

—1 [x,y]}=0,kx+ky CEU{0O},kx #Aky Strongly commuting 
0 [x,y] = 0, kx + ky Z EU {0} Polar 

1 [x,y] #0, g(x,y) =0 Special 

2 g(x,y) #0 Hyperbolic 





The name refers to the pair (x, y) in the individual cases. As the relation E; on E 
does not depend on the choice of vector in the 1-space spanned by x or y, the names 
are also valid for the projective pairs (kx, ky) from £. The corresponding projective 
relations are denoted €;. 


Clearly, the relations E; are symmetric and partition E x E, and the €; partition 
EXE. 

The following cases of few extremal generators are discussed in [14]; see also 
[18]. 


Lemma 1.11. Let x,y,z € E. 


(i) The subalgebra of L generated by x and y is at most 3-dimensional. It is 
commutative if xE;y with i < 0, it is isomorphic to the Heisenberg algebra 
b if xE,y, and it is isomorphic to s\(k*) if xEzy. 

(ii) The subalgebra (x,y,z) is at most 8-dimensional. It is nilpotent, isomorphic 
to (a possibly twisted form of) s\(k*) (like u(R?, K) where K is a non-compact 
unitary form), or an extension of s\(k?) by a nilpotent ideal. 


An application in [14] of a beautiful result of Zelmanov and Kostrikin [34] 
gives that the dimension of a Lie algebra generated by a finite number of extremal 
elements is finite. Besides, there is always a nilpotent Lie algebra of maximal 
dimension d(N) for any given finite number N of extremal generators. The above 
lemma shows that d(2) = 3 and d(3) = 8 are attained by simple Lie algebras. It 
is also known that d(4) = 28 and d(5) = 537 if k has characteristic 0. The former 
case is not only realized by a nilpotent Lie algebra but also by the 28-dimensional 
Lie algebra o(k®, «) of Example 1.8, where « is a quadratic form on kê of Witt index 
4. The Lie algebras of types Eg, E7 and Eg are generated by five extremal elements. 
This leads to an intriguing question. 
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Problem 1.12. Is there a ‘generic’ Lie algebra of maximal possible dimension 537 
in the 5 generator case? 


The notion of genericity is made precise by Draisma and in’t panhuis in [17]. 
For any given finite graph J", they construct an algebraic variety X over k whose 
k-points parametrize Lie algebras over k generated by a set of extremal elements in 
bijective correspondence with the vertex set of the graph, with prescribed commuta- 
tion relations for pairs corresponding to nonedges of I”. If I” is a connected, simply 
laced Dynkin diagram of finite or affine type, then they prove that X is an affine 
space, and that all points in an open dense subset of X parametrize Lie algebras 
isomorphic to a single fixed Lie algebra. If I” is of affine type, then this fixed 
Lie algebra is the split finite-dimensional simple Lie algebra corresponding to the 
associated finite-type Dynkin diagram. This gives a new construction of these Lie 
algebras, in which they come together with interesting degenerations, corresponding 
to points outside the open dense subset. For graphs I" on five vertices, the maximal 
dimensions of Lie algebras realizing I” have been investigated by Roozemond [26]. 
In [19], the classical Lie algebras are characterized by series of graphs I". The 
easiest series is the path of length n (Coxeter diagram A,,), which corresponds to 
sp(k", f), where f is a symplectic form on k” of maximal rank. So, if n is even, 
then f is non-degenerate and the classical Lie algebra is of type C,/2 and if n 
is odd, it is a semi-direct product of Rad(g) and the classical Lie algebra of type 
Cin—1)/2- If n = 3, we recover the semidirect product of h and sl(k?) described in 
Example 1.7. 


2 Geometry from Extremal Elements 


Throughout this section L will be a Lie algebra over the field k. In [22,23] Premet 
proved that extremal elements occur in many simple Lie algebras. 


Theorem 2.1. If k is algebraically closed of characteristic distinct from 2 and 3 
and L is finite-dimensional and simple, then L has an extremal element. 


Using powerful methods, Benkart [1, Theorem 3.2] showed that if a simple Lie 
algebra over an algebraically closed field of characteristic p > 7 or p = 0 contains 
a nilpotent element of order at most p — 1 and no sandwiches, then it is of classical 
type. In this section, we survey an attempt to replace this proof by a geometric 
argument with recourse to Tits’ theory of buildings [32]. For the classification of 
simple modular Lie algebras in characteristic at least 5, the reader is referred to 
[2,9, 24, 29]. 

Our approach will consist of three steps, two of which have been completed. 
First, in this section, we discuss how one can produce a geometry from L. The 
geometry will have point set €(L) and its line set F will be the projective lines in L 
fully contained in €(L). This geometry satisfies properties summarized by the term 
root filtration space (see Definition 3.1). 
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Then, in a second step, root filtration spaces are characterized as certain (root) 
shadow spaces of spherical buildings. 

The third and final step will be to show that, given a root filtration space (E, F) 
satisfying some mild conditions, then, up to isomorphism, there is at most one 
simple Lie algebra whose root filtration space is isomorphic to (£, F). There is an 
abundance of examples of root filtration spaces that do not arise from Lie algebras. 

We now return to the first step. The point set of our geometry will be €. By 
Theorem 2.1, this set is not empty if k is algebraically closed. This is a good starting 
point in view of the fact that, at least for k of characteristic distinct from 2, 3, and 5, 
a self-contained proof by Tange is available in [30]. But we need E to be more than 
a singleton. 


Example 2.2. Let k be a field of characteristic p = 5 and take W1, (5) to be the 
vector space over k with basis z'0,, fori = 0,..., 4. The Lie bracket is defined on 
two of these elements by 


[z 3z, z’ 3z] = (j - i) tila, 


with the convention that z’ = 0 wheneveri ¢ {0,...,4}. The Lie bracket extends 
bilinearly to a multiplication on W1 (5) which turns it into a Lie algebra of 
dimension 5 over k. 

Now x = —z7d, is extremal in W1 ı(5). Together with y = ð; and h = 220, 
it forms an slo-triple in Wi,1(5). But [y, [y, 2z*0.]] = x, so y is not extremal in 
W,.1(5). In fact, no nilpotent element generating a subalgebra isomorphic to sl(k7) 
with x is extremal in W, 1 (5). So, although the Jacobson-Morozov theorem (see [20, 
page 98]) holds, it does not provide a second extremal element. It readily follows 
that W1, (5) is not generated by E(W,1(5)). 


The failure of Jacobson—Morozov elements to be extremal is exceptional. 
A relatively succinct proof in [12] shows that L generally has more than one 
extremal point. 


Theorem 2.3. Let the characteristic of k be distinct from 2 and 3, and let L be 
simple. Suppose that L contains an extremal element that is not a sandwich. Then 
either k has characteristic 5 and L is isomorphic to W1 (5) or L is linearly spanned 
by extremal elements. 


Note that the field k need not be algebraically closed. If no pair (x, y) € E x 
E would lie in Es, then, in view of Lemma 1.11(i), the Lie algebra L would be 
nilpotent. So, in simple Lie algebras containing extremal elements, E2 will be non- 
empty. In the presence of a hyperbolic pair of extremal elements, the following 
structural result from [10] is very useful. 


Proposition 2.4. Suppose that x,y € E satisfy gx(y) = 1 and write U = {u € 
L | gxu) = gyu) = gx([y, u]) = 03. 
(i) There is a Z-grading 


L = L(x, y) + L-1 (x, y) + Lo(x, y) + Li (x, y) + L(x, y), (9) 
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with L_2(x, y) = kx, L(x, y) = ky, Lo(x, y) = Ni (kx) N Nr (ky), 
L-1(x, y) = [x, U], and Lı (x, y) = [y, U]. Furthermore, adx induces a linear 
isomorphism Lı(x, y) > L—1(x, y) with inverse —ady. 

(ii) There is a filtration 


L<—2(x) e L<-—(x) e L<o(x) e L<ı(x) c L<2(x) =L, (10) 


where L<i(x) = a e L;(x, y). Moreover, L<i(x) = {z € L | gx(z) = 0}, 
Leo(x) = Ni(kx), and L<—(x) = kx + [x, L<ı(x)]. In particular, the 
subspaces L<;(x) are independent of the choice of y. 


For each i €e {—2,-—1,0,1,2}, the subspace L;(x,y) is contained in the 
i-eigenspace of adj,,). If the characteristic is distinct from 2, 3, 5, these eigenspaces 
coincide with the subspaces of the grading of (i). This illustrates why it is difficult 
to obtain the result for characteristic 5 and why there is no result for characteristics 
2 and 3. 

Recall that F is the set of projective lines of L that lie entirely in E£. This implies 
that two points are collinear if and only if they strongly commute. Being a subspace 
of the projective space on L, the line space (E, F) is partial linear. It satisfies a host 
of useful properties. For notions not explained here, see [8] or the beginning of the 
next section. 


Theorem 2.5. Let L be generated by E(L) and suppose L has no sandwiches. 
Consider the space (E, F) together with the symmetric relations E; (i = —2,...,2) 
on E. It satisfies the following properties, where we write E<; for Uj<iEj. 


(A) The relation E_» is equality on E. 

(B) The relation E_, is collinearity of distinct points of E. 

(C) There is a map E, — E, denoted by (u, v) +> [u, v] such that, if (u,v) € E; and 
x € E(u) N Ej (v), then [u, v] € E<j+; (x). 

(D) For each (x, y) € E, we have E<o(x) N E<- (y) = Ø. 

(E) For each x € E, the subsets E<—1(x) and E<o(x) are subspaces of (E, F). 

(F) For each x € €, the subset E<; (x) is a hyperplane of (E, F). 


This is the geometric structure that we will take as a starting point of our 
geometric characterization attempt for classical Lie algebras. 


3 Root Filtration Spaces 


We introduce root filtration spaces and derive some of their properties. We begin 
with some notation for relations on a set E£. Let x € E. For a relation ¥ on E, we 
denote by X(x) the set of all elements y € E with (x,y) € æ. If, in addition, 
y,z E€ E and Y C E, we write X(x, y) for V(x) N X(y), X(x, y,z) for (x) N 


X (y) N X (z), and X (Y) for (yey X), ete. 
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A point-line space (or just space) is a pair (£, F) consisting of a set € (of points) 
and a collection F of subsets of E€ of size at least 2 (whose members are called 
lines). A space is called a gamma space if, for each point p and each line / not 
on p, the set of points on / collinear with p is either empty, a singleton, or all of 
l. It is called a partial linear space if every pair of distinct points is on at most 
one line, and a linear space if every pair of distinct points is on precisely one line. A 
subspace of (E, F) is a subset of E containing each line that has at least two points in 
common with it. The rank of a linear space is one less than the length of a maximal 
chain of proper subspaces; if there is no such finite chain, the rank is said to be oo. 
A singular subspace of a space is a subspace in which any two points are collinear. 
The singular rank of a partial linear space is the supremum of all ranks of maximal 
singular subspaces. 

We say that a subspace of a point-line space is a hyperplane if every line has a 
non-empty intersection with it. Thus, the whole point set is a hyperplane. 

The definitions of polar space, nondegeneracy of a polar space, and rank of a 
polar space, are as in [8]. 


Definition 3.1. Let (£, F) be a partial linear space. For {€;}~2<; <2, a quintuple of 
disjoint symmetric relations partitioning E x E, we call (£, F) a root filtration space 
with filtration {Ei }—2<i <2 if the properties (A)-(F) of Theorem 2.5 are satisfied. 

If, in addition, (£, F) satisfies the following two conditions, it is called a non- 
degenerate root filtration space. 


(G) For each x € E the set E(x) is not empty. 
(H) The graph (E, €_;) is connected. 


Thus, by definition, Theorem 2.5 can be restated as in the first part of the 
following result of [10]. 


Theorem 3.2. Suppose that L is a Lie algebra over k generated by E. Let F be 
the set of projective lines all of whose points belong to E. If L does not contain 
sandwiches then (E, F) is a root filtration space with filtration (Ei)—2<i<2 as defined 
in Definition 3.1. Furthermore, let B; (i € I) be the connected components of the 
graph (E, E2). Then each B; is either a non-degenerate root filtration space or a root 
filtration space with an empty set of lines. Furthermore, L is the direct sum of the 
Lie subalgebras (B;) generated by B; fori € I. 


The second part of the theorem shows that the decomposition of L into direct 
summands can be recovered from the geometry. 

Condition (C) gives a kind of filtration around each extremal point x. According 
to Lemma 3.3(ii) below, [u, v] is the unique point in E<—1 (u) N E<_1(v), so the map 
[-,-] is uniquely determined by the relations (E; )—2<i<2. 

Condition (D) is referred to as the triangle condition on x, y, z by Timmesfeld 
[31]. It can be replaced by the statement that, for each (x, y) € E2, we have E<; (x) N 
E<j(y) = Ø whenever? + j <0. 

Condition (E) can be replaced by the statement that €<;(x) is a subspace of 
(E€, F) for each i (see Lemma 3.3(1) below). 


24 A.M. Cohen 


We will use some of the terminology introduced for Lie algebras in Definition 
1.10, calling a pair (x, z) € E; hyperbolic if i = 2, special if i = 1, polar if i = 0, 
collinear if i = —1 (so collinearity is only used for distinct points). In addition we 
say (x, Zz) are commuting (notation [x, z] = 0) if i < 0. The following properties of 
root filtration spaces are derived in [11]. 


Lemma 3.3. In a root filtration space (E, F), the following properties hold. 


(i) For eachi € {—2,...,2} and each x € €, the subset E<;(x) is a subspace of 
(€, F). 

(ii) If (u,v) € £, then |u, v] is the unique common neighbor of both u and v in the 
collinearity graph (E€, €_1) of (E, F). 

(iii) If (u,v) € E, then Eg(u) N Ex(v) C E (fu, v]). 

(iv) If (x,y) € Eo and z € E_,()), then either z E€ Exo(x), orz € E(x) and 
E(x, y,z) = {x gf. 

(v) If (x,q) and (u,z) belong to E; whereas u = |x,q] and q = [u,z], then 
(x,z) € E. 

(vi) If P is a pentagon in the collinearity graph (E,€_,) (that is, the induced 
subgraph is a pentagon), then each distinct non-collinear pair of points of P 
is polar. 

(vii) If (u,v) € Ey, then E(u) N Eo([u, v]) € Ey (0). 
(viii) Let y € E and l € F be such that y € Eo(1). Then E<_\(y,1) is a non-empty 
singular subspace of (E€, F). 


Here are some examples of root filtration spaces. 


Example 3.4. Every linear space is a trivial example of a root filtration space with 
€; = Ø fori > 0. 

Every space without lines is a trivial example of a root filtration space with 
Ei = Ø for —2 < i < 2 and & the relation of being distinct. Even if we keep 
Ei = E- = Ø and allow for the relation of being distinct to be partitioned in Eo 
and &, the result is a root filtration space. For example, if (£, £) is a polar space, 
taking E2 to be the non-collinearity relation, €_2 the identity relation, and Eo the 
complement in E x E€ of E—2 U &, we obtain a root filtration space (E, Ø) with 
E_; = €; = Ø. Nondegeneracy of this polar space (E, £) is equivalent to condition 
(G). This makes clear why some nondegeneracy conditions like (G) and (H) are 
needed. 


Example 3.5. Every generalized hexagon (€, F) with E; fori = 1,2 the set of 
points at mutual distance i + 1, and [x, y] the unique point collinear with both 
x and y for (x,y) € &, is a non-degenerate root filtration space with Eo = 9. 
Conversely, if (£, F) is a non-degenerate root filtration space with Ey = Ø, then it 
is a generalized hexagon. 


Example 3.6. Let P and H be projective spaces in duality: H is a collection of 
hyperplanes forming a subspace of the dual of P annihilating P. The latter means that 
the intersection of all hyperplanes of H is empty. If P has finite rank, this condition 
forces H to be the dual of P. Take E to be the set of incident pairs from P x H. 
The set F of lines is built up of two kinds: those consisting of all (x, H) with 
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hyperplane H € H fixed and x running through the points of a line of P inside H, 
and those consisting of all (x, H) with point x fixed and H running through the 
hyperplanes in H containing a fixed codimension 2 subspace of P containing x. So, 
((x, H), (y, K)) € E- iff x = y or H = K (but not both). Then (E, F) is a root 
filtration space with Eo, E1, E2 defined as follows: (x, H) € Eo((y, K)) iff x € K 
and y € H and x Æ y and H # K, (x, H) € &\((y, K)) iff x € K (in which case 
[(x, H), (vy, K)] = (x, K)) or y € H (in which case [(x, H), (y, K)] = (y, H) 
but not both, and (x, H) € E:((y, K)) iff x Z K and y ¢ H. We denote this root 
filtration space by E(P, H). 


Example 3.7. Let (P,€) be a non-degenerate polar space. Then the Grassmann 
space (£, F) on (P,E), where F consists of the pencils of lines on a point in a 
singular plane, is a root filtration space with / € E_,(m) iff / and m span a singular 
plane, / € €)(m) iff either / and m span a singular subspace not contained in a plane, 
or / and m intersect but do not span a singular plane, / € €;(m) iff there is a unique 
line n such that both the span of / and n and the span of n and m are singular planes 
(in which case n = [/, m], and the span of / and m is not a singular subspace), and 
E> is the complement of E<; in E x E. The same construction for a projective space 
instead of a polar space leads to a root filtration space with E€; = E = Ø. 

Let P and H be as in Example 3.6. Consider the space (P, £) whose point set 
P is the disjoint union of P and H and whose line set £ is the union of the line set 
of P, the line set of H and the set of all unordered pairs {x, H} with x € P and 
H e H such that x € H. This is a non-degenerate polar space, called the dualized 
projective space of P and H. The root filtration space E(P, H) defined in Example 
3.6 is a subspace of the Grassmann space on the dualized projective space (P, £). 


Example 3.8. Suppose that (€, F®) and (£P, F®) are root filtration spaces. 
Let £ be the disjoint union of € and €® and let F be the disjoint union of F” 
and F®. Then (E, F) is a root filtration space with filtration €& = eM U EP U 
(EM x E®) U (E® x EM) and €& = EM U EP fori £0. 


Under mild conditions, an arbitrary root filtration space can be deconstructed in 
the vein of Example 3.8. 


Lemma 3.9. If (€, F) is a root filtration space satisfying (G), then (E, F) is the 
disjoint union of connected subspaces B; such that B; x B; C Eo wheneveri A j 
unless B; x B; C E, in which case B; and B; are singletons. Moreover, if x,y € Bi 
for some i and (x, y) € Eo then E_\(x,y) #9. 


Remark 3.10. The relations (€;)-2<;<2 and the map [-,-] : €| —> E of a non- 
degenerate root filtration space (£, F) are fully determined by the space (E, F) 
itself. For, E_;, Eo U E1, and € are the relations of having distance 1, 2, and 3 
in the collinearity graph of (£, F), and, for x, y in E at mutual distance 2, we 
have x € €,(y) if and only if x and y have a unique common neighbor (which 
coincides with [x, y]). Therefore, we will often not mention the filtration explicitly 
when introducing a non-degenerate root filtration space. 
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Each spherical building whose Coxeter diagram comes from a Dynkin diagram 
corresponds to a root filtration space. This holds in particular for all thick spherical 
buildings. To clarify this, we need the following definitions. Recall that a Dynkin 
diagram is the Coxeter diagram of a Weyl group whose bonds with an even label 
greater than 2 are directed. 


Definition 3.11. Let Y„ be an irreducible Dynkin diagram of rank n > 1. We 
number its nodes with 1,...,” as in Bourbaki [4]. Denote by X, the corresponding 
Coxeter diagram (obtained by removing the arrow of a multiple bond). To avoid 
confusion between the Dynkin diagram and the Coxeter diagram, we shall write 
Xn = (BC), for the Coxeter diagram corresponding to both B, and C,. 

Let Y, be the extended (or affine) Dynkin diagram of Y,,. Its nodes are those of 
Y, and an additional node, numbered 0. By J we denote the subset of {1,...,7} 
consisting of all nodes of Y„ adjacent to 0. Then J = {1,n} if M = An, and 
J = {j} where j = 2if Y, = B,, 7 = Lif Y, = Cy, j = 2 if Y; = D, or Eo, 
j = lif Y, =E, j = 8if Y, = Es, j = 1if Y, = Fa, j = 2 if Y, = Go. We 
shall call J the root nodes or, if appropriate, j the root node of Yj. 

Let C be a building of type X,,. Following [33], we view it as a chamber system 
over R = {1,...,n}. Let J be an arbitrary subset of R. The J -shadow of a chamber 
c of C is the (R \ J)-cell containing c. For j € J, we define a j -line to be the union 
of all (R \ J)-cells containing a chamber from a given j-panel. The pair (E, F) 
consisting of the set € of all J-shadows and the set F of all j-lines, for j € J, is 
called the shadow space for C of type X;,7. If J = {j}, we also write X,,,; instead 
of X;,,,. If J is the set of root nodes of a corresponding Dynkin diagram Y,, we 
call (£, F) the root shadow space of C with respect to Y,,. If X,, has multiple bonds, 
there are two choices for Y,,, whence two root shadow spaces of C. 


Example 3.12. Let (£, F) be the root shadow space of a spherical building of 
irreducible Dynkin type Y,, with n > 3. If Y, = C,, then (E, F) is a non-degenerate 
polar space. If Y, # Cn, then (£, F) is a non-degenerate root filtration space. 

These results are proved in [10], by means of the following facts, where J is the 
set of root nodes. 


— The various mutual geometric positions two J-cells can be in (in case of a 
sufficiently transitive automorphism group, such as the examples coming from 
algebraic groups, this means the orbits of the group on pairs of J-cells) are 
parameterized by left and right J -reduced elements of the corresponding Coxeter 
group of type Xn. 

— In turn, these reduced elements are parameterized by the inner products between 
pairs of long roots of the associated root system. The five possible values are the 
familiar integers —2, —1, 0, 1, 2. 


Root shadow spaces of buildings of rank at least 3 have been discussed. Those 
of rank 1 are non-degenerate polar spaces of rank 1 and those of irreducible Dynkin 
type of rank 2 are either generalized hexagons (cases Az and G2) or generalized 
quadrangles (cases, B2 and C2). Therefore, every root shadow space of a building 
of irreducible spherical type is a non-degenerate root filtration space or a non- 
degenerate polar space. 
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Example 3.5 represents the root shadow space of a building of type Go, its dual 
corresponds to the other interpretation of G2 as a Dynkin diagram. Example 3.6 
represents a generalization to arbitrary rank of type A,, Example 3.7 represents 
both Dynkin types B, and D,, and the polar spaces of Example 3.4 are of Dynkin 
type C}. 


Timmesfeld’s non-degenerate sets of abstract root subgroups are in fact non- 
degenerate root filtration spaces. To explain this observation, we begin by recalling 
the notion of abstract root subgroups as appearing in [31, Definition (1.1), Chap. I] 
(the wording is adjusted to our setting). If A and B are subgroups of a given group 
G, then [A, B] stands for the subgroup of G generated by all commutators [a, b] := 
a'bab = a~'a? with a € Aandb € B. Similarly for [a, B] and [A, b]. 


Definition 3.13. Let G be a group. A set € of abelian non-trivial subgroups of 
G is called a set of abstract root subgroups of G if it satisfies the following two 
conditions. 


(I) G = (E) and E£ C E foreach g € G. 
(I) For each pair a,b € E one of the following cases occurs, where X = (a, b): 


(—2) a = b, and so X =a =b. 
(-1) [a,b] = 1,a # b, and X \ {1} is partitioned by c \ {1} for c € E with 
c < X. Here, we call the line ab the set of elements c € E with c < ab. 
By F we denote the set of lines. 
(0) [a,b] = 1 and X \ {1} is not partitioned by c \ {1} for c € E with c < X. 
(1) [a,b] belongs to € and coincides with [ao, b] and with [a, bo] for every 
nontrivial ao € a and bo € b; this subgroup is nontrivial and is contained 
in Z(X), the center of X. 
(2) For each nontrivial ap € a there exists a nontrivial bọ € b such that a’? = 
b%; and similarly with a and b interchanged. 


Case (2) above is described as ‘X is a rank one group with unipotent subgroups 
a and b’. Chapter I of [31] is concerned with the structure of such groups. The 
subgroups a and b as in (II)(2) are X-conjugate and their X-conjugacy class is 
called a hyperbolic line. Typical examples of X are the groups (P)SL(2,k) for a 
(skewfield) k, in which case the hyperbolic line corresponds to the points of the 
projective line on which X acts 2-transitively. When viewed as the rational points 
over a field k of an algebraic group, its Lie algebra corresponds to sl(k?) (up to 
central isogeny), and a and b to a hyperbolic pair of points therein. 

Case (1) is the so-called special case; typical examples are extra-special p-groups 
of order p°, often suggestively denoted by p!+?. When viewed as the (Z/pZ)- 
rational points of the upper triangular group in SL(k?) for k a field of characteristic 
p, its Lie algebra is the Heisenberg Lie algebra h over k of Example 1.5. 

For each j € {—2,—1,0, 1,2} we write E; to denote the relation on E expressing 
that a, b are in case (j). So (a,b) € E_2 is equivalent to a = b, anda € E_,(b) 
means that a and b belong to a line in F. Notice that €<9(x) is the set of subgroups 
in € commuting with x. 


28 A.M. Cohen 


The following result shows that the images of the maps in Lemma 1.3 are abstract 
root subgroups of the algebraic group Aut(L). 


Theorem 3.14. Suppose that L is a Lie algebra over k generated by extremal 
elements and containing no sandwiches. Then the set of subgroups {exp(x,t) | t € 
k} of Aut(L) for x € E is a set of abstract root subgroups of the subgroup of Aut(L) 
which they generate. 


Example 3.15. Let G be a group. In [31, Definition (1.1)], nondegeneracy of a 
set E of abstract root subgroups in G is defined by the condition that E<0, E1, E2 
be non-empty. Suppose that € is a non-degenerate set of abstract root subgroups 
of G such that (E, E2) is connected and €_; is nonempty. If G has no solvable 
normal subgroup, then (E, F), for F the set of lines of E, is a non-degenerate root 
filtration space with thick lines. In [31, Sect. II.4], Timmesfeld showed that, when 
G is generated by a set of abstract root groups, the solvable radical of G is nilpotent 
of class at most two. 

Observe that, for (a, b) € E1, we have [a, b] € E, so we have a map [-,-] : E1 > E 
as required in the definition of root filtration space. 

For the proof (in [10]) that the set of abstract root subgroups of G gives rise to 
a root filtration space, some properties from [31] are needed that occur at an early 
stage. 


4 Parapolar Spaces 


This section is concerned with a converse of Example 3.12, which states that 
each non-degenerate root filtration space is the root shadow space of a building 
of spherical type. The result is proved in [11]. 


Theorem 4.1. Let (E, F) be a non-degenerate root filtration space. If the singular 
rank of (E, F) is finite, then (E, F) is isomorphic to a shadow space of type An {1n} 
(n = 2), (BIC)n2 (n = 3), Da2 (n = 4), Eo2, E71, Ess, Fai, or Go2. 


The only root shadow spaces missing from this result are polar spaces, that is, 
the shadow spaces of type (B|C),,1. A characterization of polar spaces in terms 
of degenerate root filtration spaces is given by Cuypers [15] who extended earlier 
results of Timmesfeld [31]. See Sect.5, where it is also described how Cuypers’ 
result can be used in the characterization of classical simple Lie algebras with 
degenerate root filtration spaces. 

We briefly describe the proof of Theorem 4.1. In order to reconstruct the building 
from a non-degenerate root filtration space, the elements of the building of types 
other than point and line need to be found. An initial step is to show that the space 
is a parapolar space. We recall some definitions from [8]. 


Definition 4.2. A parapolar space is a connected partial linear gamma space 
possessing a collection of geodesically closed subspaces, called symplecta 
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(singular: symplecton), isomorphic to non-degenerate polar spaces of rank at least 2, 
with the properties that each line is contained in a symplecton and that each pair of 
distinct non-collinear points having at least 2 common neighbors is contained in a 
unique symplecton. (This definition comes from [11] and is a slight improvement of 
the one in [8], where the existence of symplecta was only required for quadrangles.) 
If all symplecta are polar spaces of rank k (respectively, of rank at least k) the space 
is said to have polar rank k (respectively, polar rank at least k). 


A very useful condition that separates the parapolar spaces of our interest from 
others is the following condition, which originates from [9]. 


(K) For each point x and each symplecton S the set of points of S collinear with x 
is either empty or contains a line. 


Note that the set of points inside a symplecton that are collinear with a point 
outside of it form a singular subspace, so (K) excludes the possibility of a singleton. 

Recall the root filtration space E(P, H) of Example 3.6. In [11] the following 
result is established. 


Theorem 4.3. Let (E€, F) be a non-degenerate root filtration space. 


(i) If some line in F is contained in a unique maximal singular subspace, then one 
of the following cases prevails. 


I. The singular rank is 1 and (€, F) is a root shadow space of type G21. 

II. The singular rank is at least 2, there is a point that belongs to at least 3 
maximal singular subspaces, and (E, F) is a root shadow space of type 
(B|C)3,2. 

II. The singular rank is at least 2, on each point there are precisely 2 maximal 
singular subspaces, and (£, F) is isomorphic to E(M,N) for a certain 
pair (M,N) of projective spaces in duality. 


(ti) If some line in F is contained in more than one maximal singular subspace, 
then E, # Ø and (E,F) is a parapolar space satisfying condition (K) whose 
polar rank is at least 3. 


We briefly discuss the proof. For (€, F) as in the hypotheses, the set of common 
neighbors of a polar pair (x, y) is a non-degenerate polar space. In case (ii) this 
polar space has rank at least 2 and the required properties can be derived by use of 
Lemma 3.3. 

In case (i) it is of rank 1; in other words, the subspace E- (x, y) of E has no 
lines. It is relatively easy to prove that each line / is in a unique maximal singular 
subspace M(/). If the singular rank of (£, F) equals 1, then it can be shown that 
E2 = Ø, and it follows that (£, F) is a generalized hexagon, whence case I. 

If there is a point in € that is in at least 3 maximal singular subspaces, then (E, F) 
has singular rank 2, and the symplecta of the resulting space can be shown to support 
the structure of a polar space (in which a line is the collection of symplecta on a line 
of (E£, F)). This leads to case II. 
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The case remains where each point in € is in exactly two maximal singular 
subspaces. Then the collection of maximal singular subspaces of (£, F) can be 
partitioned into two classes M and M, such that each of M and N carries the 
structure of a projective space whose lines are the members of the class containing 
exactly one point of a line in F. Moreover, the space M can be viewed as a subspace 
of the dual of M annihilating M, and, with this identification, (£, F) is isomorphic 
to E(M, N); hence, case III. 

This ends the discussion of the proof of Theorem 4.3. We proceed with the brief 
overview of the proof of Theorem 4.1. In case (ii) of Theorem 4.3, the hypotheses of 
the Kasikova—Shult theorem of [17] hold. Below we state this theorem, which deals 
with point-line spaces of arbitrary rank. In order to cover the case where the polar 
rank is big, the following condition is needed. 


(L) If all symplecta have rank at least 4, then the singular rank of (£, F) is finite. 
The main result of [17,27] reads as follows. 


Theorem 4.4. Each parapolar space of polar rank at least 3 satisfying (K) and (L), 
and containing a special pair is a shadow space of type (B|C)n2 (n > 4), Dna 
(n > 4), Eo2, E71, Egg, or Fai. 


In [27], Shult shows that, if (£, F) is a parapolar space of polar rank at least 3 
in which (K) holds, then, for each singular plane z and each line / meeting z at a 
point x and not lying in a singular subspace containing 7x, either one or all lines m 
on x in z have the property that / Um belongs to a symplecton. In an earlier version 
of Theorem 4.4, this property was stated as a condition. 

Theorem 4.4 is proved by reconstructing the elements of missing types and 
invoking [33] to recognize the building. The reconstruction is carried out by deriving 
conditions needed in earlier theorems characterizing buildings by means of point- 
line spaces, like [9]. 

Theorem 4.1 follows from Theorems 4.3 and 4.4. For, the singular rank of (€, F) 
is finite, so case III of Theorem 4.3 leads to (£, F) being a shadow space of type 


An {1n} 


5 Degenerate Root Filtration Spaces 


In this section, we are concerned with root filtration spaces that are polar spaces. 
In particular, we review how Lie algebras generated by extremal elements in which 
no strongly commuting pairs occur, have a root filtration space coming from a polar 
space, as described in Example 3.4. 

At the root filtration space level, we have a useful result by Cuypers [15], which 
generalizes an abstract root group version by Timmesfeld [31]. In order to state it, 
we need the notion of transversal coclique. 
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Definition 5.1. A dual affine plane is a point-line space obtained from a projective 
plane by removing a point and all lines containing that point. A transversal coclique 
in a dual affine plane is the set of points forming such a removed line together with 
the removed point. 


Theorem 5.2. Let (E£, H) be a point-line space and let ~ denote being collinear 
and distinct. Write L for its complement. Suppose (E, H) satisfies the following six 
conditions. 


(i) (E, H) is a connected partial linear space that is not linear. 

(ii) Each line contains at least four points. 

(iii) The subspace of (E£, H) generated by any triple of points x, y, z with x ~ y ~ 
z L x is a dual affine plane. 

(iv) Ifa point is not collinear with two points of a transversal coclique in a subspace 
isomorphic to a dual affine plane, then it is not collinear with any point of that 
coclique. 

(v) If x, y are points with xt C y+, then x = y. 

(vi) (E€, L) is connected. 


Then (E, L) is the collinearity graph of a non-degenerate polar space. 


The following characterization of the geometry on €(L) can be found in the PhD 
thesis [18] of in’t panhuis. 


Theorem 5.3. Let L be a Lie algebra over a field k of size at least 3 generated by 
its extremal elements. Assume the following two conditions hold. 


(i) The sets E_, and E; are empty. 
(ii) The set Ey is nonempty and the graph (E, E2) is connected. 


Then (E, Eo) is the collinearity graph of a non-degenerate polar space. 


This result suffices for finding the full polar space as lines of a non-degenerate 
polar space are of the form {x, y}++ for distinct collinear points x and y. The proof 
of this theorem is based on Cuypers’ Theorem 5.2. In the application to L, the 
members of the line set H are hyperbolic lines, that is, the set of extremal points of 
a subalgebra of L generated by two extremal elements forming a hyperbolic pair. 
The relation L is just E—2 U Eo. 

The remaining case, where k has two elements, is harder to characterize in terms 
of root filtration spaces. It is more easily described when hyperbolic lines are added, 
as the following result of [18] shows. The theory of abstract root groups was an 
initiative to view the beautiful results on 3-transpositions by Fischer as a special 
case of a more general set-up in which the original setting would be the case where 
a parameterizing field k would have two elements. In this respect, and with the root 
filtration spaces as geometric generalizations of abstract root groups, it is fitting that 
Fischer spaces occur as the root filtration spaces for k = Z/2Z. 


Definition 5.4. A Fischer space is a partial linear space in which each plane is 
isomorphic to a dual affine plane of order two or to an affine plane of order three. 
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Theorem 5.5. Let L be a Lie algebra over Z/2Z generated by extremal elements 
whose root filtration space satisfies conditions (i) and (ii) of Theorem 5.3. Let H be 
the collection of hyperbolic lines of L. Then (€, H) is a connected Fischer space. 


6 Conclusion 


Although there is work in progress, the third step in the characterization of classical 
Lie algebras by means of root filtration spaces has not yet been finalized and so it is 
formulated here as a question. 


Problem 6.1. Under which conditions (e.g. nondegeneracy) is it true that, for a 
given root filtration space (€, F), there is, up to isomorphism, at most one simple 
Lie algebra whose root filtration space is isomorphic to (€, F)? 


This question is more general than the problem posed at the beginning of Sect. 2. 
If ‘classical type’ of a simple Lie algebra is interpreted as being the Lie algebra of 
an algebraic group or a central quotient thereof, Benkart’s results are covered by the 
following proposition. 


Proposition 6.2. Let L be a simple Lie algebra generated by extremal elements 
over an algebraically closed field k. Then G = (exp(x,t) | x € E(L), t € k) 
is an algebraic subgroup of Aut(L) whose Lie algebra Lie(G) contains an ideal 
isomorphic to L. 


Proof. As the subgroups U, for x € E are closed connected subgroups of the 
algebraic group Aut(L) (cf. Lemma 1.3), the subgroup G of Aut(L) generated by all 
of them is also closed in Aut(L) (see [3, Proposition 2.2]). The Lie algebra Lie(G) 
can be viewed as a Lie subalgebra of Der(L), the subalgebra of all X € gl(L) such 
that X [a,b] = [Xa, b] + [a, Xb] whenever a,b € L. If x € E, the derivative of the 
embedding of U, in Aut(L) has image k adx, so adz is a subalgebra of Lie(G). It is 
even an ideal of Lie(G) as it is an ideal of Der(L), which contains Lie(G). As L is 
simple, it is isomorphic to adz. We conclude that L is isomorphic to the ideal adz 
of Lie(G), as required. 


The Lie algebras L and Lie(G) need not coincide as follows from Example 6.3. 
If k has characteristic 0, all derivations of L are known to be inner (cf. [20, Theorem 
6]), and so Lie(G), being contained in Der(adz), coincides with adz; therefore, L 
is the Lie algebra of G if k has characteristic 0. This statement is even true if L 
is not simple provided its center is trivial (and the characteristic is still 0), as it is 
isomorphic then to the subalgebra adz of gl(L), which is generated by the algebraic 
Lie subalgebras k ad, for x € E(L), so [3, Corollary 7.7] applies. 


Example 6.3. In Example 1.6, we have seen an exceptional case (with k of 
characteristic 3) in which the dimension of L is as low as half the dimension of 
Lie(G). Take p to be a prime greater than 3 and let k be algebraically closed 
of characteristic p. Then the analogous construction yields a simple Lie algebra 
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that still deviates from the Lie algebra of the corresponding group although the 
dimension gap is smaller: put V = k?” and let L = s\(V)/Z, where Z = Z(sl(V)) 
is the (one-dimensional) center of s{(V) spanned by the identity matrix. Then L is 
simple of dimension p? — 2. So, if H is a connected algebraic subgroup of GL(L) 
with Lie(H) = adz, then it must be simple of dimension p? — 2. But no simple 
connected algebraic group has such a dimension (as p > 4), so L is not even the 
Lie algebra of an algebraic group. 


In Example 3.4, we have seen that there is little structure on root filtration spaces 
with €_; = E, = Ø, and that polar spaces are among them. There is an abundance of 
examples of root filtration spaces that do not arise from a Lie algebra. For instance, 
let k be algebraically closed of characteristic distinct from two and let V be a vector 
space over k with a non-degenerate quadratic form «x. Define (£, F) as the polar 
space of the quadric determined by « in the projective space on V. If the dimension 
of V is equal to 3, then the exterior product map leads to a Lie algebra structure 
on V isomorphic to o(V,«). For higher dimensions, no Lie algebra structure (nor 
any other antisymmetric product) on V exists that is invariant under the orthogonal 
group on V with respect to x. But the embedding of (E£, F) in the projective space 
on V is universal, and so there is no Lie algebra whose root filtration space is 
isomorphic to (E€, F). 

The Lie algebra o(V, K) is generated by extremal elements, but, if the dimension 
is higher than 3, the corresponding root filtration space is not isomorphic to (E, F). 
The root filtration space of o(V, «) is the Grassmannian of lines on this polar space. 

Similarly, not every root filtration space comes from a set of abstract root groups. 
Another way to understand what is going on, is to consider a thick building of an 
irreducible spherical type having multiple bonds. Then there are two root shadow 
spaces of this building, according to two distinct interpretations of the Coxeter 
diagram as a Dynkin diagram. Except for ‘bad characteristics’, only one of these 
choices will lead to a correspondence with long root subgroups, and hence to 
abstract root subgroups. The number of positions two short root groups can be in is 
usually larger than five. 

In the case where the field has size 2 and the root filtration space of the Lie 
algebra over Z/2Z is degenerate, the hyperbolic lines lead to a Fischer space (see 
Theorem 5.5). Conversely, there is a universal way to construct a Lie algebra from 
the geometry such that the points of the geometry map to extremal points of the 
Lie algebra, which runs as follows. Given a Fischer space (E€, H), let A be the 
vector space over Z/2Z with basis €. Define the multiplication x on A as the one 
determined by 


x+yt+z iff{x,y,zhEH 


x*ey= : 
0 otherwise 


Following [16], we consider the symplectic form f on A satisfying f(x, y) = 1 if 
x and y are distinct and collinear, and f(x, y) = 0 otherwise, for x, y € E. Then 
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f is associative, in the sense that f(x, y xz) = f(x * y,z) forall x, y,z € A, so 
Rad( f) is an ideal of A. 

Now the quotient algebra A/Rad(/) is a Lie algebra if and only if each subset of 
E that is an affine plane of (£, H) belongs to Rad( f ). This Lie algebra A/Rad( f) 
may collapse, so that again examples of Fischer spaces without corresponding Lie 
algebras occur. The Fischer space related to the biggest Fischer group F24 is an 
example where this happens. Also, two nonisomorphic Fischer spaces may lead to 
isomorphic Lie algebras. In one of these instances, the Lie algebra A/Rad( f ) of the 
Fischer space related to Fischer’s group F22 is isomorphic to the Lie algebra over 
Z/2Z of twisted type 7E¢, which leads to a geometric proof of the existence of an 
embedding of Fy) in the twisted Chevalley group 7E¢(2). Many more details are to 
be found in [16, 18]. 
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Properties of a 27-Dimensional Space 
of Symmetric Bilinear Forms Acted on by E6 


Rod Gow 


Abstract We use the 27-dimensional simple exceptional Jordan algebra to 
construct a 27-dimensional space of symmetric bilinear forms invariant under 
the action of the simple Lie group E6. Using the Æe action on the Jordan algebra, 
we show that the space contains elements of exactly three non-zero ranks, namely, 
10, 18 and 27. Many of the properties of the Jordan algebra are reflected in rank 
properties of the space of forms. We investigate subspaces containing no elements 
of rank 27 and also constant rank subspaces. The results vary depending on the 
nature of the octonion algebra used to define the Jordan algebra. 


Subject Classifications: 15A03, 15A33 


Keywords Octonions ° Jordan algebra * Cubic form ° Rank 


1 Introduction 


The purpose of this paper is to investigate properties of a 27-dimensional space M 
of symmetric bilinear forms obtained from the simple exceptional Jordan algebra 
of dimension 27. This subspace contains only non-zero forms of rank 10, 18 or 27 
and it is naturally a module for the group of type E6, which acts on the Jordan 
algebra. 

Certain properties of M are independent of the underlying field, but others 
depend on whether the octonion algebra, on which the Jordan algebra is modelled, 
is a division algebra or not. A description of much of the information we need about 
octonion algebras, Jordan algebras and the group Æe may be found in Chap. 4 of [7]. 
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2 Octonion Algebras 


Let K be a field of characteristic different from 2 and let C be an octonion algebra 
over K. We recall that C is an eight-dimensional non-associative algebra over K 
with multiplicative identity e. It is equipped with a non-degenerate quadratic form 
N which permits composition, meaning that 


N(xy) = N(x)N(y) 


for all x and y in C. We call N the norm on C. It satisfies N(e) = 1. We let p 
denote the associated polarizing symmetric bilinear form. 
Let x be an element of C. We define the conjugate x of x by 


X = p(x,e)je— x. 

The conjugation operator is an anti-involution on C satisfying 
xX = xXx = N(x)e. 

Provided that N(x) Æ 0, x has an inverse x~! given by 


-Z A 
N(x) 


3 The Exceptional 27-Dimensional Jordan Algebra 
and the Group E6 


We suppose for the rest of this paper that the field K has characteristic different 
from 2 and 3. As before, let C denote an octonion algebra over K. Let A denote the 
K-algebra of 3 x 3 matrices with entries in C which are Hermitian with respect to 
the conjugation operation in C. We may write the elements of A in the form 

œj C b 

C aa 

b a œ 
where the a; € K anda,b,c € C. Note that we have 


dimx A = 27. 


A is a Jordan algebra, with Jordan product defined by 


1 
xy = 50y +y: x) 
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for elements x and y in A. Here, x - y denotes the usual matrix product of x 
and y. 
There is a quadratic form Q defined on A by the formula 


1 
20) =3 tr(x), 


where tr denotes the usual trace function defined on 3 x 3 matrices. Let (, ) denote 
the symmetric bilinear form on A x A obtained from polarization of Q. We have 


(x, y) = tr(xy) 


for x and y in A. 
There is also a cubic form det : A —> K which can be defined in terms of Q and 
(, } by the formula 


1 1 
det(x) = g(x) — O(x){x,e) + gre) 
Here, e denotes the identity element of A. If we set 


a,c b 
coa |, 
b a aœ 


we can also express det(x) by the formula 
det(x) = «14203 — aaa — a2bb — a3ct + (ab)c + (ab)c. 


This formula shows that if the entries of A lie in a commutative associative 
subalgebra of C, det(x) is the usual determinant of a 3 x 3 matrix. It follows that 
det maps A onto K. 

Each element x € A satisfies the cubic equation 


P(e = (20 — (e)?) x — det(x)e = 0. 


This is known as the Cayley—Hamilton equation for A. 
Let (, , ) denote the symmetric trilinear form A x A x A —> K obtained by 
polarization of det. Thus 
(x,x,x) = det(x). 


This trilinear form can be expressed in terms of the bilinear form (, ), as shown in 
[5, formula 5.14, p. 121]. 
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Given x € A, we define a symmetric bilinear form Fy : A x A > K by 


Fy(y,2) = (x, y,2) 


for all y and z in A. This form was introduced by Jacobson in [1, p.364]. As x 
ranges over A, we obtain a 27-dimensional subspace of symmetric bilinear forms 
defined on A x A, which we denote by M. In the remaining part of this paper, we 
shall investigate M. 
To this end, we recall that the cross product x x y of elements x and y is defined 
by the formula 
(x x y,z) = 3(x, y, z). 


The following lemma is clear from this definition. 
Lemma 3.1. The radical of F consists of all elements y satisfying x x y = 0. 


Theorem 3.2. Given x € A, there is a non-zero element y € A with x x y = Oif 
and only if det(x) = 0. 


Proof. Suppose that det(x) # 0. Then Lemma 5.9.1 of [5] shows that the only 
solution y to the equation x x y = 0 is y = 0. The converse part of the theorem is 
a consequence of a general theorem we shall employ later in this section. However, 
it may be of interest to see a reasonably constructive proof which explains in part 
some of our later calculations. 

Suppose therefore that x is a non-zero element with det(x)=0. We set A = 
(x,e)/2. Employing Lemma 5.2.1(i) of [5], in conjunction with the Cayley- 
Hamilton theorem in A, we find that 


x x (x* —Ax) = 0, 


and thus provided x? — Ax Æ 0, we may take y = x? — Ax. 
Suppose now that x? — Ax = 0. If A = 0, so that x? = 0, we obtain x x x = 0, 
and we may take y = x. Finally, suppose that A Æ 0 and set 


It is clear that w? = w and (w,e) = 2. Furthermore, x x y = 0 if and only if 
wxy=0. 

We set F = Ke @ Kw. It is straightforward to see that F is non-degenerate with 
respect to (, ) and we set E = F+. Thus A = E L F. An elementary calculation 
using Lemma 5.2.1(i) of [5] shows that wx F < F,w x E < E. Furthermore, 
wx z = 0 for z € F implies that z = 0. Consequently, any non-zero y with 
wx y = 0 must be in E. 

Suppose now that y € E. Then we find that w x y = wy — y. Thus the y we 
are seeking are those elements in E with wy = y. We set u = e — w, so that 
u is a primitive idempotent in A. Then, working in terms of u, the y we seek are 
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elements in E satisfying uy = 0. In the notation of Sect. 3.5.3 of [5], such elements 
constitute the subspace Eo of E. We obtain a non-zero solution y provided Ey Æ 0. 
However, Proposition 5.3.5 of [5] shows that if Eo = 0, then dimg A = 2, which 
is absurd. Consequently, Eo is non-zero and we obtain a non-zero solution for y, as 
required. 


We note that in the final part of the argument above, the radical of Sy is precisely 
Eo. We will see this fact in evidence in the next lemma. 

Next, we consider two idempotents in A whose associated bilinear forms can be 
investigated in some detail. 


Lemma 3.3. Let w be the element 
100 
010 
00 0 


and let u = e — w. Then the radical of Fy, has dimension 9 and the radical of F, 
has dimension 17. Thus F,, has rank 18 and F, has rank 10. 


Proof. We note that w? = w and (w, e} = 2. It follows from Theorem 3.2 that the 
elements y satisfying w x y = 0 are those in the subspace denoted by Eo. Such 
elements satisfy (y,e) = 0 and (y,w) = 0. A straightforward calculation shows 
that Eo consists of all elements 


à c 0 
¢ —A 0], 
0 0 0 


where A € K and c € C. This subspace is clearly 9-dimensional, as required. (We 
note that the dimension formulae dim Eo = 9, dim E; = 16 occur on p.174 of [5].) 

The element u is also an idempotent and it satisfies (u, e) = 1. Now u x F < F 
and u x E < E. An easy calculation shows that u x y = uy — y/2 when y € E. 
Thus, in the notation of Lemma 5.3.1 of [5], the elements y € E with u x y = 0 are 
precisely those in the subspace Æ. We also have 


dim E; = dim E — dim Ey = dim F+ — dim Ey = dim A — dim F — dim Ep = 16. 


Since u x u = 0 and u x e Æ 0, it follows that those z in F with u xz = 0 
are the scalar multiples of u. We, thus, see that the subspace of all those y in A 
with u x y = 0 is 17-dimensional, as required. (Of course, this dimension could 
also have been obtained by explicit identification of the subspace of those y with 
uxy=0.) 


The calculation of the rank of F, is also performed in [1, pp. 367-368]. 
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Let NP(A) be the subgroup of group of all invertible linear transformations g of 
A into itself satisfying 


det(g(x)) = det(x) 
for all x € A. Note that any g in NP(A) also satisfies 


(g(x), 20), 8(2)) = (x,y,z) 


for all x, y and z in A. 


Lemma 3.4. Let x be an element of A and g an element of G. Then Fy and F(x) 
have the same rank. 


Proof. Let y € A be an element in the radical of Fy. Then we have 
(x x y,z) =0 
for all z € A. Applying g, we obtain 


(g(x) x g(y), g(2)) = (x x y,z) =0 


for all z € A. Since g is invertible, we deduce that g(y) is in the radical of F(x). 
Conversely, it is straightforward to prove that if w is in the radical of F,,), then 
g7! (w) is in the radical of Fy. This proves what we want. 


Suppose now that the octonion algebra C is split. It is known that in this case 
NP(A) is either a perfect threefold cover of the simple group F¢(K) of split type 
over K when K contains an element of order 3, or else is the split group E.(K) 
itself. Furthermore, in its action on the one-dimensional subspaces of A, NP(A) has 
exactly three orbits, by a theorem of [4]. In fact, we can be more precise, since the 
orbits of NP(A) on the non-zero elements of A have representatives 


100 100 1 0 0 
00 0 |, 0 1 0 |, 01 0 |, 
0 0 0 0 0 0 00k 


where k runs over the non-zero elements of K. An element of the third type above 
has non-zero determinant k, and thus of course two such elements with different 
k-values cannot be in the same NP(A)-orbit. For a discussion of this description of 
the orbits, see for example [3, p. 938]. Theorem 7 of [2] is essentially a proof that 
elements of the third type are representatives of the NP(A)-orbits on the elements 
with non-zero determinant. Note that the first two orbit representatives are the 
elements considered in Lemma 3.3. 

There is a concept of rank in the theory of exceptional simple Jordan algebras. 
As we shall use the word rank in its traditional sense in linear algebra, we will refer 
instead to Jordan rank. Elements in the first orbit have Jordan rank 1 and the orbit 
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comprises non-zero elements x satisfying x x x = 0. Elements in the second orbit 
have Jordan rank 2 and the orbit comprises those elements x that satisfy det(x) = 0, 
x x x # 0. The elements in the third orbit have non-zero determinant and Jordan 
rank 3. Such elements have a Jordan inverse. 

Since we can identify the one-dimensional subspaces of A with the one- 
dimensional subspaces of the space V of symmetric bilinear forms, it follows that in 
its natural action on M, NP(A) also has three orbits on these subspaces. The orbits 
can be described in terms of the possible ranks of the elements Fy, as we deduce 
from Lemma 3.3 and the next simple result. 


Corollary 3.5. Suppose that the octonion algebra C is split. Then the non-zero 
elements of N have rank 10, 18 or 27. The elements of rank 10 correspond to 
elements of Jordan rank 1, those of rank 18 to elements of Jordan rank 2, and those 
of rank 27 to elements of Jordan rank 3. 


Proof. We know from Lemma 3.3 that M contains elements of rank 10, 18 and 27. 
Since NP(A) has exactly three orbits in its action on the one-dimensional subspaces 
of N, namely the subspaces corresponding to elements of Jordan rank 1, 2 and 3, 
the result is immediate from Lemma 3.4. 


We can extend part of the conclusion of Corollary 3.5 to all octonion algebras by 
exploiting the algebraic closure of the field K. 


Corollary 3.6. The non-zero elements of N have rank 10, 18 or 27 for any octonion 
algebra C (split or non-split). 


Proof. Let K denote an algebraic closure of K and let C = K @x C. C is an 
octonion algebra over K, and it is split, since K is algebraically closed. Let A denote 
the Jordan algebra over K consisting of 3 x 3 hermitian matrices with entries in C. 
A is naturally a K-subspace of A and its K-span is A. Likewise, let M denote the 
27-dimensional subspace of symmetric bilinear forms derived from A. 

N is a K-subspace of N whose K-span is M. Given a bilinear form Fy, say, in 
N, we may naturally extend F, to an element F., say, of N by extension of scalars. 
The rank of F, is identical with that of F.. Thus, since M contains elements of 
rank 10, 18 and 27, and N contains only elements of these three ranks, the corollary 
follows. 





We have the following result concerning the 27-dimensional fundamental repre- 
sentation of the split group of type Es. 


Theorem 3.7. Let K be a field of characteristic different from 2 or 3. Then the 
fundamental representation of degree 27 of the split algebraic group of type E6 
may be realized on a 27-dimensional space N of symmetric bilinear forms whose 
non-zero elements have rank 10, 18 or 27. Moreover, in its action on N, the split 
group of type Es acts with exactly three orbits on the one-dimensional subspaces. 
Representatives for the orbits are the subspaces spanned by any form of rank 10, 
any form of rank 18 and any form of rank 27. 
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4 Subspaces with Special Rank Properties 


Let x be a fixed non-zero element of Jordan rank 1 or 2. and let R be the radical 
of the symmetric bilinear form Fy. We saw that this consists of all elements y 
satisfying 


xxy=0. 
Since x x y = y X x, it is clear that y is in the radical of F, if and only if x is in 
the radical of F,. 
We now set 


R={F,eN: ye R}. 


Each non-zero element of R contains x in its radical and hence has rank 10 or 18. 
Furthermore 
dim R = 9 


if x has Jordan rank 2 and 
dim R = 17 


if x has Jordan rank 1. 
Consider the case that x has Jordan rank 1. Up to action by NP(A), we may take 
x to be 


1 00 
00 0 
00 0 
A straightforward calculation shows that R consists of all elements of the form 


Cc 


Sal R 
oo a 


whereae K,bEC,cEC. 
Consider the 16-dimensional subspace S of R consisting of all elements y of the 
form 


0c b 
c 
b00 

Such a non-zero element has Jordan rank 1 or 2. We now check y x y. Since 


(y,e) = 0, 


1 
yxy=y- 5 (¥ ve. 
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We easily calculate that 


N(c) + N(b) 0 0 
y= 0 N(c) be 
0 be N(b) 


It follows that (y, y) = N(b) + N(c) and 


0 0 0 
yxy=| 0 -N(b) be 
0 be —N(c) 


Thus, in order that y x y = 0 (so that y has Jordan rank 1) we require 
N(b) = N(c) = 0. 


This can only happen if C is split. Thus, if C is a division algebra, all non-zero 
elements of S have Jordan rank 2. 

Correspondingly, we have the following result about the space M of symmetric 
bilinear forms. 


Theorem 4.1. Suppose that C is a division algebra. Let S be the 16-dimensional 
subspace of C constructed above whose non-zero elements all have Jordan rank 2. 
Then there is a corresponding 16-dimensional constant rank 18 subspace of N. 


The existence of such a constant rank subspace seem to me to be unusual in the 
theory of symmetric bilinear forms. 

We now want to look at constant rank 10 subspaces of M. In this context, we 
need to know about when a linear combination of two elements of Jordan rank 1 
can also have Jordan rank 1. 


Lemma 4.2. Let x and y be elements of Jordan rank 1 in A and let À be a non-zero 
element of K. Then x + Ay has Jordan rank | if and only if 
xxy=0. 
Proof. The element x + Ay has Jordan rank 1 if and only if 
(x + Ay) x (x +Ay) = 0. 
Using the bilinearity of the cross product and the fact that x x y = y x x, the result 
follows. 
The following is a theorem of Jacobson [2], Proposition 6. 


Lemma 4.3. Suppose that C is a division algebra and let x and y be linearly 
independent elements of Jordan rank 1 in A. Then x x y has Jordan rank 1. 


46 R. Gow 


Corollary 4.4. Suppose that C is a division algebra. Then the maximum dimension 
of a subspace of A whose non-zero elements all have Jordan rank 1 is 1. 
Equivalently, the maximum dimension of a constant rank 10 subspace of N is also 1. 
Furthermore, if x and y are linearly independent elements of Jordan rank 1, x + y 
has Jordan rank 2. 


What about subspaces of elements of Jordan rank | in the split case? Here, we have 
information from a paper of Springer and Veldkamp [6]. 
We suppose that C is split, and let a € C be a non-zero element with N (a) = 0. 
Then the set of c € C satisfying 
ac=0 


is a 4-dimensional subspace of C. Consider all elements z € A with 


aloe 


0 0 
z=] 0 c |, 
Oc p 
where u is an arbitrary element of K. This set is a 5-dimensional subspace in 


which each non-zero element has Jordan rank 1. Correspondingly, M contains a 
5-dimensional constant rank 10 subspace. Likewise, consider all elements 


0 Aa 0 
w=| àa u ch, 
0 ¢ 0 


where À, u are arbitrary elements of K and a and c are as before. 

This subset is a 6-dimensional subspace of A in which all non-zero elements 
have Jordan rank 1. Correspondingly, VV contains a 6-dimensional constant rank 10 
subspace. 

If we understand the Springer—-Veldkamp paper correctly, the two constant rank 
10 subspaces of M constructed are maximal with respect to the constant rank 
property and all other maximal constant rank subspaces are obtained by transitive 
action of the group NP(A). 


References 


1. N. Jacobson, Structure and representations of Jordan algebras, American Mathematical Society, 
Providence, Rhode Island, 1968 

2. N. Jacobson, Some groups of transformations defined by Jordan algebras. III, J. Reine Angew. 
Math.207 (1961), 61-85 

3. S. Krutelevich, Jordan algebras, exceptional groups, and Bhargava compositions, J. Algebra 
314 (2007), 924-977 

4. J. G. M. Mars, Les nombres de Tamagawa de certains groupes excepionnels, Bull. Soc. Math. 
France 94 (1966), 97-140 


Properties of a 27-Dimensional Space of Symmetric Bilinear Forms... 47 


5. T. A. Springer and F. D. Veldkamp, Octonions, Jordan algebras and exceptional groups, 
Springer, Berlin, 2000 

6. T. A. Springer and F. D. Veldkamp, On Hjelmslev-Moufang planes, Math. Zeit. 107 (1968), 
249-263 

7. R. A. Wilson, The finite simple groups, Springer, London, 2009 


On the Geometry of Global Function Fields, 
the Riemann—Roch Theorem, and Finiteness 
Properties of S -Arithmetic Groups 


Kohl né Gramlich 


Abstract In this survey I sketch Behr—Harder reduction theory for reductive groups 
over global functions fields and briefly describe its applicability in the theory of 
S-arithmetic groups, notably homological and isoperimetric properties. 


Subject Classifications: MSC 2010: Primary 20-02 Secondary 11F75, 14L15, 
20G30, 20G35, 20J06, 51E24 


Keywords S-arithmetic groups over global function fields ° Reduction theory e 
Bruhat-—Tits buildings ° Finiteness properties ° Isoperimetric properties 


1 Introduction 


Harder’s reduction theory [23, 24] provides filtrations of Euclidean buildings that 
allow one to deduce cohomological [26] and homological [16,40] properties of S- 
arithmetic groups over global function fields. In this survey, I will sketch the main 
points of Harder’s reduction theory, starting from Weil’s geometry of numbers and 
the Riemann—Roch theorem. I will describe a filtration, used for example in [5], 
that is particularly useful for deriving finiteness properties of S-arithmetic groups. 
Finally, I will state the recently established rank theorem and some of its earlier 
partial verifications that do not restrict the cardinality of the underlying field of 
constants. As a motivation for further research I also state a much more general 
conjecture on isoperimetric properties of S-arithmetic groups over global fields 
(number fields or function fields). 
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2 Projective Varieties 


In this section, I give a quick introduction to the concept of projective varieties. For further 
reading the sources [27, I] and [33, 2] are highly recommended. 


Definition 2.1. Let k be a perfect field, let k be its algebraic closure, and let $ C 
k[X] = k[xo, x1, ..., Xn] be a set of homogeneous polynomials. The set 


Z(S) = {P €P,(k) | f(P) = 0 forall f € S} 


is called a projective algebraic set. The algebraic set Z (S) is defined over k, if S 
can be chosen to be contained in k[X]. The Zariski topology on P, (K) is defined 
by taking the closed sets to be the projective algebraic sets. 

A non-empty projective algebraic set in P, (k) is called a projective variety, if it 
is irreducible in the Zariski topology of P,„ (k), i.e., if it is not equal to the union of 
two proper closed subsets. It is called a projective k-variety if it is defined over k. 
The dimension of a non-empty projective variety is defined to be its dimension 
as a topological space in the induced Zariski topology, i.e., the supremum of all 
integers n such that there exists a chain Zo G Z; © ++- G Zn of distinct non-empty 
irreducible closed subsets. 


Theorem 2.2 ([33, 2.3.8]). A projective algebraic set V is a projective vari- 
ety if and only if the ideal I(V) of k|X] generated by the set {fek[X] | 
f homogeneous and f(P) = 0 for all P € V} is a prime ideal of k[X]. 


Definition 2.3. A non-empty intersection of a projective variety in P, (k) with an 
open subset of P, (k) is called a quasi-projective variety. 


Let V C P,(k) be a quasi-projective variety. For each P € V there exists a 
hyperplane H C P,,(k) with P ¢ H. Then P € V\H = V NA, (k) for A,(k) := 
P,,(k)\H. Let r be a defining relation of the hyperplane H in the variables xo, ..., Xn 
(cf. Definition 2.1). A k-valued function f on V is called regular at P, if there 
exists a neighbourhood N of P in V N A,(k) such that there exist polynomials 
a,b € k[X]/(r) with b(Q) Æ 0 for all Q € N and jin = ba The function f is 
regular on a non-empty open subset U of V, if it is regular at every point of U. 
Definition 2.4. Let V be a quasi-projective variety and let P € V. Then the local 
ring Op = Op(V) at P is defined as the ring of germs [f] of functions f : V > k 
which are regular on a neighbourhood of P. In other words, an element of Op is an 
equivalence class of pairs (U, f) where U is an open subset of Y containing P, and 
f is a regular function on U, and two such pairs (U, f) and (V, g) are equivalent 
if fiunv = g|unv- For a non-empty open subset U of V define Oy = Oy(V) := 
Mpev OPV). 


The ring Op is indeed a local ring in the sense of commutative algebra: its unique 
maximal ideal mp is the set of germs of regular functions which vanish at P. The ith 
power m'p of mp consists of the germs of regular functions whose vanishing order at 
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P is at least i . Taking these powers m‘, as a neighbourhood basis of O p, this defines 
a topology on Op, the mp-adic topology. The inverse limit Op := lime Op/m> 
is the completion of Op; cf. [20, 7.1], [27, p. 33], [50, VIII, Sect. 2]. It is a local ring 
whose maximal ideal is denoted by mp. 


Example 2.5. The projective line P}(C) = C U {ov} is a non-singular projective 
curve (see Definition 3.1 below). For P € C one has 


One ($ ECH) | b(P) #0}, 


€ Op | a(P)=0}, 


EC(() | b(P) #0}, 


p3 S18 œl 


r= 
z=] 
p= € Ôr |a(P)=0}. 


Definition 2.6. Let V be a variety defined over k. Then the field k (V) of rational 
functions of V consists of the equivalence classes of pairs (U, f) where U is a non- 
empty open subset of V and f is a regular function on U, and two such pairs (U, f) 
and (V, g) are equivalent if fiyny = 8gjuny . The field of k-rational functions of 
V/k is 


K := k(V) := fn € EV) | o(h) = h forall o € Gal(¥/k)} l 


Definition 2.7. For a point P € P,,(k) the set {o (P) | o € Gal(k/k)} is called a 
k-closed point. A k-closed point of cardinality 1 is called k-rational. 


For each P € P,,(k), each homogeneous polynomial f € k[X], and each 
o € Gal(k/k) one has f(P) = 0 if and only if o(f(P)) = 0 if and only if 
o(f)(o(P)) = 0. Hence, given a projective k-variety V C P,,(k), the assertion 
P € V is equivalent to the assertion {a(P) | o € Gal(k/k)} C V. It, therefore, 
makes sense to speak of k-closed points of V. The set of k-closed points of V 
is denoted by V° = V°/k. The degree deg(P) of a k-closed point P equals the 
number of points it contains. 


Example 2.8. For an involutive automorphism o of C, define K := Fixc(o). The 
set of K-closed points of Pı(C) equals the set of o-orbits of P;(C), i.e. the o- 
fixed/K-rational points of Pı (C) and the pairs of o-conjugate points of P; (C). 


3 Curves Over Finite Fields Considered as Varieties 


In this section, I turn to one of the main objects of study of this survey, non-singular 
projective curves. For further reading, the sources [27, I], [33, 3], and [37, II] or, if one 
prefers a very algebraic approach, [17, I, II] and [35, 5, 6] are highly recommended. 
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Definition 3.1. Let k be a perfect field. A projective variety of dimension 1 defined 
over k is called a projective curve over k (cf. Definition 2.1). A projective curve Y 
is called non-singular at P € Y if Op (cf. Definition 2.4) is a discrete valuation 
ring. It is called non-singular if it is non-singular at each of its points. 


For Y non-singular at P, the valuation of Op is given by 
Vp : Op > ZU {oo}: x > sup {i € NU {0} | x € mh}, 


with the understanding that mô, = Op. This valuation extends to the valuation 
Ôp > ZU {oo}: x > sup {i e NU {0}| x € mh}, as ñp N Op = mp; cf. [20, 
7.1], [27, 1.5.4A]. The valuation vp : Op — ZU {oo} also extends to a valuation on 
its field of fractions k(Y) via Vp (x) := Vp (a) — Vp (b) for a,b € Op with =x. 

The geometric intuition is that Vp (x) indicates whether P is a zero or a pole of 
x and counts its multiplicity (cf. Example 2.5). 


An algebraic function field (in one variable over k) is an extension field F of k 
that admits an element x that is transcendental over k such that F/k(x) is a field 
extension of finite degree. 


Theorem 3.2 ([33, 3.2.9]). There is a one-to-one correspondence between 
k-isomorphism classes of non-singular projective curves over k and k-isomorphism 
classes of algebraic function fields of one variable with full constant field k, via the 
map Y/k + k(Y) (cf. Definition 2.6). 


Here, the full constant field of an algebraic function field K over k is the algebraic 
closure of k in K. In case the full constant field is finite, K is a global function field. 
For example, IF, (t) is a global function field with full constant field F4. 


Definition 3.3. Two discrete valuations vı and v2 of an algebraic function field K 
are equivalent if there exists a constant c > 0 such that vy(x) = cvo(x) for all 
0 Æ x € K. An equivalence class of discrete valuations is called a place. The 
degree of a valuation/place is the degree of the residue class field Op /mp over the 
constant field k. This is always a finite number; cf. [33, 1.5.13]. 


Theorem 3.4 ((33, 3.1.15]). Let Y/F, be a non-singular projective curve. Then 
there exists a natural one-to-one correspondence between Fy-closed points of Y 
and places (cf. Definition 3.3) of the field K = F} (Y ) of F,-rational functions (cf. 
Definition 2.6). Moreover, the degree of an F,-closed point is equal to the degree of 
the corresponding place. 


3.5. Given a point P in an F,-closed point of Y, the valuation Vp : Op —> ZU{oo} 
(cf. Definition 3.1) restricts to a valuation vp : Op x := Op N F(Y) > ZU {oo}. 
By [33, 3.1.14] this valuation only depends on the F,-closed point of Y containing 
P and not on the particular choice of P inside that F,-closed point. As before, vp 





extends to the field of F,-rational functions K = F,(Y), the completion Ô PK I= 
Ör NK , and to the field of fractions Kp of the completion ô p.x. The field Kp is 
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the local function field at P. For example, F,((¢)) is the local function field of the 
global function field F(t) at the place corresponding to the irreducible polynomial t. 


Definition 3.6. Let Y/F, be a non-singular projective curve. The Weil divisor 
group Div(Y) = Div(Y/F,) is the free abelian group over the set Y° of F,- 
closed points of Y (cf. Definition 2.7). An element D = )°peyonpP € Div(Y) 
is called a Weil divisor of Y. It is effective, in symbols D > 0, ifnp > 0 
for all P €e Y°. For two divisors Dı and D2 of Y one writes Di > D», if 
Dı — Dz > 0. The degree deg(D) of a Weil divisor D = }°peyonp P is given by 
deg(D) := Yo peyo npdeg(P) (cf. Definition 2.7). Also, define vp (D) := np. 


For 0 # x €e K = F(Y), define the divisor div(x) of x by div(x) := 
X peyo Vp(x)P. As, by [33, 3.3.2], [35, 5.1], any 0 Æ x € K admits only finitely 
many zeros (i.e., points P € Y° with vp(x) > 0) and poles (i.e. points P € Y° with 
vp(x) < 0), the divisor div(x) indeed is a Weil divisor. A Weil divisor obtained in 
this way is principal, and has degree 0; cf. [33, 3.4.3], [35, 5.1]. Two Weil divisors 
that differ by a principal divisor are called equivalent. 


Definition 3.7. For a divisor D of Y/F,, the Riemann-Roch space L(D) is 
defined as 


L(D) := {04 x € K =F, (Y) | div(x) + D > 0} U {0}. 


The Riemann-Roch space L(D) of a divisor D is an F,-vector space of finite 
dimension (cf. [33, 3.4.1(iv)]). 


Definition 3.8. Define the ring of repartitions as 


Ax := 4(xp)peyo € I] K | xp € Op for almost all P € Y°>. 
Pey? 


By [17, p.25], [33, 3.3.2], the field K embeds diagonally in Ag. For any divisor 
D e Div(Y) define Ag (D) := {x € Ax | ve (xp) + vp (D) > 0 forall P € Y°}. 
Note that Ax (D) is an F,-subvector space of Ax. 


Definition 3.9. A Weil differential of a non-singular projective curve Y/F,, resp. 
of its global function field K, is an F,-linear map œ : Ax — F; such that 
|Ax(D)+K = 0 for some divisor D € Div(Y). Denote by 2x the set of all Weil 
differentials of K and by 2x(D) the set of all Weil differentials of K that vanish 
onAx«(D)+ K. 


Note the difference between the ring of repartitions Ax and the ring of adéles Ax 
defined in Definition 4.3 below (completions). The concept of a Weil differential 
can equally well be introduced using the ring of adéles Ax, cf. [35]. 


Observation 3.10. Let D € Div(Y). Then Qx(D) = Ax/Ax(D) + K as F4- 
vector spaces. 
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If0 Æ w € Mx, then by [33, 3.6.11], [35, 6.8] the set {D €e Div(Y) | 
|Ax(D)+K=0} has a unique maximal element with respect to >. This maximal 
element is called a canonical divisor of Y and denoted by (@). By [33, 3.6.10], [35, 
6.10] 


dimx (2x) = 1 (1) 
and by [33, 3.6.13], [35, 6.9] the Weil differential xw : Ax —> Fy : a > w(xa) 
satisfies 

(xow) = div(x) + (a) (2) 


for any 0 Æ x € K,0 #4 w e€ Qg. Hence, any two canonical divisors of Y are 
equivalent (cf. Definition 3.6). 


Observation 3.11. Let D be a divisor of Y/Fq and let W = (w) be a canonical 
divisor of Y. Then 
L(W — D) > &2x(D): xB xo 


is an isomorphism of Fg-vector spaces. 


Proof. For 0 4 x € L(W — D) we have! (xw) 2 div(x) + (@) > —(W — D) + 


W = D, so that indeed xw € 2x(D). Injectivity and F,-linearity of the map x => 
xq are clear. In order to prove surjectivity, let 0 4 œwı € Rg (D). By (1) there exists 


2 
0 Æ x € K such that w = xø. Since we have div(x) + W = (xæ) = (a1) = D, 
it follows that x € L(W — D). 


Definition 3.12. Let Y/F, be a non-singular projective curve and let W be a 
canonical divisor of Y . Define the genus g of the curve Y/F, by 


g := dimp, (L(W)) °H! dims, (2x (0)) 72° dims, (Ax /Ax(0) + K). 


Theorem 3.13 (Riemann-Roch Theorem, [17, p. 30], [33, 3.6.14], [35, 5.4]). Let 
Y/F, be a non-singular projective curve of genus g and let W be a canonical 
divisor. Then for any divisor D € Div(Y ) one has 


dimp, (L(D)) — dimp, (L(W — D)) = deg(D) + 1 — g. 
The Riemann—Roch theorem combined with the study of the zeta function of the 


global function field F, (Y ) allows one to establish the following useful result. 


Proposition 3.14 ([33, 1.10]). Let Y/F, be a non-singular projective curve. Then 
there exists a Weil divisor of Y of degree 1. 


Note that this Weil divisor of degree 1 need not be effective. In fact, for p > 5 prime 
the non-singular projective curve over F, given by x? 14 yP-l = 3zP—! does not 








_ @ BIR ee as . 
'The notation 2 means that (2) is a justification for the equality. 
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admit any F „-rational point and, thus, there cannot exist an effective Weil divisor of 
degree 1 of this curve. 


Definition 3.15. A vector bundle of rank r over a curve Y/k is a variety E/k 
together with a morphism x : E — Y such that there exists an open covering {U;} 
of Y and isomorphisms ¢; : 2~!(U;) —> U; x A,(k) (where A,(k) denotes the 
affine space over k of dimension r) such that for each pair U;, U; the composition 
$j Pi un U; equals (id, ¢;,;) for a linear map ¢;,;. A section of a vector bundle 
x : E — Y over an open set U C Y isamaps:U — E such that x o s = id. 


4 Geometry of Numbers 
In this section, I describe Weil’s geometry of numbers. For further reading, the sources 
[44, 2], [45, VI] are highly recommended. 


4.1. Let Y/F, be a non-singular projective curve, let P be an F,-closed point of Y, 
and let vp be the valuation of K = F,(Y) discussed in Theorem 3.5. Then 





l-|p:K>R:ixb (Gene) 


defines an absolute value on K. The completion of K with respect to this 
absolute value equals Kp (cf. Theorem 3.5), which is locally compact as the zero 
neighbourhood Op.x is an inverse limit of finite rings (cf. Definition 2.4), whence 
compact. On each field Kp define the canonical Haar measure to be the one with 
respect to which Opg has volume 1. 


Theorem 4.2 ([4]). Let Y/F, be a non-singular projective curve. Then each 0 + 
x € K satisfies |x|p = 1 for almost all P € Y°. Moreover, for each0 4 x € K, 


I] Ix|p = 1. 


PEY? 
Definition 4.3. In analogy to Definition 3.8 define the adèle ring 
Ag = { (Xp) peyo € Il Kp |xpeé Op for almost all P € Y°>. 
Pey’ 


It is a locally compact ring and contains K embedded diagonally as a discrete 
subring (cf. Theorem 4.2). Define 


thes Ress I] |x|p. 
PEY? 
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The product measure of the canonical Haar measures on each individual Kp (4.1) 
yields a Haar measure on the locally compact group (Ax, +). Let œ A, denote the 


corresponding volume form. For any divisor D € Div(Y), define Ax(D) i= {xe 
Ax | vp(xp)+vp(D) > 0 for all P € Y°}. Note that Ox := Ax (0) is the maximal 
compact subring of Ax. It has volume 1 with respect to the chosen Haar measure. 


4.4. For a finite subset S C Y° define the ring of S-adéles 


= || Ke x I] Ope 


Pes PeY\S 


(cf. Theorem 3.5). One has A K = lim. Âs. For K embedded diagonally in Â K as 
a discrete subring (cf. Definition 4.3) define the ring of S-integers 


Aa 
Os:=KNÂs= () (KnGpx)® () Onn Orasxi 
PeY\S PeY\S 


these are the k-rational functions of Y which are regular outside S. The field K 
embeds diagonally in [ [pes Kp as a dense subring and, hence, also in As. Define 


s: |] Ke >R:x¥ ] | Ie. 


Pes Pes 


4.5. Let G be a unimodular locally compact group, let J” be a discrete subgroup 
of G, let H be a compact open subgroup of G, let u be a Haar measure on G, 
and assume the double coset space X œ H\G/I, considered as a system of 
representatives of the [-orbits on H\G, is countable. Note that u is also a Haar 
measure on H, since H is open, and hence of positive volume. Then, cf. [38, p. 84], 


= (h g ) p? LEL, LiT- I, Lin T: i 


G/T xEX xEX zex 








Here, for choices of xọ € X and (gip )xex € G with Zio (Xo) = x, the map 
Ulex Gx/Iy > G/T : gly be oer is an isomorphism of orbit spaces, where 
Gx and T, denote the stabilizers of x in the respective group. 


4.6. One has 
Ax(D)\Ax/K = Ax/Ax(D) + K = Ax/Ax(D) + K 
3.10 3.11 
=> Qx(D) = L(W-D), (3) 


K NAg(D)=K {x € Ax | vp(x) + ve (D) = O forall PE Y3}=L(D). (4) 
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The observation that the intersection of the lattice K with the compactum A K(D) 
equals L(D) is a classical theme in the geometry of numbers, cf. [3, p. 387]. 


Proposition 4.7 ([44, 2.1.3], [45, p. 100]). Using the notation of Definition 4.3, one 


has 
-1 
or =q. 
I, ad 


Proof. For the compact open subgroup Ax(0) of Ax Serre’s formula (cf. 
Theorem 4.5) yields 


f Wax =| Wi 
Ak/K Ax (0) 
(5) 


Therefore, as f âro) Lik = 1 (cf. Definition 4.3), the Riemann—Roch Theorem 
(cf. Theorem 3.13) or, in fact, its underlying definitions and observations 3.12 and 


4.6 imply figik i, = ges 
Proposition 4.8 ([24, p. 39], [45, p. 98]). One has 


deg(D 
f O =q eg(D) 
Ax(D) 


Proof. The strategy is to first use Proposition 4.7 and then apply Theorem 4.5 
to the compact open subgroup Ag(D) of Ax in analogy to (5) in the proof of 
Proposition 4.7. This way one computes 


—1 4.7 
oe wf iy 
Ak/K 


4.5 |Ac(D)\Ax/K| 


[KN Ax(D)| Jagwy “^ 


y 1 = |Ax(0)\Ax/K| 
|K N Ax(0)| |K NAx(0)| Jaco 





K 
Âx O\Âx/K 


5 


.6 |L(W — D)| PA 
|L(D)| âk) “E 


II 


Hence, by the Riemann-Roch Theorem (cf. Theorem 3.13), one has f Âx(D) Ax = 
deg(D) 
q ‘ 


5 Curves Over Finite Fields Considered as Schemes 


In this section, I return to the study of non-singular projective curves, in the more general 
context of schemes. For further reading the sources [27, II-IV], [32, 2, 6, 7] are highly 
recommended. 
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The basic idea of Harder’s reduction theory is to apply the geometry of numbers 
to the groups of A x-rational points of reductive K-isotropic algebraic K-groups, 
see Theorem 7.2 below. The concept of schemes, which generalizes the concept of 
varieties, allows one to do so in a very efficient way, as in this language one can 
consider reductive groups over projective curves, thus making the Riemann—Roch 
theorem applicable. 


Definition 5.1. Let X be a topological space, let Lop(X) be the category of open 
subsets of X with the inclusion maps as morphisms, and let € be one of the 
categories 216 of abelian groups, €Ring of commutative rings with 1, or Ntod(A) 
of modules over the (commutative) ring A. A contravariant functor F from Top(X) 
to € which satisfies F(@) = 0 is called a presheaf on X with values in €. For 
presheaves F, G on X with values in €, a natural transformation from F to G is 
called a morphism of presheaves. 

A presheaf F is called a sheaf, if it satisfies the following conditions: (a) if U 
is an open subset of X, if {V;} is an open covering of U, and if s € F(U) satisfies 
Siy, = 0 for all i, then s = 0; and (b) if U is an open subset of X, if {V;} is an open 
covering of U, and if the s; € F(V;) satisfy SiIKAV, = Silynvy; for alli, 7, then 
there exists s € F(U ) such that siy, = s; for all i. 

For a presheaf F on X and an element x € X, the stalk Fy is defined as the 
direct limit lim, F(U) over the open neighbourhoods U of x where U < V if 
U D V,i.e., Fx consists of the germs of elements of F(U) at x. 


Example 5.2. Let V be a quasi-projective variety. The functor Oy : U => Oy (V) 
(cf. Definition 2.4) is a sheaf on V. The stalk Oy. p at a point P equals the local ring 
Op at that point. 


Definition 5.3. Let X be a topological space and let F be a presheaf on X. The 
sheaf associated to the presheaf F, also called the sheafification of F, is a pair 
(Ft, 0) consisting of a sheaf Ft and a morphism 6 : F —> Ft of presheaves that 
satisfies the following universal property: for every morphism a : F —> G, where G 
is a sheaf, there exists a unique morphism & : F t —> G such that æ = & o 8. 


The sheafification of a presheaf is unique for abstract reasons and exists by [32, 
2.2.15]; see also [28, 3.3], [27, II.1.2], [32, Ex. 2.2.3]. 


Definition 5.4. A subfunctor F’ of a sheaf F that is itself a sheaf is called a 
subsheaf of F. If F takes values in 216, then the quotient sheaf F/F’ is the sheaf 
associated to the presheaf U œ> F(U)/F'(U) (cf. Definition 5.3). If F is a sheaf on 
X then, given an open cover {U;} of X, an element of F/F'(X) can be described 
by elements f; € F(U;) such that E €e F'(U; N Uj) for alli, j. 


Definition 5.5. Let f : X — Y be a continous map between topological spaces, 
let F be a sheaf on X, and let G be a sheaf on Y. Then Y 2 U > F(f7!(U)) 
defines a sheaf fF on Y, the direct image sheaf. For each x € X there is a natural 
map €x : (fxF) f(x) —> Fx. The inverse image sheaf f -IG on X is the sheaf 
associated to the presheaf X 2 U +> limy» f(v) G(V) where the limit is taken over 
all open subsets V of Y that contain f(U); cf. Definition 5.3. For each x € X one 
has (f—'G)x = G pc (32, p. 37]. 
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Definition 5.6. A ringed space is a pair (X, Ox) consisting of a topological space 
X and a sheaf of rings Oy, i.e. a sheaf on X with values in CRing. It is a locally 
ringed space, if for each point P € X, the stalk Oy p is a local ring. 


Example 5.7. Let A be a commutative ring, define the set Spec(A) to be the set of 
prime ideals of A, and define a topology on Spec(A) by taking the closed sets to 
be sets of the type V(a) = {p € Spec(A) | a C p}, for arbitrary ideals a of A; cf. 
(27, II.2.1], (32, 2.1.1]. For an open set U C Spec(A) define O(U) to be the set 
of functions s : U > U <U Ap, where Ap denotes the localization of A at p, such 
that s(p) € Ap and for each p € U there exist a neighbourhood V C U of p and 
elements a, f € A with f g q and s(q) = F in A, for each q € V. The resulting 
locally ringed space SpecA = (Spec(A), ©) is called the spectrum of A; cf. [27, 
p. 70], (32, 2.3.2]. 


Definition 5.8. A morphism of locally ringed spaces (f, f*) : (X,Ox) > 
(Y,Oy) consists of a continuous map f : X — Y and a morphism of 
sheaves of rings f” : Oy —> f,Ox such that for every xeX the induced map 


Oy, F(x) EN (frOx) fœ 3 Oy. is a local homomorphism (cf. Definition 5.5). 
An isomorphism is an invertible morphism. A morphism (f, f*) : (Z,0z) > 
(X, Ox) of ringed spaces is a closed immersion if f is a topological closed 
immersion and if each fË is surjective. 


Definition 5.9. Let (X, Oy) be a ringed space. An Ox-module is a sheaf F on 
X with values in Xb such that for each open subset U C X the group F(U) 
is an Ox(U)-module and, for each inclusion of open sets V C U, the group 
homomorphism F(U) — F(V) is compatible with the module structures via the 
ring homomorphism Oxy (U) > Ox(V). 

If U is an open subset of X, and if F is an Oy-module, then Fjy is an Oy|y- 
module. If F and G are two Oy-modules, the group of morphisms from F to G 
is denoted by Homo, (F,G). The presheaf U te Homo yy (Fu, Gju) is a sheaf, 
denoted by Homo, (Ff, G); it is also an Oy-module. 

The tensor product F Qoy G of two Ox-modules is defined as the sheaf 
associated to the presheaf U > F(U) @oy yu) G(U) (cf. Definition 5.3). 

An Ox-module F is free if it is isomorphic to a direct sum of copies of Oy. It 
is locally free if there exists an open cover {U;} of X for which each Fjy, is a free 
Ox-module. In that case the rank of F on such an open set is the number of copies 
of the structure sheaf Oy needed. For X irreducible, thus, the notion of rank of a 
locally free sheaf is well defined. A locally free Ox-module of rank 1 is called an 
invertible Oy -module. 


Definition 5.10. For any ringed space (X, Oy), define the Picard group Pic(X) 
of X to be the group of isomorphism classes of invertible Ox-modules under the 
operation Qoy, cf. [27, II.6.12]. The inverse of an invertible Oy-module £ is LY := 
Homo, (£, Oy), cf. [27, Ex. 11.5.1], [32, Ex. 5.1.12]. 


Definition 5.11. An affine scheme is a locally ringed space (X,Oy) which is 
isomorphic to the spectrum of some ring. A locally ringed space (X, Ox) is a 
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scheme, if every point of X has an open neighbourhood U such that (U, Ox\v) 
is an affine scheme. Its dimension is the dimension of X as a topological space (cf. 
Definition 2.1) and it is called irreducible if X is irreducible. 


Definition 5.12. A morphism of schemes is a morphism of locally ringed spaces. 
Likewise, an isomorphism of schemes is an isomorphism of locally ringed spaces. 
A closed subscheme (Z, Oz) of a scheme (X, Ox) consists of a closed subset Z 
of X and a closed immersion (j, j#)(Z,Oz) —> (X, Ox) where j is the canonical 
injection. (Cf. Definition 5.8.) 


Definition 5.13. Let S be ascheme. An S-scheme or a scheme over S is a scheme 
X endowed with a morphism of schemes m : X — S.If S = SpecA for a ring A, 
then an S-scheme is also called an A-scheme. 


Example 5.14. Let (X,Ox) be a scheme, for x € X let Oy, be the stalk at x 
(cf. Definition 5.1) and let m, be its maximal ideal. The residue field of x on X is 
k(x) := Oy,/m,. For any field K, by [27, Ex. II.2.7], there exists a one-to-one 
correspondence between morphisms from the spectrum of K to (X, Ox) and pairs 
of a point x € X and an inclusion k(x) — K. In other words, any spectrum of 
a field that contains the residue field of some point x € X as a subfield can be 
considered as an X -scheme. 


Definition 5.15. Let S be a scheme and let X, Y be S-schemes with respect to the 
morphisms zy : X > S and zy : Y > S. The fibred product X xs Y of X and 
Y over S is defined to be an S-scheme together with morphisms py : X xs Y > X 
and py : X xs Y — Y satisfying my o py = my o py, such that given any S- 
scheme Z and morphisms f : Z > X and g : Z > Y satisfying nyo f = my og, 
then there exists a unique morphism 6 : Z —> X xs Y satisfying f = py o 0 and 
g= pryoð. 





NE. 
bs a 


By [27, II.3.3], [32, 3.1.2] the fibred product of two S'-schemes exists and is unique 
up to unique isomorphism. 


Example 5.16. Let A be a ring, let B = Qj Ba be a graded A-algebra, and let 
By := @aso Ba. Define the set Proj(B) to be the set of homogeneous prime ideals 
of B which do not contain B+, and define a topology on Proj(B) by taking the 
closed sets to be sets of the form V(a) = {p € Proj(B) | a C p}, for arbitrary 
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homogeneous ideals a of A; cf. [27, II.2.4], [32, p. 50]. For each p € Proj(B) let By 
be the ring of elements of degree zero in the localized ring T~!B, where T is the 
multiplicative system of all homogeneous elements of B which are not in p. For an 
open set U C Proj(B) define O(U) to be the set of functions s : U > Liev By 
such that s(p) € Bp and for each p € U there exist a neighbourhood V C U of 
p and homogeneous elements a, f € B of the same degree with f ¢ q for each 
q € V and s(q) = a/f in B4. The resulting ringed space ProjB = (Proj(B), O) is 
a scheme, in fact an A-scheme, cf. [27, II.2.5], [32, 2.3.38]. 


Example 5.17. Let A be aring and let B = A[xo, x1, ..., Xn] with grading by degree. 
Then the scheme P,,(A) := ProjB is the projective n-space over A. 


5.18. The schemes together with their morphisms form a category Gch. It contains 
the category AffSch of affine schemes as a subcategory. The functor Spec from 
CHRing to AffGeh that sends A to SpecA and a ring homomorphism A — B to the 
corresponding morphism of ringed spaces from the spectrum of B to the spectrum 
of A (cf. [27, II.2.3]) is a contravariant equivalence (also called a duality) between 
the category of commutative rings and the category of affine schemes. The global 
section functor, i.e., the functor from 2ffGch to CRing that sends (Spec(A), O) to 
O(Spec(A)), is an inverse functor to Spec; cf. [27, II.2.2, 11.2.3]. 


5.19. The affine scheme SpecZ is a final object in both categories of schemes and 
affine schemes; cf. [27, Ex. II.2.5]. 


Definition 5.20. Let k be a perfect field. A projective scheme over k is a scheme 
over k that is isomorphic to a closed subscheme of the scheme P, (k), for some n 
(cf. Definition 5.12, Example 5.17). A projective curve over k is an irreducible 
projective scheme of dimension 1. A projective curve Y is called non-singular 
at P € Y, if Op (cf. Definition 5.1) is a discrete valuation ring (cf. [32, 4.2.9]). 
A projective curve is called non-singular, if it is non-singular at each of its points. 


5.21. Comparing Definition 3.1 with Definition 5.20 it is clear that a non-singular 
projective curve, defined as a variety, yields a non-singular projective curve if 
considered as a scheme. In the context of Example 5.2, one can convert locally 
free Oy -modules (Definition 5.9) into vector bundles over Y (3.15) and vice versa, 
cf. [28, p. 61], [27, Ex. I1.5.18], [36]: a vector bundle m : E — Y yields a sheaf Lg 
by sending an open subset U of Y to the (fibre-wise) Oy (U)-module of sections 
U > E over U. 


5.22. Let A be a ring. The quotient of A[xo, x1, ..., Xn] by a homogeneous 
ideal is a homogeneous A-algebra. By [32, 2.3.41], for every homogeneous 
A-algebra B, the scheme ProjB is a projective scheme and, by [32, 5.1.30], 
conversely every projective scheme over A is isomorphic to ProjB, for some 
homogeneous A-algebra B. 


Definition 5.23. Let X be a scheme. For each open subset U, let S(U) denote the 
set of elements s € Oy (U ) such that for each x € U the germ sx is not a zero divisor 
in the stalk O,. Then the sheaf X of total quotient rings of the sheaf Oy is the sheaf 
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associated to the presheaf U +> S(U)~!Oy(U) (cf. Definition 5.3). Let K* and O* 
denote the sheaves of groups of invertible elements in the sheaves of rings K, resp. 
Oy. An element of the group (K*/O*)(X) is called a Cartier divisor. A Cartier 
divisor is principal if it is in the image of the natural map K*(X) > (K*/O*)(X). 
Two Cartier divisors are linearly equivalent if their difference is principal. 


Proposition 5.24 ((27, I1.6.11], [32, 7.2.16]). Let Y be a non-singular projective 
curve over F4. Then there exists a natural isomorphism between the group Div(Y ) 
of Weil divisors (cf. Definition 3.6) and the group K*/O*(Y) of Cartier divisors 
and, furthermore, the principal Weil divisors correspond to the principal Cartier 
divisors under this isomorphism. 


5.25. In fact, as Oy is integral [32, 2.4.17], the sheaf K is the constant sheaf 
corresponding to the function field K of Y. As in Definition 5.4, a Cartier divisor is 
given by a family {U;, f; y where {U;} is an open cover of Y and f; € K*(U;) = K*. 
For each P € Y and for alli, j such that P € U;, U; one has vp(f;) = vp(f;), 
as £ is invertible on U; N U;. One therefore obtains the well-defined Weil divisor 


ee ve(fi)P. 


Definition 5.26. Let D be a Cartier divisor on a non-singular projective curve Y/F, 
represented by a family {U;, f; } where {U;} is an open cover of Y and f; € K*(U;). 
The sheaf £(D) associated to D is the subsheaf of K given by taking L(D) to be 
the sub-Oy-module of K generated by i on U;. Since + is invertible on U; N U}, 


the elements F and i generate the same Oy-module, and hence £(D) is well 
defined. 


Proposition 5.27 ((27, 11.6.13, If.6.15], [32, 7.1.19]). Let Y be a non-singular 
projective curve over F4. Then for any Cartier divisor D, the sheaf L(D) is an 
invertible Oy -module. Moreover, the map D +> L(D) induces a surjection from the 
group of Cartier divisors onto the Picard group Pic(Y ). The kernel of this surjection 
is the group of principal Cartier divisors. 


Definition 5.28. Let Y/F, be a non-singular projective curve. Define the degree 
c(L) of an invertible Oy-module £ to be the degree deg(D) of the corresponding 
Weil divisor; cf. Propositions 5.24 and 5.27, Theorem 5.25; [32, 7.3.1, 7.3.2]. 


Example 5.29. Let Y = Pı = {(x : y)} and let U; = {(x : y) | y # 0} and 
Uy = {(x : y) | x # 0} be an open cover of Y with local coordinates s = + and 


t= A For d € N define the line bundle L(d) = {((x : y), (a,b)) € Py x Ay | 
xb = y“a} with canonical projection  : L(d) —> Pı. Then 


Ui x Ay 2 nm '(U,) = {((x : y), (a,b)) € U; x Ap | a = s@b} 
(s,b) > ((s : 1), (sfb, b)) 
U2 x Aj È n~! (U2) = {((x : y), (a,b)) € U; x Ap | b = tla} 


(t,a)=> ((1:t), (a, t“a)). 
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One has fijy,qu, = s? Jzjuinu» SO that the line bundle L(d) corresponds to the 
Weil divisor > peyo vp (Ji)P of degree d (cf. Theorem 5.25). 


Theorem 5.30 (Riemann-Roch Theorem [27, IV.1.3], [32, 7.3.26]). Let Y/F, be 
a non-singular projective curve of genus g. Then for any invertible Oy -module L 


dimp, (H° (Y, £)) — dimp, (H'(Y, £)) = c(L) +1- 8. 
Here, H' (Y, £) denotes sheaf cohomology groups as defined in [27, III], [32, 5.2]. 


5.31. For a locally free Oy-module € of rank n define c(E) := 7_, c(Ei/Ei-1) 
where 0 C E C++: C &-1 C & = E is a filtration such that each €;/E€;—, is 
invertible; cf. [21, 2.1], [23, p. 122]. Then Theorem 5.30 implies dimp, (H°(Y, €))— 
dimp, (H! (Y, E)) = c(E) + (1 — g)n. (Cf. [45, p. 99].) 


6 Reduction Theory for Rationally Trivial Group Schemes 


In this section, I describe the heart of Harder’s reduction theory based on [23]. From this 
section onwards I will assume the reader has a basic intuition for linear algebraic groups and 
feels comfortable with some of the standard terminology such as that of Borel subgroups 
and parabolic subgroups. For introductory reading the sources [11,29], for further reading 
the sources [30, 39, 42, 43] are highly recommended. I also recommend [31, Appendix E]. 


Definition 6.1. An object X of a category € is called a group object, if for each 
object Y of € the set Home (Y, X) of morphisms from Y to X is a group and the 
correspondence Y > Home(Y, X) is a (contravariant) functor from the category € 
to the category Gt of groups; cf. [42, p. 3]. 


Definition 6.2. A group object in the categories Gch of schemes, resp. 2lf{Gch of 
affines schemes (cf. Theorem 5.18) is called a group scheme, resp. an affine group 
scheme. 


6.3. As the categories Gch and 2lffGch both have SpecZ as a final object (cf. 
Theorem 5.19) and have finite products, being an (affine) group scheme is an 
intrinsic property; cf. [42, p.3]. In particular, any affine group scheme is a group 
scheme. 


6.4. When restricting (and co-restricting accordingly) the functor Spec from €Ring 
to AffSch (cf. Theorem 5.18) to the subcategory of commutative Hopf algebras, it 
yields a contravariant equivalence (duality) to the category of affine group schemes; 
cf. [42, 1.3], [43, p.9]. 


Example 6.5. Let G, be the covariant functor on the category €Ring defined by 
G,(A) = (A, +). Since by means of duality (cf. Theorem 6.14) 


Homesing(Z[T],4) = A => Homayyecy(SpecA, SpecZ[T]) = A, 
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the functor G,, considered as the contravariant functor on the category 2AffGch that 
sends (Spec(A), ©) to (O(Spec(A)), +), is represented by SpecZ[T]. Therefore, 
SpecZ[T] is an affine group scheme. By Theorem 6.3, it is also a group scheme, 
which as a functor sends (X, Ox) to (Ox (X), +). 


Example 6.6. Let Gm be the covariant functor on the category €Ring defined by 
Gm(A) = (A*,-). Since 


Homesting (Z[T, T'],A)=A* => Homa y;ecy (SpecA, SpecZ[T, TT) =A", 


the functor Gm, considered as a contravariant functor on the category 2AffGch, is 
represented by SpecZ[T, T~']. Therefore, SpecZ[T, T~'] is an affine group scheme 
and, by Theorem 6.3, also a group scheme. 


Example 6.7. Let GL, be the covariant functor on the category Ring defined by 
A |> GL,(A) = {M € A” | det(M) Æ 0}. 


It is represented by the affine scheme GL, = SpecZ[Ti1,.... Tan, det(T;;)~'] and, 
hence, is an affine group scheme. By Theorem 6.3, GL, is also a group scheme, and 
induces the contravariant functor on Gch that sends (X, Ox) to GL, (Ox (X)). 

An alternative, basis-free way of defining GL, is to define a contravariant functor 
on Gch that sends 


(X,Ox) to Autoy (x) (Bex). 


i=l 


Example 6.8. Let SL, be the covariant functor on the category €Ring defined by 
At ker (GL, (A) > Gn(A)) = {M € A” | det(M) = 1}. 


By Yoneda’s lemma [43, p.6] the natural transformation GL, —> Gm can be 
described by a homomorphism Z[T,T~!] > Z[Ti1,..., Tan, det(T;j)~'], the one 
that sends T to det(7;;). Therefore SL, is represented by 


ZiT, awe Traz det(T;;)~"] QZIT,T—!] Z = ZiT, sish Tan]/(det(T;;) = 1). 


In other words, SpecZ[Ti1, ..., Tan]/(det(T;;) — 1) is an (affine) group scheme. 


Definition 6.9. An S-scheme (cf. Definition 5.13) that is an (affine) group scheme 
is called an (affine) group S-scheme. As the categories of (affine) S-schemes have 
finite products and have the scheme S as a final object, as in Theorem 6.3 being 
an (affine) group S-scheme is an intrinsic property. In particular, any affine group 
S'-scheme is a group S-scheme. 


Example 6.10. Generalizing Example 6.8, let S be a scheme, let G and H be group 
S-schemes, and let f : G —> H be a homomorphism of group S-schemes, i.e., a 
morphism of S-schemes from G to H such that for each S-scheme Y the induced 
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map Hom¢(Y, G) + Home(Y, H) is a group homomorphism. Define a functor on 
the category of S-schemes by sending 


Y to ker(Home(Y,G) > Home(Y, H)). 
It is represented by the fibred product S-scheme G xy S, cf. Definition 5.15. 


Example 6.11. Let (X, Oy) be an (irreducible) scheme and let € be a locally free 
Ox-module of finite rank (Definition 5.9). Following [18, I 4.5] define a functor 
GL(€) on the category of X-schemes that sends 


(Y,Oy) to Auto,(y) ((Oy @f-loy fe) (Y)) i 


where f denotes the morphism of schemes from the X-scheme (Y, Oy) to the 
scheme (X, Oy) (Definition 5.13) and f~'Oy and fT!E denote the respective 
inverse image sheaves (Definition 5.5). For E = @j_, Oy this is just the affine 
group X-scheme GL,,/X from Example 6.7. The present more general example is 
obtained from that example by a twisting process; cf. [23, p. 134], [27, p. 117]. In 
analogy to Example 6.8 define the (affine) group X -scheme SL(€) as ker(GL(€) > 
Gm/X) (cf. Example 6.10). 


Definition 6.12. Let Y/F, be a non-singular projective curve (Theorem 5.21), let 
K = F,(Y) be its field of F,-rational functions (Definition 2.6) considered as the 
residue field of Y at its generic point (Example 5.14 and [27, Ex. II.3.6]), let G/Y 
be an affine group Y -scheme (Definition 6.9), and consider SpecK as a Y -scheme 
via the identity map on K (Example 5.14). The scheme G/ Y is called a rationally 
trivial group (Y -)scheme if G/ K := G xy SpecK (Definition 5.15) is a Chevalley 
scheme [22, I.8.3.1]. It is called reductive, if G/K = G xy SpecK is reductive [19, 
XIX 1.6]. 


Proposition 6.13 ([19, XX 1.3, 1.5, 1.16, 1.17; XXII 5.6.5, 5.9.5; XX VI 1.12, 2.1]). 
Let Y/¥, be a non-singular projective curve, let G/Y be a reductive group Y- 
scheme, and let P/Y be a parabolic subgroup of G/Y (cf. [19, XXVI 1.1]). Then 
the unipotent radical R,(P) (cf. [19, XIX 1.2]) admits a filtration R,(P) = Up D 
Ui D +--+: D Ug = {e} such that each U; /Ui+; is a vector bundle over Y. More 
precisely, if Py denotes the vector bundle over Y corresponding to the root space 
g“ (cf. [19, XIX 1.10]), then 


U; = I] Py and U; / Uj 41 > I] Pa: 
acA} (a)>i ae At I(a)=i+1 


Example 6.14. Let Ay =% Oy & A, let E = A; ® A and let SL(E) = 
SL2/Y be the group Y-scheme defined in Examples 6.8 and 6.11. Each of 
Homoy, (Aj, A2) and Homey, (A2, A1) equals the unipotent radical of a Borel sub- 
group of SL(A; ® A2) and is an invertible Oy -module, because Homo, (A;, Aj) = 
AY Qoy A;. By Theorem 5.21, this corresponds to a vector bundle (of dimension 1), 
confirming Proposition 6.13 for SLo. 
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More generally, let € be a locally free Oy-module of rank 2 with an invertible 
Oy-submodule £ such that €/ZL is also invertible and let SL(€) be the group Y- 
scheme defined in Example 6.11. There is a one-to-one correspondence between 
the Borel subgroups B of SL(€) and the invertible Oy-submodules £ such that 
€/L is also invertible, given by £ +> Stabs) (£). The unipotent radical R,,(B) 
is isomorphic to Homo, (E/L, L). For any invertible Oy-module H, the equality 
Homo, (E/L Boy H,L Boy H) = (E/L Boy H)“ Boy (£ Boy H) = 
Homoy (E/L, L) implies SL(E @oy H) = SL(E). (Cf. [18, I, 4.5],[19, XX, 5.1].) 


Definition 6.15. Let G/Y be a rationally trivial group Y-scheme, let B/Y be a 
Borel subgroup of G/Y and let {a1,...,a,} be the simple roots of B. Using the 
notation introduced in Theorem 5.21, Definition 5.28 and Proposition 6.13, define 


nj(B) := c (La,,) - 


Note that, since G/Y is rationally trivial, each By, is a vector bundle of dimension 
1, so that £ Ba; is an invertible Oy -module. 


Theorem 6.16 ([23, 2.2.6]). Let G/Y be a rationally trivial group Y -scheme of 
genus g (cf. Definition 3.12). Then there exists a Borel subgroup B/Y such that 
n;(B) > —2g foralli € I = {1,...,r}. 


Proof. Incase G/Y is of type Aj, i.e., if there exists a locally free Oy -module € of 
rank 2 such that G = SL(€), one can proceed as follows. Let £ be an invertible Oy - 
submodule such that €/L is also invertible and let B = Stabsr¢)(£) (cf. Example 
6.14). 

Then nı(B) = c(R,(B)) = c(Homo, (E/L,L)) = c((E/L)Y 80, £) = 
c(L)—c(E/L) = 2c(L)—c(E). By Proposition 3.14 and Definition 5.28 there exists 
an invertible Oy-module H with c(H) = 1. Since SL(E @o, HY) & SL(E) = 
SL(E ®o, H) by Example 6.14, the formula c(E @o, HY) = c(E) — 2c(H) = 
c(€) — 2 allows us to assume without loss of generality that 2g — 2 < c(E) < 2g. 

By the Riemann-Roch theorem (cf. Theorem 5.31) there exists 0 # t € 
H°(Y,E) = E(¥). Since £ is locally free of rank 2 there exists an open cover 
{U;} of Y such that €\y, = Oy\y, ® Oy y, for each U;. Therefore, ¢ is contained in 
an invertible Oy -submodule £; such that E£ /£; is also invertible. As t € H°(Y, £+), 
one has c(£;) > 0 by [27, Lemma I'V.1.2]. Hence 


nı(B:) = c(Homoy (E/L:, £1)) = 2c(Lr) — c(E) > —2g, 


where B; = Stabs) (£r) (cf. Example 6.14). 
The general case can be reduced to the case A, via a local to global argument. 


Definition 6.17. Let cı < —2g. A Borel subgroup B/Y of G/Y is reduced, if 
n;(B) > cı for alli. 
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Theorem 6.18 ([23, 2.2.13, 2.2.14]). Let G/Y be a rationally trivial group Y- 
scheme. Then there exist constants c2 > y > cı such that the following hold: Let 
B/Y bea reduced Borel subgroup of G/ Y and let a; be a simple root of B such that 
nio (B) > c2. Then each reduced Borel subgroup B’ of G/Y satisfies ni (B^) > y 
and is contained in P; (B), where P; (B) denotes the maximal parabolic of type di, 
containing B. 


Proposition 6.19 ([23, 2.2.3, 2.2.11]). To each reduced Borel subgroup B/Y of 
G/Y, let 18 := {i € I | n;(B) > c2}, and let P® := (;ers P; (B). Then 


P := N P? 
BCG/Y reduced 


either equals G/Y or is a parabolic subgroup of G/ Y. 


Proof. Let B be a reduced Borel subgroup of G. By Theorem 6.18 each reduced 
Borel subgroup B’ of G is contained in P? and conversely, again by Theorem 6.18, 
B C P®’. Hence, P contains a Borel group and therefore either equals G/Y or is a 
parabolic subgroup of G/Y. 


Theorem 6.18 is the heart of Harder’s reduction theory. The only proof of Theorem 
6.18 known to me in fact uses Proposition 6.19, as can be guessed from the 
numbering used in [23]. However, as the length of the proof of Theorem 6.18 by 
far surpasses anything I can reasonably include in this survey and as I will need to 
refer to Proposition 6.19 later, I took the liberty of deducing Proposition 6.19 from 
Theorem 6.18 for the sake of this exposition. 


Proposition 6.20 ([23, p. 120], [24, p. 39]). Let G/Y be a reductive group Y- 
scheme, let P/Y be a parabolic K-subgroup of G/Y, let d := dim(R,(P)), and 
let A$ be the set of positive roots of P. Then the character 


d 
yp: P Ž GL (Lie(R,(P))) Š GL (A Lice) ~ Gm, 


considered as a character of a maximal split torus contained in P, is given by 
Xe = Pare dim(P,,)a. 


Definition 6.21. Let B be a minimal parabolic K-subgroup of G/Y, let 
{a,...,@-} be the simple roots of B, and let (P;); be the maximal parabolic 
K-subgroups of G of type a;. Using the notation of Theorems 5.21, 5.31 and 
Proposition 6.13, define 


pi(B):= p(Pi):= >) c(Lp,). 


acah 
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6.22. Let B be a minimal parabolic K-subgroup of G, let R(B) be the radical of 
B, let R,(B) be the unipotent radical of B, let T = R(B)/R,(B), let S C T be 
the maximal K-split subtorus of T, let 7 = {a1,...,a@-} C X(S) be the system of 
simple roots, and let X(B) = Homx(B, Gm) be the module of K-rational characters 
of B so that X(B) ® Q = X(S) ®Q, let P; 2 B be the maximal K-parabolic of 
type aj, let yp, : Pi — Gm be the sum of roots of P; (cf. Proposition 6.20), and 
let xi ‘= XP;|g- The x; forma basis of X(B) ® Q and, if (-, +) is a positive definite 
bilinear form on X(B) ® Q which is invariant under the action of the Weyl group, 
then 


(xi,a;) =0, ifi A j,and (6) 
(Xii) >0 foralli € J. (7) 


If G is rationally trivial, for m;,; € Z such that y; = D Mi jæ j, then 
pi(B) = > mj,jn;(B). 
j=l 
Furthermore, for c;,; € Q such that a; = X= Ci,j Xj, then 


nj(B) = > ci j pj (B). 
= 


7 Reduction Theory for Reductive Groups Over the Adéles 


In this section, I describe the interplay between Harder’s reduction theory and Weil’s 
geometry of numbers based on [24] in order to arrive at a geometric version of Harder’s 
reduction theory. 


7.1. Let G/Y bea reductive group Y-scheme, let P/ Y be a parabolic K-subgroup 
of G/Y, and let w be a non-trivial volume form on R,(P) defined over K. This 
volume form yields a Haar measure of R,(P(Ax)) which is independent of the 
choice of œ, i.e., foreach 0 # A € K the volume forms w and Aw yield identical 
Haar measures; cf. [24, p. 37], [44, 2.3.1]. 

This measure differs from the classical Tamagawa measure by the factor q‘!~8)4 
where d = dim(R,(P)), cf. [24, p. 38], [41], [42, Sect. 14.4], [44, 2.3], [45, p. 113]. 


Theorem 7.2 ([24, 1.3.1]). Let G/Y be a reductive group Y -scheme, let P/Y be 
a maximal parabolic K-subgroup of G/Y, let œw be a non-trivial volume form of 
R,(P) defined over K, and let 8 := G(Ox), cf. Definition 4.3. Then 


P 
i ag, =P). 
Ru (P (Ax) NOR 
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Proof. For eacha € Af, let 0 C PP c.. c PEOD) = P, be a filtration such 


that each PL); PEP is a vector bundle of dimension 1; cf. [21, 2.1], [23, p. 122]. 
One then computes 


6.13 
l z AK = I] f dim( P; Diy 
Ry(P(AK)) AR 2 Pa (Âg) nÔ $a) 
Q 


+ 
P 
531 dim( Py) 
i), pG@-1), -% A vig) 
TL I ae Annex “* 
P 
4.8 e(L 
1.8 I] q‘ Pa) 
acA} 
6.21 pr) 


q 


Theorem 7.3 ([24, 1.3.2]). Let G/Y bea reductive group Y -scheme, let P/Y bea 
maximal parabolic K-subgroup, and let R := G(Ox). Then, for each x € P(Ax), 
one has 


| z oq, = |XP(*)| ; OR 
Ry (P(AK))N& Ry (P(AK)) OF 


Proof. The absolute value of the determinant of the derivative of conjugation by x 


d 
Ize): Px) S GL (Lie(R,(P(Ax)))) S GL (A LR, P(x) oR 


x e> |xp(x)I 


(cf. Proposition 6.20) measures the ratio of the volumes of R,(P (A K)) NO & and of 
Ry(P(Ax)) 178. 


Definition 7.4. Using the notation of Theorem 6.22, let 


mj (B,*R) := 1(P;,*8) := i . OR, and 
Ry (Pi (Ax))N* & 


vi (B, *8) = | | 1B, 8). 
j=l 


Corollary 7.5 ([24, p. 40]). For each x € B(Ax), one has v;(B,R) = 
|x; (x) |v; (B, * 8). 
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Observation 7.6. For each x € G(K), one has m;(B, 8) = 1;(*B,*R) and 
vi(B, 8) = vi © B,* R). 

Proof. Conjugation by x € G(K) maps the K-volume form w on R,(P) onto a 
K-volume form *œw on R,(* P), whence 


Fal 
ni(B.8) = | . Oik =| ; “oa, = CB, "R). 
Ru(Pi (Ax) NK Ru © Pi (Ax))O* R 


By Definition 7.4 the second identity follows from the first. 


Theorem 7.7 ([24, 2.1.1]). Let G/Y be a rationally trivial group Y -scheme and let 
R= G(Ox). Then there exists a constant Cı > 0 such that for each x € G(Ax) 
there exists a Borel subgroup B/Y of G/Y such that 


v;(B,*&) Pa Ci. 


Proof. By [24, 1.1.2], for each x € G(Ax) there exists a rationally trivial group 
scheme G®)/Y such that *R = G@ (Ox). Let B™/Y be a Borel subgroup of 
G“/Y.Then, by Theorems 6.22, 7.2, and Definition 7.4, 


nB COO) =g, 


Therefore, if c1 < —2g, then by Theorem 6.16 the conclusion of the theorem holds 
for Cı := q“. 

Corollary 7.8 ([24, 2.1.2]). Let G/Y be a rationally trivial group Y -scheme, let 
R := G(Ox), and let Cy = q“ be a constant for which the conclusion of Theorem 
7.7 holds. Then, there exist constants Cy > I” > Cı such that the following hold: 
let x € G(Âx), let B/Y be a Borel subgroup of G/Y such that v;(B,*&) > Ci 
for alli € I, and let a; be a simple root of B such that v;,(B,*8&) > C2. Then 
each Borel subgroup B'/Y of G/Y with v;(B',*8) > Cı for alli € I satisfies 
Vi, (B’,*®) > T and is contained in P,,(B). 


Proof. By Theorem 6.18 the conclusion holds for Cz := g@ and F := q”. 


Corollary 7.9 ([24, 2.3.2]). Let G/Y be a reductive group Y -scheme and let R := 
G(Ox). Then there exists a constant Cı > 0 such that for each x € G(Ax) there 
exists a minimal K -parabolic subgroup B/Y of G/Y with 


v;(B,* 8) > Cy foralli € I. 
Definition 7.10. Once and for all fix Cı € (0,1) such that the conclusion of 


Corollary 7.9 holds. A pair consisting of a minimal parabolic subgroup B of G/ Y 
and an element x € G(Ax) is called reduced, if v;(B,*&) > C; for all i. 
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Corollary 7.11 ([24, 2.3.3]). Let G/Y be a reductive group Y -scheme and let R := 
G(Ôx). Then there exist constants C2 > IX > C; such that the following hold: let 
xE G(Ax), let B/Y be a minimal parabolic K-subgroup of G/Y such that (B, x) 
is reduced, and let aj, be a simple root of B such that v (B,*8) > C2. Then 
each minimal parabolic K-subgroup B'/Y of G/Y with (B', x) reduced satisfies 
Vi) (B’,*R) > T and B' C P(B). 


Note that Corollaries 7.9 and 7.11 follow from Theorem 7.7 and Corollary 7.8 by a 
standard field extension argument using [24, 2.3.5]. 


7.12. Let G/Y be a reductive group Y-scheme, let B/Y be a minimal parabolic 
K-subgroup of G, and let & : = G(Ox). Since G(Ax)/B(Ax) i is compact and & 
is open [24, p. 36], the double coset space &\G(Ax)/B(Ax). is finite. As B(Ax) 
is self-normalizing in G(Ax), one can consider G(Ax) / B(Ax) as the space of 
conjugates of B(Ax) in G(Ax), and R\G(Ax)/B(Ax) as the space of -orbits 
via conjugation on these. 


Theorem 7.13 ([24, p. 40]). Let G/Y be a reductive group Y -scheme, let B/Y 
be a minimal parabolic K-subgroup of G, let R := = G(Ox), let BO,..., BO be 
a system of representatives of the R-orbit space R\G(Ax) / B(Ax) ( I Theater 
7.12), let & € G(K) with B® = &-'B%E,, and for c € R define B“)(c) = {x € 
B (Ax) | læ; (x)| < c for alli € I}. Then there exists r € R such that 


U BO més 


s=1 
is a fundamental domain for G(K)\G(Ax). 


Proof. For x € G(Ag), by Corollary 7.9, there exists a minimal parabolic K- 
subgroup B of G such that v;(B,*R) > C for alli € J. Let B®) be the 
representative of the R-orbit of x`! Bx in G(Ax) / B(Ax), letu € & such that 
u-!x!Bxu = B®), leta € G(K) with aBa! = B®), and define y := axu € 
Nop (Br) = B® (Ax). Since a € G(K) one has 


vi (B, *A) E vC B, =A) = v; (BOA). 


By Corollary s 5, for eachi € I one has |æ; (y)| = vi (B®, 8) (vi (B®, RM) < 

v (B®, ACH . Hence, for r := max{v;(B®, R)C7! | 1 <s < t,i € I}, to each 
xe G(Ax) there exists a € G(K) and u € & such that ax = yu7! € B(r)R = 
&—! BO (r)E,R. The claim follows because a, £ € G(K). 
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8 Filtrations of Euclidean Buildings 


In this section, I translate the geometric version of Harder’s reduction theory into the setting 
of Euclidean buildings based on [26]. From this section onwards the survey is intended for 
the reader familiar with the concept of Euclidean buildings, as simplicial complexes and as 
CAT(0) spaces. For both introductory and further reading, the sources [1], [10, 13, 46, 47] 
are highly recommended. 


8.1. Let Y/F; be a non-singular projective curve, let S C Y° be finite, and let G/ Y 
be a reductive group Y -scheme. Clearly, each of Theorem 7.7, Corollaries 7.8, 7.9, 
7.11 holds for x € G(As) C G(Ax) (cf. Theorem 4.4). Since 


G(K NAs)\G(As)/GOn) F GOs)\G (1 Kr) Je (1 ôns) 


PES PES 


= GOs)\ I] G(Kp)/GOp.x). 


Pes 


the functions 7;(B,*) and v;(B,*) (cf. Definition 7.4) allow one to define 
G(Os)-invariant (cf. Observation 7.6) filtrations on the Euclidean building X of 
IIpes G(Kp). The group G(Qs) is called an S-arithmetic group. The set of 
special vertices of X is X, := [ [pes G(Kp)/G(Opx). The diagonal embedding 
of K in [ [peş Kp (cf. Theorem 4.4) yields a diagonal embedding of the spherical 
building of G(K) into the spherical building at infinity of X with respect to 
the complete system of apartments. Note that this embedding is in general not 
simplicial. 


Definition 8.2. Let X be a CAT(0) space, e.g., a Euclidean building, and let y : 
[0, co) + X be a unit speed geodesic ray, i.e., d(y(t), y(0)) = t for all t > 0. The 
function 

by: X >Rixb tim (t — d(x, y(t))) 


is the Busemann function with respect to y. Note that £ = d(y(0),y(t)) < 
d(y(0), x) + d(x, y(t)) and t — d(x, y(t)) non-decreasing in ft, so that the limit 
always exists. A linear reparametrization of a Busemann function is called a 
generalized Busemann function. For a (generalized) Busemann function b,, a 
sub-level set of —b, is a horoball centred at y(oo). The boundary of a horoball 
is a horosphere, centred at y (oo). 


Some sources define the Busemann function with respect to a geodesic ray as b, : 
X > R: x e lim sol(d(x, y(t)) — t). This does not affect the concept of a 
horoball, i.e., in that case a horoball is defined as a sub-level set of by. 


Theorem 8.3. Let P be a maximal K-parabolic and let R := G(Ox). Then for 
each g € | [pes P(Kp) one has 


log, (x(P, £8)) = log, (x (P, 8) + > deg(P)vr (xP (8)). 
Pes 
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In particular, there exists a generalized Busemann function p(P,-) : X —> R whose 
restriction to the set X, of special vertices of X equals log, (x(P,-)). 


Proof. One has 


log, ((P,£8)) log, (P, 8) + log, (xe (g)|7) 


+ log (CP, 8) + log, (|xr(g)I5") 


H tog, (r(P,8)) + Y deg(P)vp (xp (8). 
Pes 


The maximal K-parabolic P corresponds to a vertex in the building of G(K) and 
hence yields an element £ in the spherical building at infinity of X (cf. Theorem 8.1). 
As x p is a multiple of the fundamental weight corresponding to P, any geodesic ray 
y in X with y(oo) = & provides a generalized Busemann function b, = p(P,-) : 
X — Ras claimed. 


Definition 8.4. Let B/Y be a minimal parabolic K-subgroup of G/Y, let 
{a,...,@-} be the simple roots of B, let (P;); be the maximal parabolic K- 
subgroups of G, of type œ;, and, for each i, let p(P;,-) : X — R be the generalized 
Busemann function from Theorem 8.3. For x € X define 


Di(B,x) := p(P;, x), 
P(B, x) := ci pi(B,x), 


II 


ni(B, x) = >> ci; pj(B, x), 


j=l 


where (c;)1<;<, is a family of positive real numbers such that each c; p;(B,-) is a 
Busemann function and c;,; E€ Q are such that a; = P= ci j Xj (cf. Theorem 
6.22). 


Corollary 8.5. Let B/Y be a minimal parabolic K-subgroup of G/Y. For each 
1 <i <randeach g € [[pes B(Kp) one has 


ni(B,®8) = ni (B, 8) + J ` deg(P)vp(ai(g)). 
Pes 


Proof. Combine Corollary 7.5 with Definition 8.4. 


8.6. The chambers of X are compact and pairwise isometric and each contains a 
special vertex. Hence, there exists d > 0 such that for each element x € X there 
exists a special vertex x’ € X such that for each minimal parabolic K-subgroup B 
of G 

n;(B,x) > c implies n;(B, x") > c—d foralli € J andc € R and, 


ni(B, x’) > c implies n;(B,x)> c—d foralli € I andc €R. 
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Theorem 8.7 ([26, 1.4.2]). There exists cı € R such that for each element x € X 
there exists a minimal parabolic K-subgroup B of G with ni(B,x) > cı for all 
LEL 


Proof. In case one only considers special vertices x € X, such a constant cı := 
log, (Ci) exists by Theorem 7.7. If d is a constant for which the conclusion of 
Theorem 8.6 holds, then replacing cı by cı — d therefore implies the assertion for 
arbitrary elements x € X. 


Theorem 8.8 ((26, 1.4.4]). There exist constants c2 > y > cı such that for xEX, 
a minimal K-parabolic B with n;(B,x) > cı for alli € I, the family (P;)ier of 
maximal parabolic K-subgroups of G containing B, and j € I withn;(B,x) = co, 
each minimal parabolic K-subgroup B’ of G with n;(B',x) > cı for alli € I 
satisfies n; (B', x) > y, and is contained in P}. 


Proof. In case one only considers special vertices x € X, such constants cz := 
log, (C2) and y := log, (I) exist by Corollary 7.11. Choose again a constant d for 


which the conclusion of Theorem 8.6 holds, define ci := cı — d and Ci = q“, 
use this constant C/ in Definition 7.10 to define reduced pairs, let C} and IT” be 
constants for which the conclusion of Corollary 7.11 holds for this definition of a 
reduced pair, and let c} := log, (C3). For c2 := c + d by Theorem 8.6 there exists 
a special vertex x’ € X such that 


nj(B,x)>c; implies n;(B, x’) > cj foralli € J, 
ni(B',x)> cı implies n;(B’, x’) > c| for alli € J, and 


n;(B,x) > cz implies n;(B, x’) > c2. 


We conclude from Corollary 7.11 that B’ is contained in P; and that n ;(B’, x’) > 
log, (T”), whence n ;(B’, x) = log, ("’) —d =: y. 


Notation 8.9 Once and for all fix constants c1,c2,y E R such that cı is negative, 
c2 > y > cı and such that the conclusions of Theorems 8.7 and 8.8 hold. 


Definition 8.10. A pair (B, x) consisting of a minimal K-parabolic subgroup B of 
G and an element x € X such that n;(B,x) > cı for alli € J is called reduced. 
For a minimal parabolic K-subgroup B of G and a maximal K-parabolic P; 2 B, 
following [25, p. 254], an element x € X is called close to the boundary of X with 
respect to P;, if (B, x) is a reduced pair and n;(B,x) > c2. An element x € X is 
called close to the boundary of X, if there exists a maximal K-parabolic P such 
that x is close to the boundary of X with respect to P. For x € X close to the 
boundary of X, define 


Py = [P C G | x is close to the boundary of X with respect to P}. 


By Theorem 8.8 the group P, is a K-parabolic subgroup of G (cf. Proposition 
6.19). Following [23, p. 138], it is called the isolated parabolic subgroup of G 
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corresponding to x. For each K-parabolic Q D P,, the element x € X is called 
close to the boundary of X with respect to Q. 


Proposition 8.11 ([6, p. 35]). Letx € X be close to the boundary of X and let 
Px be the corresponding isolated parabolic subgroup of G. Let y be a geodesic 
ray in X with y(0) = x and whose end point lies in the simplex of the building 
at infinity corresponding to Px. Then each y € y({0, œ0)) is close to the boundary 
of X. Moreover, one has P, = P, and for each minimal K-parabolic B the pair 
(B, y) is reduced if and only if (B, x) is reduced. 


Proof (Bux, Köhl, Witzel). First, notice that by (6) and (7) for each reduced pair 
(B,x) and alli € J one has n;(B, y) > n;(B, x). In particular, each reduced pair 
(B, x) gives rise to a reduced pair (B, y) and, moreover, y lies close to the boundary 
of X with respect to Py. This implies P, C P}. 

Conversely, let (B, y) be a reduced pair. Then by Theorem 8.8 one has B C 
P, C Px. Let (Pi)ier be the family of maximal parabolic K-subgroups of G 
containing B and let J’ C J such that P, = (jer Pi. If there exists j € I 
such that n; (B, y) > c2, but P; Z Px, then j € /\J'. As for each i € IW 
one has n;(B,x) = n;(B, y), in particular n; (B,x) = n;(B,y) > co, and in 
view of Proposition 8.10 the pair (B, x) cannot be reduced. As being a reduced 
pair is a closed condition (see Definition 8.10), there, therefore, exists a minimal 
a € (0,00) such that (B,y(a)) is reduced. The first paragraph of this proof 
implies that Pia) C Px. Thus, Theorem 8.8 applied to the reduced pair (B, y(a)) 
yields n;(B,y(a)) > y, and hence n;(B,y(a)) > cı by Notation 8.9, for all 
i € I’. As the n;(B,y(b)) are continuous in b and as for each i € J\J’ one 
has n;(B, x) = ni(B, y(b)) = n;(B, y) = cı, this contradicts the minimality of a. 
Therefore, (B, x) has to be reduced. Consequently, each j € J with the property 
that n; (B, y) > cz satisfies P; 2 Py, whence j € I’. Thus we have Py = Py. 


Definition 8.12. For c € R define 


X” (c) = {x € X | (B, x) reduced implies n; (B, x) < c forall i € 7}, 
X?” (c) = {x € X | (B, x) reduced implies p;(B, x) < c foralli € I}, and 
X? (c) = {x € X | (B, x) reduced implies p;(B, x) < c forall i € J}. 


These filtrations are G(Os)-invariant (cf. Observation 7.6) and G(Os)-cocompact 
(cf. [24, 2.2.2]). There exists c3 € R such that X” (c2) © X?(c3). 


Proposition 8.13 ([8, Sect.5]). Let c > c3, let x € X\X?(c) and let x € X?(c) 
be an element at which the function X? (c) > R : z > d(x,z) assumes a global 
minimum. Then Py = Py. Furthermore, there exists a unique unit speed geodesic 
ray y£ : [0,00) > X with y{(0) = x along which the function X\X? (c) > R : 
x > d(x, X? (c)) assumes its steepest ascent; its end point lies in the simplex at 
infinity corresponding to Px. 
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The preceding proposition shows that one can measure the distance from the set 
X? (c3) in a neat way. It also shows that there is a substantial difference between K- 
rank 1 and higher K-rank. Indeed, by Proposition 8.13, in the case of K-rank 1 the 
boundary of X? (c3) consists of hypersurfaces of codimension one which must have 
pairwise empty intersections, as otherwise one would need non-minimal isolated K- 
parabolics, which do not exist. The following result makes this heuristic argument 
more concrete. 


Theorem 8.14 ([16, 3.7]). If rkx(G) = 1, then there exists a collection H of 
pairwise disjoint horoballs of X such that X?(c3) = X\H is G(Os)-invariant 
and G(Qs)-cocompact. 


Proof. Since the functions p are Busemann functions (cf. Theorem 8.3, Definition 
8.4), there clearly exists a collection H of horoballs of X such that X? (c3) = X\H. 
By Definition 8.12 the set X?(c3) is G(Os)-invariant and G(Os)-cocompact. It 
therefore remains to prove that the horoballs in can be chosen to be either disjoint 
or equal. Let Hı, H2 € H have non-trivial intersection and let B1, Bz be the minimal 
K-parabolic subgroups corresponding to their respective centres (cf. Definition 8.2). 
Then there exists x € X such that p,(B1,x), Pa(B2, xX) = c3, where a denotes 
the unique simple root. Therefore, by Definition 8.12, na(B1, xX), na(B2,x) = 
c2, and by Theorem 8.8 one has B, = By. Hence, Hi C M or Hy C 
Hı. If Hı # Hb», one can remove one of the two from H without changing 
X\H. 


9 Applications and Conjectures 


In this section, I sketch the applicability of the geometric version of Harder’s reduction 
theory to the study of finiteness properties of S-arithmetic groups over global function 
fields and state a very general conjecture on isoperimetric properties of S-arithmetic 
groups over arbitrary global fields. For reduction theory over number fields, I strongly 
recommend [34]. 


9.1 Finiteness Properties of S-Arithmetic Groups 


Definition 9.1. A group T is of type Fn, if it admits a free action on a contractible 
CW complex X with finitely many orbits on the m-skeleton of X. 


A group action on a CW complex is called cellular, if the action preserves the 
cell structure, and rigid, if each group element that elementwise fixes the skeleton 
of a cell in fact elementwise fixes the whole cell. 
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Theorem 9.2 ([12, 1.1]). Letm €N, let X be an (m — 1)-connected CW complex, 
and let I — Aut(X) act cellularly, rigidly and cocompactly on X such that the 
stabilizer of each i -cell is of type Fm—i. Then I" is of type Fin. 


Theorem 9.3 ((16, 7.7]). Let X = Xı x --- xX, be an affine building, decomposed 
into its irreducible factors, let 0X be the spherical building at infinity of X, let 0/ X 
be the spherical building at infinity of [lizi Xi, and let E € OX\ i<j< aX. 
Then any horosphere centred at & (Definition 8.2) is (dim(X ) — 2)-connected. 
Theorem 9.4 ([16, 8.1]). Let K be a global function field, let G be an absolutely 
almost simple K-group of K-rank 1, let Ò # S C Y° be finite, let X be the 
Euclidean building of | | pes G(Kp), and letm = dim(X) = ) pes rkxp(G). 
Then G(Qs) is of type Fin—1, but not Fm. 


Proof. The group G(Qs) clearly acts rigidly and cellularly on the (contractible) 
building X. By Theorem 8.14, the group G(Os) acts cocompactly on X?(c3) = 
X\H and, in view of Theorem 8.1, each of the horoballs H € H is centred at some 
E which satisfies the hypothesis of Theorem 9.3. Therefore, by Theorem 9.3, X? (c3) 
is (n — 2)-connected. As cell stabilizers in G(Os) are finite, whence of type Foo, 
the claim follows from Theorem 9.2. 


For K-rank greater than | this strategy cannot work, as Theorem 8.14 becomes 
false. It can be adapted, however, which leads to a couple of technical difficulties 
that have first been overcome in [7,48] for the S-arithmetic groups G(F,[¢]) and 
G(E,[t,¢~']) where G is an absolutely almost simple F,-group of rank n > 1. In 
this situation one can in fact make use of the theory of Euclidean twin buildings, as 
in [2]. 


Theorem 9.5 ([7, A], [48, Main Theorem]). Let G be an absolutely almost simple 
F,-group of rankn > 1. Then G(F,[t]) is of type F,-1, but not F,, and G (F; ft, t~']) 
is of type Fon~, but not Fon. 


Recently, a combination of the ideas developed in [7, 16, 48] with Harder’s 
reduction theory allowed the authors of [8] to prove the following theorem, 
providing a positive answer to the question asked in [1, 13.20], [5, p. 80], [13, 
p. 197]. 


Theorem 9.6 ([8, Rank Theorem]). Let K be a global function field, let G be an 
absolutely almost simple K-isotropic K-group, let ® # S C Y° be finite, let X be 
the Euclidean building of | | peş G(Kp), and letm = dim(X) = }` pes rkgp (G). 
Then G(Qs) is of type Fin—1, but not Fm. 


Remark 9.7. Using the notation introduced above, already [15, 1.1] established that 
G(Os) is not of type Fm. 


Remark 9.8. S-arithmetic groups over number fields are known to be of type Foo, 
cf. [14, Sect. 11]. 
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9.2 Isoperimetric Properties of S -Arithmetic Groups 


In the number field case, results similar to Corollaries 7.9 and 7.11 hold, cf. [9], 
[24, p. 53]. To the best of my knowledge, the question posed by Harder [24, p. 54] 
whether it is possible to prove the results from [9] using methods similar (or at least 
closer) to the approach used by Harder is still open. The key, of course, would be to 
prove Theorem 6.18 for number fields. 

As this problem by itself probably will not attract sufficient attention, I will finish 
this survey by stating a very general conjecture on properties of S-arithmetic groups 
over arbitrary global fields, i.e., global function fields or number fields, which, if 
verified, provides another proof of Theorem 9.6. 


Definition 9.9. A coarse n-manifold X in a metric space X is a function from 
the vertices of a triangulated n-manifold M into X. The homeomorphism type of 
the manifold M is called the topological type of X. The boundary 0» is the 
restriction to dM of the function X. The coarse manifold X has scale r € R+, 
if d(X (x), Y(y)) < r for all adjacent vertices x, y of M. The volume vol(2’) 
equals the number of vertices in M. 


Conjecture 9.10 ([15]). Let K be a global field, i.e., global function field or a 
number field, let G be an absolutely almost simple K-isotropic K-group, let S 
be a non-empty finite set of places of K containing all archimedean ones, and 
letn < J` pes tkx,(G). To any rı > 0 there exists a linear polynomial f and 
r2 > 0 such that, if X C []pes G(Kp) is a coarse n-manifold of scale rı with 
dx C G(Os), then there exists a coarse n-manifold X’ C G(Os) of scale r2 and 
identical topological type as X such that 0X” = 0 and vol( X’) < f(Vol(2)). 


In case n < |S], the existence of a polynomial f of unspecified degree and 
r2 > 0 as in the conjecture have been established by Bestvina, Eskin and Wortman. 
The precise statement of their result is as follows. 


Theorem 9.11 ([49, 2]). Let K be a global field, i.e., global function field or a 
number field, let G be an absolutely almost simple K-isotropic K-group, let S be 
a non-empty finite set of places of K containing all archimedean ones, and let n < 
|S|. To any rı > 0 there exists a polynomial f and rz > 0 such that, if X C 
Ipes G(Kp) is a coarse n-manifold of scale rı with 0’ C G(Os), then there 
exists a coarse n-manifold X' C G(Os) of scale rz and identical topological type 
as X such that 9X' = 0X and vol(X") < f(Vol(2)). 


Note that this result provides an alternative proof that the S-arithmetic group 
G(Qs) in Theorem 9.6 is of type Fisj—1. 
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Abstract We explore the question of which finite two-transitive permutation 
groups are multiplication groups of quasigroups. 
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1 Introduction 


A quasigroup is a finite set Q with a binary operation such that the equation x-y = z 
in Q has a unique solution, whenever two of x, y, z are given. The quasigroup Q is 
called a loop, if it has a neutral element, and commutative if x -y = y- x for all 
x,y E€ Q. The multiplication table T of Q = {q1,...,qn} is the (n x n)-matrix 
whose rows and columns are labelled by q1, . . . , qn (in this order), and the entry in 
row q; and column q; equals the product q; -q;. The axioms of a quasigroup simply 
say that T is a Latin square. 

Row i of T contains the images of qi, . . . , qn under the left multiplication L(q;): 


qo = qi-q;- Similarly, column j of T contains the images of q1, . . . , qn under the 


right multiplication R(q;): q? a) — qi : qj. The multiplication group M (Q) of Q 
is, by definition, the permutation group on Q generated by L (qi), R(qi), 1 <i <n. 
It is clearly transitive on Q. 
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It has been shown by Smith (see [16, Theorem 523]) that the multiplication 
group of a quasigroup is multiplicity free, i.e., the permutation character of M(Q) 
corresponding to its transitive action on Q is multiplicity free. Equivalently, the 
centraliser algebra of the permutation representation is commutative. 

It is, thus, a natural question to ask which multiplicity free transitive permutation 
groups are multiplication groups of quasigroups. The diploma thesis of Sebastian 
Kohler [13] answers this question for all permutation groups up to degree 10. In this 
survey we restrict this question to the two-transitive permutation groups. 

We first collect some basic facts and reductions which are useful to decide if 
a given permutation group is the multiplication group of a quasigroup. Then we 
consider the two-transitive permutation groups systematically and explore which of 
them are multiplication groups of quasigroups. Here, we can settle some previously 
unknown cases, mainly with computational methods. It is perhaps worth mentioning 
that we found a commutative loop on 24 points whose multiplication group is the 
Mathieu group M24. A non-commutative loop with this multiplication group had 
previously been found by Nagy [15]. 

Section 2 gives an account of Ihringer’s results of [10]. We have reformulated 
these in terms of permutation groups, since this appears to be more appropriate 
to our computational approach. Section 3 contains a sufficient condition for a 
permutation group to be a multiplication group of a quasigroup. Our condition is 
a consequence of Ihringer’s criterion [10, Theorem 1], but easier to check. Section 4 
contains a systematic account on the knowledge about two-transitive permutation 
groups with respect to this question. In the last section, we comment on some of the 
computational methods we applied. 


2 Permutation Groups 


Let n be a positive integer and put Q, := {1,...,m}. In order to simplify notation, 
we only consider quasigroups with underlying sets Q,, usually writing * for the 
multiplication to avoid confusion with integer multiplication. The multiplication 
group of a quasigroup (Q,,*) will thus be a subgroup of S, the group of 
permutations of Qn. 


For p1, ..., Pn E Sn consider the matrix 
T= Topa = ("ici jen 
i.e., column j of T contains the images of 1,2,...,n under pj. 


The following lemma is obvious. 


Lemma 2.1. Let pı,..., Pn € Sn and put T := Tpi... pn: 


(a) The following statements are equivalent. 
(i) T is the multiplication table of a quasigroup on Qn. 


Gi) Every row of T contains all the numbers 1,...,n. 
(iii) Foralll <i # j < n, the permutation pi pj" has no fixed points. 
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(b) Suppose T satisfies the conditions of (a). Let Q be the quasigroup on the set Qn 
with multiplication table T. Then 


M(Q) = (Aisne eo Ans Pinsan Pn) 
where for 1 <i <n, à; is left multiplication by i, given by 
j* =i, 1<jz<n. (1) 


An alternative way of phrasing Condition (a)(ii) of Lemma 2.1 is to say that R = 
{P1,--+, Pn} is a driving sequence in the sense of [2]. Similarly, Condition (a)(iii) is 
the same as saying that R constitutes a sharply transitive subset of G, i.e., for every 
pair (i, j) with 1 <i, 7 < n, there is a unique p E€ R with į? = j. 

The direct product $, x S, X S, acts on the set of matrices satisfying the conditions 
of Lemma 2.1(a) as follows. Let T = Tp,..p, =: (tij) be such a matrix and let 
(2,0,1) € Sn X Sn X Sn. Then define T™®? = (t;;) by 


ti; = ti j! 
with (i’, 7’) := (i7 ; j). Thus, the first two components of (7,0, Tt) act by 
permuting the rows and columns of T, respectively, and the last component acts by 
renumbering its entries. We consider the effect of these actions on the multiplication 


group. 


Lemma 2.2. Let pı,..., Pn € Sn such that T = Tp, 
Lemma 2.1(a), and let (1,0, T) € Sn X Sn X Sp. 

Let Pi, ..., Ph Ai A, E Sy such that T™®™ = Ta = pi» and such that 
Ài.. -, Al are defined by (1) with respect to p4, ..., p}. Fix <i <n. 


n 


p, Satisfies the conditions of 


if 


(a) Ifo =t = 1, then p) = m! p; and = ày withi’ =i". 
(b) Ifa = rt = 1, then pl = py with i! = i®™ and Xi. = o7! Ài. 
(c) fr =o = 1, then à; = àit, and p, = pit. 


Proof. We only prove (a), since the other parts are proven similarly. Let T = (tij). 
Putting i’ =i”, we have 


if =p Gt ait A 
for all 1 <i, j <n. Thus, pi = ap; for all 1 < j < n. We also have 
j* = tj = (0% = i 


forall 1 < i, j <n. Thus, à; = Aj forall 1 <i <n. 


Two quasigroups on Q,, whose multiplication tables are in the same orbit under 
the action of S,, x Sn x S, are called isotopic. This relation can be used to construct 
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inclusions between multiplication groups. The following lemma, which rephrases 
[10, Proposition 3], provides examples of such inclusions. 


Lemma 2.3 ([10, Proposition 3]). Let Q = (Qn, *) be a quasigroup. Then there 
are quasigroups Q’ and Q" on the same underlying set Qn, isotopic to Q, with 
M(Q”) < M(Q’) < M(Q) such that Q' has a left unit and Q" is a loop. 


Proof. For 1 < i < n, write p; and À; for the right and left multiplication with 7, 
respectively. Let T denote the multiplication table of Q. If A; = 1, put O’ = Q. 
Otherwise, define Q’ by its multiplication table T04), Then Q’ has a left unit, 
and by Lemma 2.2(b) we have 


MO = (A71, AT An, Pisces) 
e r indin AMON 


(where (p},..., ph) is a permutation of (p1,..., Pn)). 
If p, = 1, put Q” = Q’. Otherwise, define Q” by its multiplication table 
T (121D, Then Q” is a loop and 


M(Q") = AT Aine Ap An (DT Pies DTTO) 
< M(Q') < M(Q). 


Corollary 2.4 (({10, Theorem 1])). Let G < Sn. Then G is the multiplication 
group of a quasigroup on Qp, if and only if there is a loop Q = (Qn, *) and 
pP, À E€ Sn such that G = (M(Q), p, A). 


Proof. If G is the multiplication group of a quasigroup Q, let Q” be as in 
Lemma 2.3. Then M(Q) = (M(Q"), pı, 41). Conversely, if G = (M(Q), p, à}, 
where Q is a loop with multiplication table T, define the quasigroup Q’ by its 
multiplication table TAD, By Lemma 2.2, M(Q’) = G. 


Thus, if G < S, does not contain a subgroup which is the multiplication group of a 
loop on Q,, then G is not the multiplication group of any quasigroup. 


3 A Sufficient Condition 


We continue with the notation from Sect.2. The following corollary contains a 
sufficient condition for a permutation group to be the multiplication group of a 
quasigroup. It is a special case of Corollary 2.4, but its purely group theoretical 
condition is easier to check. 
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Corollary 3.1. Let G < S,. Suppose that G contains an abelian subgroup H 
acting regularly on Qn. 

IfG = (H,p,A) for some p,a € G, then G is the multiplication group of a 
quasigroup on Qn. If G = (H, p) for some p € G, this quasigroup can be chosen 
to have a left or right unit. 


Proof. Number the elements of H as p1, $2,..., 0, such that 1% = i for1l < 
i < n. Then the multiplication table of H with respect to the ordering p,..., Pn 
equals T,,....o, (identifying an entry 7 with p;). Since H is abelian, it is equal to 
the multiplication group M(Q) of the loop on Q,, with multiplication table Tp, .....o, - 
The first statement follows from Corollary 2.4. For the second statement use the 
construction in the proof of Lemma 2.3. 


The condition in Corollary 3.1 is not necessary. For example, the alternating 
group Ag, acting naturally on six letters, does not have a regular subgroup, but is the 
multiplication group of a quasigroup (see Sect. 4 below). 

In [11, Theorem 1.1], the primitive permutation groups containing an abelian 
regular subgroup were determined. This gives a wealth of examples for groups 
satisfying the hypotheses of Corollary 3.1. 

If G < Sp, satisfies the hypothesis of Corollary 3.1, then the Corollary together 
with the theorem of Smith show that G is a multiplicity free permutation group. 
This can easily be shown directly. 


Lemma 3.2. Let the assumptions be as in Corollary 3.1. Then the permutation 
character corresponding to the natural action of G on Qn is multiplicity free. 


Proof. Let V denote the permutation CG-module arising from the embedding 
G — Sn. We have to show that Endcg(V) is commutative. Since Endcg(V) is 
contained in Endcy(V |) as a subalgebra, it suffices to show that the latter is 
commutative. Since H acts regularly on {1,..., n}, we have Endcy (Vy) = CH 
as C-algebra, and the result follows. 


4 Two-Transitive Groups 


Using the classification of the finite simple groups, the two-transitive groups have 
been enumerated. These groups come in two types: Those with an elementary 
abelian socle, the affine groups, and those with a nonabelian simple socle, the almost 
simple groups. The tables in Cameron’s book [1, Sects. 7.3, 7.4] contain a complete 
description of all two-transitive groups. (We thank the referee for pointing out an 
omission in Cameron’s table of the affine groups. A correct list can be found in 
[12, Appendix 1].) 
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4.1 The Almost Simple Two-Transitive Groups 


We summarize the known results for these groups, enumerating them by their 
simple socles. We have tried to locate all references to previously known cases. 
A missing reference for a particular result indicates that we are not aware of a 
corresponding publication. Most of the cases described below were treated by 
explicit computations, the strategy of which is explained in Sect. 5 at the end of 
our paper. 


An The groups A, and S, in their natural permutation representation are multi- 
plication groups of quasigroups (even if they are not two-transitive). This is due to 
Ihringer [10, Theorem 2]. An n-cycle generates a regular subgroup of S,,. Except in 
case n = 2m, and m odd, A, has a regular abelian subgroup. In the latter case, 
Ihringer constructs a commutative loop Q on Q, with M(Q) < An. Since S, 
and A, are 2-generated, the result follows from Corollary 2.4. 

A stronger result is due to Drápal and Kepka. They show in [6, Theorem (4.1)], 
that with the (true) exception of n = 4,5, there is a loop of order n whose 
multiplication (left, right ore two-sided) group is isomorphic to Ay. 

Our computations suggest that for n > 6 there is always a commutative loop 
on Q,, with multiplication group S,. We are not aware of any general construction 
or reference supporting this observation. 


PSL(d,q) If G = PGL(d,q) acting on the space of lines or on the space of 
hyperplanes of F, then G is the multiplication group of a quasigroup. Again, this 
is due to Ihringer [10, Theorem 2] and follows from the fact that G is 2-generated 
and a Singer cycle is a regular subgroup. 

For d > 3 and qf > 8 (ie.,q # 2 if d = 3), Nagy has constructed in 
[15, Theorem 3.1] a loop Q on PEZ) such that PSL(d, q4) < M(Q) < PGL(d, q). 
The case d = 3 and q = 2 is a true exception: There is no quasigroup on 
7 points with multiplication group PSL(3,2) = PGL(3,2). Our computations 
have shown that there are no quasigroups on the corresponding projective lines 
with multiplication groups PSL(3,4) or PSL(3,7), so that in these cases, the 
multiplication groups of Nagy’s loop are PGL(3, 4) and PGL(3, 7), respectively. 

Drápal [5] has shown that if Q is a loop on the projective line P(F,) with 
multiplication group contained in Pr L(2, q), then M(Q) is isomorphic to a Singer 
cycle (unless q = 3 or 4). In particular, PGL(2, q) is not the multiplication group of 
a loop (the cases q = 2,3, 4 do not provide exceptions to this latter statement). 

Together with Ihringer’s criterion Drapal’s result (or rather a weaker form of it) 
can be used to show that PSL(2, q) is not the multiplication group of a quasigroup, 
if q is odd and >3. 


Proposition 4.1. [fg > 3 is odd, PSL(2,q) is not the multiplication group of a 
quasigroup. 


Proof. Assume the contrary. By Ihringer’s criterion (see Corollary 2.4), there is a 
loop Q on P(F,) with M(Q) < PSL(2, q). Since PSL(2, q) is not triply transitive 
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and every element fixes at most 2 points, it follows from [4, Proposition 2.5] that Q 
is an abelian group. Hence, Q = M(Q) < PSL(2,q) and Q is a regular subgroup. 
However, PSL(2, q) does not have a regular subgroup for q > 3. 


We remark that PSL(2,3) is an exception to the above proposition. Indeed, 
PSL(2,3) is permutation equivalent to A4 acing on 4 letters. The latter is the 
multiplication group of a quasigroup by Corollary 3.1. 


Sp(2d,2), d > 2,n = 274-1 + 24-1 Here we only have information on 
the smallest cases d = 2,3. Suppose first that d = 2. We have Sp(4,2) = Se. 
The action of Sp(4, 2) on 2727! — 2?! = 6 letters is permutation equivalent to the 
natural action of S¢, and thus Sp(4, 2) is the multiplication group of a quasigroup 
on 6 points, in fact even of a commutative loop. On the other hand, there is no 
quasigroup on 277~! + 2?~! = 10 points with multiplicatin group Sp(4, 2). 

Let us now turn to the case d = 3, i.e., to the group Sp(6, 2) acting on 28 or 36 
points. Computer calculations have shown that this group is not the multiplication 
group of any quasigroup on 28 or 36 points. 


PSU(3, q) Acting on q? + 1 Points The groups PSU(3, 2) and PGU(3, 2) acting 
on 9 points, have regular abelian normal subgroups. The quotient groups are the 
quaternion group and SL(2, 3), respectively. Since each of these can be generated 
by two elements, PSU(3, 2) and PGU(3, 2) are multiplication groups of quasigroups 
by Corollary 3.1. 

The groups PSU(3, 3) and PSU(3, 4) acting on 28 and 65 points, respectively, 
are not multiplication groups of quasigroups. 


Sz(q),q = 2?"*!, m > 0, Acting on q? + 1 Points The same argument as for 
PSL(2, q), q odd, settles the following case. 


Proposition 4.2. If ¢ = 27”"*!, m > 1, then Sz(q) is not the multiplication group 
of a quasigroup. 


Proof. Analogous to the proof of Proposition 4.1. 


Note that Sz(2), being a Frobenius group on 5 points, is an exception to the above 
proposition. 


Ree(q), q = 3™"+1, m > 0, Acting on q? + 1 Points We have only investigated 
the smallest case q = 3. Here, Ree(3) =~ Pr L(2, 8) acting on 28 points. Neither 
PI’L(2, 8) nor its subgroup PSL(2, 8) are multiplication groups of quasigroups in 
this action. 


PSL(2, 11) and M1; Acting on 11 Points Each of the groups PSL(2, 11) and Mi, 
acting on 11 points contain two conjugacy classes of 11-cycles acting fixed-point 
freely. In each case, the group is generated by two such 11-cycles. On the other 
hand, neither PSL(2, 11) nor Mı; are multiplication groups of loops. The results for 
My, are due to Ihringer [10, Theorem 2] and Drápal [5, p. 257], respectively. 


My, Acting on 12 Points This is not the multiplication group of any quasigroup. 
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My, Acting on 12 Points This group is the multiplication group of a quasigroup, 
since it is generated by a regular subgroup and an additional element. It is also 
the multiplication group of a loop, the arithmetic progression loop constructed by 
Conway [3, p. 327]. 


A7 Acting on 15 Points This is not the multiplication group of any quasigroup. 


M2 Acting on 22 Points This group is not the multiplication group of any 
quasigroup (see [5, 14]). 


Mhz Acting on 23 Points This group is the multiplication group of a quasigroup 
with a left unit, since it is generated by a regular subgroup and an additional element 
[10]. It is not the multiplication group of a loop [5, 15]. 


Mo, Acting on 24 Points This is the multiplication group of a commutative loop. 
A non-commutative loop with multiplication group M34 was found in [15]. We 
explicitly state one of the commutative loops we have found in Table 1. 


PSL(2, 8) Acting on 28 Points This has already been treated in the subsection on 
the Ree groups. 


HS Acting on 176 Points This is not the multiplication group of any quasigroup. 


Co3 Acting on 276 Points This case is still open. By a computer search we 
could prove, however, that no subgroup of Co3 is the multiplication group of a 
commutative loop. 


4.2 The Two-Transitive Groups with Elementary Abelian Socle 


Let G be a two-transitive group with elementary abelian socle V. Then V acts 
regularly and G is the semidirect product G = VH with H a point stabilizer. Thus, 
whenever H can be generated by two elements, G is the multiplication group of a 
quasigroup by Corollary 3.1. 

Hering has classified these two-transitive groups in [8,9]. The list of occurring 
point stabilizers H is contained in [8, Sect. 5] and in [12, Appendix 1]. These groups 
come in three infinite series, and a finite number of exceptional cases. 

Using GAP, we have checked that all exceptional point stabilizers occurring in 
Part IV of Hering’s list can be generated by two elements. A point stabilizer H lying 
in an infinite series has a unique nonabelian composition factor S which is normal 
in H, and H/S is soluble. It would be a possible but tedious task to check which 
of the occurring point stabilizers are 2-generated. It is well known that every finite 
simple groups is 2-generated. Thus, in case H = S is simple, G = VH is indeed 
the multiplication group of a quasigroup. 


89 


Some Remarks on Two-Transitive Permutation Groups as Multiplication Groups... 


ET 
Ic 


9I 
6l 
81 


pI 
el 
Ol 
LI 


CC 
cl 


II 


0c 


SI 
vT 


Ic 
oz 
II 
SI 
val 


LI 
cl 


9I 


Ol 


81 


TT 


el 


61I 


VC 
ET 


9I 
II 
81 
ve 
OL 
LI 


6I 
cI 


Ol 
ET 


LI 


cl 
VC 


Ic 


9I 


€I 
tI 


II 
81 
CC 
0c 


81 


cl 
LI 


VC 
TT 
el 
OL 
9I 
ET 


SI 


Ic 
0c 


val 
II 


6I 


vl 
IT 


LI 
CC 
ET 


SI 
IT 
Ol 
TI 
€I 
ve 
9I 


oz 
6l 


< 


pI 


El 
LI 


cl 


Ol 


ET 


6l 


CC 


VC 


Il 


Ic 
vl 
81 
SI 
0¢ 
9I 


oI 
cl 


ve 
9I 


CC 
6l 
ET 
€I 
II 


0c 


81 
LI 


val 
Ic 


SI 


9I 


Ic 


SI 
6I 
TE 
II 
81 
ET 
LI 


pI 
0c 


an 


ve 
Ol 


el 


CC 
OL 
ve 


4 


v 

Ve 
9T 
IZ 
el 
T 

LI 
TT 
vI 
IT 


8 
€ 
Ic 
6I 
91 
9 
cl 
0c 
Ve 
L 
II 
tI 
el 
v 
I 
S 
6 
SI 
81 
ET 
TT 
T 
LI 
Ol 


II 
CC 
val 
Cl 
L 
Ic 
el 
9 
v 
81 
ST 
oT 
T 
VC 
ç 
I 
Or 
LI 
ET 
9I 
€ 
6I 
8 
6 


€ 
y 
SI 
T 
el 
0c 
Ve 
S 
II 
LI 
Ic 
9 
val 
9T 
6 
OL 
I 
81 
61 
CC 
ET 
L 
TI 
8 


S 


Il 
L 


T 
S 
9I 
SI 
8 
val 
6 
v 
Ic 
€ 
CC 
cl 
IT 
el 
81 
ET 
6l 
0c 
ve 
I 
Ol 
LI 
L 
9 


L 
6l 
LI 
v 
6 
IT 
0c 
SI 
vl 
8 
TI 
€ 
8I 
T 
ET 
9I 
CC 
Ol 
I 
VC 
9 
el 
Ic 
S 


v 


m= OD 


pI 
81 
8 

S 

I 
SI 
Ic 
v 

Ol 
0c 
CC 
T 

6l 
L 

ET 
LI 
€I 
TI 
VC 
91I 
€ 


SI 
VC 
Ol 
el 
CC 


81 
0c 


T 


VC 
ET 
CC 
Ic 
0c 
61 
81 
LI 
9I 
SI 
vI 
el 
cl 
II 
Ol 

6 


8 
L 
9 
S 
v 
€ 
T 
I 





vey dnoss uoneordypnw ym doo aaneynuuw0s Y F IALL 


90 G. Hiss and F. Liibeck 
5 Searching for Quasigroups By Computer 


Given a permutation group G on n points we used GAP [7] to search for a 
quasigroup with G as multiplication group. We either want to find such a quasigroup 
or prove that such a quasigroup does not exist. 

Using Lemma 2.2 there are some easy reductions of the problem: If there is a 
quasigroup with multiplication group G, then there is a loop with a subgroup of G 
as multiplication group. And also the converse is true when G is generated by two 
elements, see Corollary 2.4. 

So, we want to search for a quasigroup whose multiplication table is given by row 
permutations (A1, . . . , Àn) which also imply column permutations (p1, ..., Pn), such 
that à1,..., Àn, P1, ---, Pn E G. We can assume A; = pı = 1. Furthermore, using 
mw =o = T € G in Lemma 2.2, we need to consider for àz only representatives of 
conjugacy classes of fixed point free elements of G. 

Given partial information (Aj,...,A7) and (p1,...,px) of a possible 
multiplication table we try to extend it as follows: If l < k we find all possible 4;+1, 
otherwise we first change the roles of the A; and p;. Such A;+; must map the points 
1,...,k to (l + 1)”%,..., (2 + 1). GAP can easily find out if such an element 
exists. If yes, the other such elements are obtained by left multiplication with the 
elements in the stabilizer of the tuple (1,...,). For each such candidate for A;+ 
we check if Apeaay | is fixed point free for 1 < i < l. For each 4/4, fulfilling these 
conditions we recursively try to extend the table further. 

Starting with the various (A; = 1,42) and (pı = 1) as described above this 
backtrack algorithm will either produce multiplication tables of quasigroups we are 
looking for, or it will show that such quasigroups do not exist. 

This algorithm performs quite well in the examples mentioned in the last section. 
It seems that extending the A’s and p’s alternately often shows quite early in the 
recursion that a partial table cannot be extended further. 

Compared to the algorithms described in [14] and in [15] our variant needs 
very little memory and is easy to distribute to several machines. As examples, our 
program needed less than 4 min to check that the Mathieu group M22 on 22 points is 
not the multiplication group of a quasigroup. The result for HS on 176 points only 
needed 30s. 

We noticed that many groups with a subgroup which is the multiplication 
group of a loop also have such a subgroup which is the multiplication group of a 
commutative loop. By setting p; = A; for all i in our backtrack search we can 
restrict the search to commutative loops. 
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Abstract Tits buildings Ag(G) of linear algebraic groups G defined over the 
field of rational numbers Q have played an important role in understanding partial 
compactifications of symmetric spaces and compactifications of locally symmet- 
ric spaces, cohomological properties of arithmetic subgroups and S-arithmetic 
subgroups of G(Q). Curve complexes C (Sgn) of surfaces Sg „n were introduced 
to parametrize boundary components of partial compactifications of Teichmiiller 
spaces and were later applied to understand properties of mapping class groups of 
surfaces and geometry and topology of 3-dimensional manifolds. Tits buildings are 
spherical buildings, and another important class of buildings consists of Euclidean 
buildings, for example, the Bruhat—Tits buildings of linear algebraic groups defined 
over local fields. In this paper, we summarize and compare some properties 
and applications of buildings and curve complexes. We try to emphasize their 
similarities but also point out differences. In some sense, curve complexes are 
combinations of spherical, Euclidean and hyperbolic buildings. We hope that such a 
comparison might motivate more questions and also suggest methods to solve them 
at the same time, and furthermore it might introduce buildings to people who study 
curve complexes and curve complexes to people who study buildings. 
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e Compactification e Boundary ¢ Duality group * Cohomological dimension e 
Asymptotic cone at infinity * Novikov conjecture * Quasi-isometry ° Heegaard 
splitting 


1 Introduction 


1.1 Summary 


Tits buildings Ag(G) of linear algebraic groups G defined over Q have played 
an important role in understanding partial compactifications of symmetric spaces 
and compactifications of locally symmetric spaces, cohomological properties of 
arithmetic subgroups and S-arithmetic subgroups of G(Q). On the other hand, 
curve complexes C (Sgn) of surfaces Sg „n were introduced to parametrize boundary 
components of partial compactifications of Teichmüller spaces and were later 
applied to understand properties of mapping class groups of surfaces and geometry 
and topology of 3-dimensional manifolds. 

Tits buildings are spherical buildings, and another important class of buildings 
consists of Euclidean buildings, for example, the Bruhat—Tits buildings of linear 
algebraic groups defined over local fields. In this paper, we summarize and compare 
some properties and applications of buildings and curve complexes. We try to 
emphasize their similarities but also point out differences. In some sense, curve 
complexes are combinations of spherical, Euclidean and hyperbolic buildings. We 
hope that such a comparison might motivate more questions and also suggest 
methods to solve them at the same time, and furthermore it might introduce 
buildings to people who study curve complexes and curve complexes to people who 
study buildings. 


1.2 The Origin of Tits Buildings 


Buildings were originally introduced by Tits [166, 167] in order to realize excep- 
tional Lie groups as the symmetry groups of spaces (or geometry)! so that one can 
construct geometrically analogues of exceptional simple Lie groups over arbitrary 
fields.” See [152] for an overview of motivations and the history of Tits buildings. 





‘Classical simple Lie groups over C are the symmetry groups of quadratic forms or sesquilinear 
forms of finite dimensional vector spaces over C. The same construction works for vector spaces 
over finite fields and produces classical finite groups of Lie type, but this method does not extend 
to exceptional simple Lie groups. 


? According to [153, p. 292], “... it is perhaps worth remarking that one of the initial motivations 
for the theory of buildings, at a time when Chevalley’s fundamental “Tohoku paper” had not yet 
appeared, was the search for a geometric way of obtaining algebraic analogues of the exceptional 
Lie groups.” 
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Since then, Tits buildings have been applied to many different situations with 
great success. There are several types of buildings: (1) spherical buildings, for exam- 
ple, Tits buildings, (2) Euclidean buildings, for example, Bruhat-Tits buildings, (3) 
hyperbolic buildings, (4) R-buildings, (5) topological buildings, (6) twin buildings. 
We will recall briefly some of these buildings below. See the book [2] for detailed 
definitions and structures of buildings, and the survey [87] for references on many 
different applications of buildings. 

There are several basic ways in which Tits buildings are used: 


1. Buildings describe the large scale geometry or the geometry at infinity of Lie 
groups, symmetric spaces and locally symmetric spaces. 

2. Buildings describe the topology at infinity of partial compactifications of sym- 
metric spaces and of the boundary of compactifications of locally symmetric 
spaces, and also the topology of the ends of locally symmetric spaces. 

3. Buildings provide natural combinatorial and metric spaces on which Lie groups, 
arithmetic subgroups, p-adic Lie groups, etc., act. 

4. Buildings can be used to study cohomological properties of arithmetic groups. 


We are mainly interested in infinite buildings in this paper. For finite buildings 
and their applications in finite groups and their representation theory, see [44]. 


1.3 The Origin of Curve Complexes 


Motivated by the Borel—Serre compactification of locally symmetric spaces [20], 
Harvey [69, 70, 73] introduced the curve complex C(S,) of a compact oriented 
surface S, to parametrize the boundary components of partial compactifications 
of the Teichmüller space 7, the space of the marked compact Riemann surfaces 
of genus g which induce compactifications of the moduli space M, of Riemann 
surfaces of genus g. In some sense, it was an exact analogue of the spherical Tits 
building Ag(G) of a linear semisimple algebraic group G defined over Q which 
serves as a parameter space for the boundary components of the Borel—Serre partial 
compactification of the symmetric space X = G/K. The same definition works for 
a more general oriented surface Sg „n of genus g with n punctures and gives a curve 
complex C (Sg n). Motivated by the analogy between arithmetic groups and mapping 
class groups Mod,,, = Diff” (Sg n)/DifP (Sgn), the curve complex C (Sg n) was 
used to study cohomological properties of Mod, „ [66, 69, 80]. 

It turns out that the curve complexes C (Sg n) can also be used to study many 
problems in (lower dimensional) topology and geometry, in particular the ending 
lamination conjecture of Thurston for 3-dimensional hyperbolic manifolds, quasi- 
isometric rigidity of mapping class groups Mod,,, and finiteness of the asymptotic 
dimension of Modg n. 
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Some applications of curve complexes are motivated by results for Tits buildings, 
and others are quite different. There are several basic ways in which the curve 
complexes are used. 


1. Curve complexes describe the large scale geometry or the geometry at infinity of 
Teichmiiller spaces and of the moduli spaces of Riemann surfaces. 

2. Curve complexes parametrize boundary components of partial compactifications 
of Teichmiiller spaces, they describe the topology at infinity of the partial 
compactifications of Teichmiiller spaces, and they also describe the boundary 
of compactifications of moduli spaces, and the topology of the ends of moduli 
spaces. 

3. Curve complexes provide natural combinatorial and metric spaces on which 
mapping class groups act, and structures and representations of the mapping class 
groups can be understood and constructed from these actions. 

4. Curve complexes can be used to study cohomological properties of mapping 
class groups. 

5. Surfaces and simple closed curves occur naturally in the study of 3-dimensional 
manifolds and hence curve complexes can be used to understand 3-dimensional 
geometry and topology. 


In this paper, we will present some applications of buildings and curve complexes 
to support these general points. The above two lists suggest many similarities 
between these two classes of simplicial complexes. On the other hand, there are 
also dramatic differences between buildings and curve complexes. 

Besides the curve complex C (S, n), there are also several related complexes for 
surfaces Sg n, which are important to understand the geometry and topology of 
Teichmüller spaces Tg n and mapping class groups Mod,,,. We will address these 
issues as well. 

This paper can be seen as a sequel of the survey papers [87, 88] in some sense. 
Since it emphasizes curve complexes and their applications, it can complement the 
other two papers. 


2 Definition of Buildings 


In this section, we first introduce the spherical Tits building A(G) of a semisimple 
Lie group G through a classification of geodesics in the associated symmetric space 
X =G/K in Sect.2.1. This justifies the point of view that A(G) describes the 
geometry at infinity of the symmetric space X. Then in Sect.2.2, we discuss a 
more common definition of buildings through a system of apartments. In Sect. 2.3, 
we introduce Euclidean and hyperbolic buildings and mention other buildings. In 
Sect. 2.4, we define the rational Tits building Ag(G) of a linear algebraic group G 
defined over Q. 
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2.1 A Geometric Definition of Tits Buildings via Symmetric 
Spaces 


Let G be a semisimple noncompact Lie group with finitely many connected 
components, K C G be a maximal compact subgroup. Then X = G/K with an 
invariant metric is a symmetric space of noncompact type, and X is a simply 
connected nonpositively curved Riemannian manifold. Let X(oco) be the set of 
equivalence classes of geodesics in X. Specifically, we assume that all geodesics 
in X are of unit speed and directed. Two geodesics y(t) and y2(t) in X are defined 
to be equivalent if 

lim sup d(y1 (t), y2(t)) < +00, 

t>+00 
where d(-,-) is the distance function of X. It can be shown that for any point 
xo € X, X(oo) can be canonically identified with the unit sphere in the tangent 
space 7;,X. It is known that there is a natural topology on X U X(oo) such 
that it is a compactification of X, called the geodesic compactification, or visual 
compactification, and X (oo) is hence called the sphere at infinity (or visual sphere) 
of X. See [4]. 

When X = SL(2,R)/SO(2) is identified with the upper half place H’, then 
X(co) = RU {ico}. When X = SL(2, R)/SO(2) is identified with the unit disc 
D = {z€ C | |z| < 1}, then X(oo) is equal to the unit circle S! = aD. 

Clearly, the isometry action of G on X preserves the equivalence relation 
between geodesics and hence acts on X(oo). 

A natural question is whether these points in X(oo), i.e, equivalence classes 
of geodesics, are the same, i.e., belong to one common G-orbit. If the answer is 
negative, a natural problem is to parametrize G-orbits in X (oo). 

It turns out that both questions can be answered using parabolic subgroups 
P of G, i.e., closed subgroups P such that G/P are compact. If P=G, it is a 
parabolic subgroup by definition. Any parabolic subgroup P with PG is called 
a proper parabolic subgroup of G. The set of proper parabolic subgroups of G 
is a partially ordered set by inclusion, and there are infinitely many maximal and 
minimal elements in this partially ordered set, which are called maximal proper 
parabolic subgroups and minimal parabolic subgroups of G. 


Proposition 2.1. The G-action on X extends to a continuous action on X U X (co). 
For any point z € X(oo), its stabilizer G; in G is a proper parabolic subgroup, 
and every proper parabolic subgroup P of G arises as the stabilizer of a point 
z E€ X(o). 


For each proper parabolic subgroup P of G, let op be the set of points in X (o0) 
that are fixed by P, equivalently the set of points z € X(oo) whose stabilizer G, in 
G contains P. 


Proposition 2.2. For every proper parabolic subgroup P, op is a spherical 
simplex, and its interior of, i.e., the open simplex when op is considered as a 
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simplex, is equal to the set of points z whose stabilizer is equal to P. The simplex 
op consists of one point if and only if P is a maximal proper parabolic subgroup. 
If P is a minimal parabolic subgroup of G, then the dimension of op is equal to 
r — 1, where r is the rank of X, i.e., the maximal dimension of totally geodesic flat 
submanifolds of X. The decomposition of X (co) into op, 


X(00) = Upoy = Į |o}. 
P 


gives X (c0) the structure of an infinite simplicial complex, denoted by A(X). 


The simplicial complex A(X) is called the Tits building associated with the 
symmetric space X of noncompact type. If the rank r of X is equal to 1, then A(X) 
is a 0-simplicial complex, i.e., a disjoint union of points. If r > 0, it can be shown 
that A(X) is connected. This can be seen from the axioms of buildings in the next 
subsection. 

By definition, A(X) classifies geodesics of X into different types. 


Proposition 2.3. Let Po be a minimal parabolic subgroup of G. Then every G -orbit 
in X(œ) meets op, at exactly one point. G acts on the Tits building A(X) by 
simplicial maps, and every simplex op is contained in the G-orbit of a face of op), 
i.e., G\ A(X) can be identified with op. 


Corollary 2.4. G acts transitively on X(oo) if and only if a minimal parabolic 
subgroup of G is also a maximal parabolic subgroup G, i.e., the rank r of X is 
equal to 1. 


For more discussion and proofs of the above results, see [60]. 


2.2 Axioms for Spherical Buildings via Apartments 


The Tits building A(X) defined in the previous subsection can be described directly 
in terms of proper parabolic subgroups of G. 

Let P be the partially ordered set of proper parabolic subgroups of G, where the 
partial order is given by containment, i.e., the opposite of the inclusion mentioned 
in the previous subsection. The structure theory of parabolic subgroups of G shows 
that this poset can be realized by an infinite simplicial complex A(G) satisfying the 
following conditions: 


1. Every parabolic subgroup P € P corresponds to a unique simplex op in A(G), 
and every simplex of A(G) is of this form. 

2. For any two parabolic subgroups P1, P2 € P, Pı C P2 if and only if op, contains 
Op, as a face. 

3. A simplex op is a point if and only if P is a maximal parabolic subgroup of 
G. For a non-maximal parabolic subgroup P, the vertices of op correspond to 
maximal parabolic subgroups that contain P. 
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This simplicial complex A(G) is called the Tits building of G. By Proposition 
2.2, A(G) is isomorphic to A(X). These are important examples of spherical Tits 
buildings. 


Definition 2.5. A simplicial complex A is called a spherical Tits building if it con- 
tains a family of subsets called apartments and satisfies the following conditions: 


1. Every apartment is a finite Coxeter complex. 

2. Any two simplices are contained in some apartment. 

3. Given two apartments X and X’ and simplices o,o’ € X N X’, there exists an 
isomorphism of X onto X’ which keeps o, o” pointwise fixed. 


In the above definition, for any finite Coxeter group W, i.e., a finite group 
generated by reflections with respect to hyperplanes in a fixed vector space, there 
is a Coxeter complex, which is a finite simplicial complex constructed as follows. 
Every reflection a € W fixes a hyperplane Ha. The collection of such hyperplanes 
Ha is invariant under W. Connected components of the complement of the union of 
{Ha} in V are called chambers, which are simplicial cones. The chambers and their 
faces together give a partition of V into simplicial cones. Let S be the unit sphere 
in V. Then the intersection of S with these simplicial cones gives a finite simplicial 
complex, called the Coxeter complex of W, whose underlying topological space is 
S, i.e., the Coxeter complex gives a finite triangulation of the unit sphere. 

To see that A(X) is a spherical Tits buildings, we start with the construction of 
apartments. For any flat totally geodesic submanifold F of X, which is isometric to 
R”, its closure in X U X (oo) is equal to FU F (co), where F (oo) is homeomorphic to 
the sphere S’~!. The simplicial complex structure of X (o0) given by A(X) induces 
a simplicial complex structure on F (co). In fact, F'(oo) is equal to the union of op 
for some parabolic subgroups P . Denote this finite simplicial complex by Xr. Then 
it is a Coxeter complex associated with the Weyl group of the Lie group G. 


Proposition 2.6. With respect to the collection of finite subcomplexes Xp associ- 
ated with flat subspaces F, the infinite simplicial complex A(X) is a spherical Tits 
building. 


To understand the spherical building structure of A(G), we need to define 
apartments in terms of group structure. For any maximal compact subgroup K of 
G, let g = € @ p be the Cartan decomposition. Let a C p be a maximal abelian 
subalgebra. Let A = expa be the corresponding Lie subgroup of G. Then there 
are only finitely many parabolic subgroups P that contain A, and the union of their 
simplices op gives a triangulation of the unit sphere a(-++oo) of a and is a Coxeter 
complex for the Weyl group of G. Denote it by Xa. 


Proposition 2.7. With respect to the collection of finite subcomplexes Xa associ- 
ated with maximal abelian subspaces, the infinite simplicial complex A(X) is a 
spherical Tits building. 


Proposition 2.7 is proved using the Bruhat decomposition. To derive Proposition 
2.6 from Proposition 2.7, we need to identify their apartments. 
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The finite simplicial complexes Xp and Xa can be identified as follows. For any 
maximal flat totally geodesic submanifold F of X, let x9 € F be any point, and 
K = Gx be the stabilizer of xo in G. Then there exists a maximal abelian subalgebra 
a C p with respect to the Cartan decomposition of g induced by K such that 
F = expa Xo, and Xp is identified with X, under the identification between A(X) 
and A(G). For the proof of the above propositions and more discussion, see the 
book [60] and references therein. 


2.3 Euclidean and Hyperbolic Buildings 


It will be shown below that the curve complex C (Sgn) shares some properties with 
spherical buildings, and also with Euclidean buildings and hyperbolic buildings. 
For convenience, we briefly introduce their definitions here. 

First, we define Euclidean reflection groups. Let V be a Euclidean space. 
An affine reflection group W on V is a group of affine isometries generated 
by reflections with respect to affine hyperplanes such that the set H of affine 
hyperplanes fixed by reflections in W is locally finite. Clearly, a finite reflection 
group is an affine reflection group. Assume that W is an infinite reflection group 
and irreducible. Then the hyperplanes in divide V into simplices, and W acts 
simply transitively on the set of simplices. These simplices and their faces form a 
Euclidean Coxeter complex. 


Definition 2.8. A simplicial complex A is called a Euclidean building if it contains 
a family of subsets called apartments and satisfies the following conditions: 


1. Every apartment is an infinite Euclidean Coxeter complex. 

2. Any two simplices are contained in some apartment. 

3. Given two apartments X and X’ and simplices 0,0’ € X N X’, there exists an 
isomorphism from X onto X’ which keeps o, o” pointwise fixed. 


An important source of Euclidean buildings comes from the Bruhat-Tits building 
A®™(G) associated with a linear semisimple algebraic group G defined over a non- 
Archimedean local field k. In this case, the simplices of ABT(G) are parametrized 
by parahoric subgroups of G(x). There is no simple definition or characterization 
of parahoric subgroups of G(x) as in the case of parabolic subgroups. When G 
is simply connected, any maximal open compact subgroup of G(k) is a maximal 
parahoric subgroup, and the converse is also true. See [87, Sect. 3] for more details 
and references. 

Now we introduce hyperbolic buildings. Let H” be the real hyperbolic space 
of dimension n. Let P be a compact convex hyperbolic polyhedron such that 
the reflections with respect to its codimension | faces generate a group W that 
acts properly on H” with P as a fundamental domain. Then the totally geodesic 
hypersurfaces of H” that are fixed by reflections in W are locally finite, and the 
connected components of the complement of the union of these hyperplanes are 
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hyperbolic polyhedra. These polyhedra and their faces form a polyhedral complex, 
which is called a hyperbolic Coxeter complex associated with P. Hyperbolic 
Coxeter complexes can only exist for n < 29. 


Definition 2.9. A polyhedral complex A is called a hyperbolic building of type P 
if it contains a family of subcomplexes called apartments and satisfies the following 
conditions: 


1. Every apartment is a hyperbolic Coxeter complex determined by P. 

2. Any two polyhedra are contained in some apartment. 

3. Given two apartments X and X’ and polyhedra o,o’ € X N X’, there exists an 
isomorphism of X onto X’ which keeps ø, o” pointwise fixed. 


See [55] for more detail and examples. When n = 2, P is given by a compact 
polygon in the hyperbolic plane H such that the angle at each vertex is equal to 
z /m for some integer m, and we get a hyperbolic building of Fuchsian type [22]. 

A natural generalization of spherical buildings is the notion of twin buildings. 
An important example is a pair of spherical Tits buildings associated to one linear 
algebraic group, for example, SL(n, F,[t,t~']). See [1] for the definition and 
applications to S-arithmetic subgroups of linear algebraic groups defined over 
function fields. See [45, 46] for a more geometric group theoretic point of view 
of buildings and Coxeter complexes. 


2.4 Rational Tits Buildings of Linear Algebraic Groups 


As explained before, for any semisimple Lie group G, there is a spherical Tits 
building A(G) that can be related to the geodesic compactification of its symmetric 
space X=G/K. If G is the real locus of a linear algebraic group G C GL(n, C) 
defined over Q with positive Q-rank, then there are several other spherical Tits 
buildings associated with G. They are important for compactifications of locally 
symmetric spaces and in the study of arithmetic subgroups of G(Q) and more 
generally S-arithmetic subgroups of G(Q). 

Let Pg be the set of Q-parabolic subgroups of G, i.e., parabolic subgroups 
defined over Q. Then there is an infinite simplicial complex Ag(G) whose simplices 
op are parametrized by parabolic subgroups P in Po and which satisfies the 
following conditions: 


1. When P is maximal Q-parabolic subgroup, op is a point. 
2. For two Q-parabolic subgroups P4, P2, the inclusion relation P; C Py» holds if 
and only if op, contains op, as a face. 


The simplicial complex Ag(G) is called the Q-Tits building of G. It cannot be 
realized as the boundary of a compactification of X as the Tits building A(G), where 
G = G(R) is the real locus of G, or as a subset of the boundary of a compactification 
of X if the R-rank of G is strictly greater than the Q-rank of G. But Ag(G) can be 
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realized as the boundary of a partial compactification of X, which gives the Tits 
compactification of T \X in [94]. 

The main application of Ag(G) is that Ag(G) naturally parametrizes boundary 
components of partial compactifications of X whose quotients by arithmetic 
subgroups J” C G(Q) are compactifications of locally symmetric spaces "\X. 
See Sect. 6.3. 

For every prime p, let Q, be the field of p-adic numbers. When G is considered 
as a linear algebraic group defined over Q,, the set of parabolic subgroups of G 
defined over Q% gives a spherical Tits building Ag, (G). 

As mentioned before, there is a Euclidean building, the Bruhat—Tits building, 
associated with the p-adic Lie group G(Q,). Denote this building by A®™(G(Q,)). 
We will see below that APT(G(Q,)) can be compactified by adding the spherical 
building Ag, (G) (Proposition 6.25). 


3 Definition of Curve Complexes 


Let Sgn be an oriented surface of genus g with n punctures (or n boundary 
components). In the rest of this paper, we assume that the Euler characteristic 
X(S¢n) is negative so that Sz, admits complete hyperbolic metrics of finite area. 

A simple closed curve c in Sz, is called essential if it is not homotopic to a point 
or a loop around a puncture or a boundary component. 

The curve complex C (Sgn) is a simplicial complex such that 


1. Its vertices are parametrized by homotopy classes of essential simple closed 
curves [c] in Sgn. 

2. Homotopy classes [co], [c1],--- , [ck] form the vertices of a k-simplex if and only 
if they are pairwise distinct and admit disjoint representatives. 


If we put a complete hyperbolic metric of finite area and with geodesic boundary 
on Sgn, then the homotopy class of each essential simple closed curves in Sgn 
contains a unique simple closed geodesic, and hence the vertices of C(S¢) 
corresponds to simple closed geodesics of the hyperbolic metric. 

The simplest example is C(S1,1). Let Xı,ı be a hyperbolic surface of genus 1 
with one puncture. In this case, for every simple closed geodesic of % 1, there 
is no other simple closed geodesic that is disjoint from it. Therefore, C (S11) is a 
countable collection of points and can be identified with the rational boundary points 
QU {00} of the upper half-plane H?. For the surface S11, a slight modification gives 
an interesting complex C,(S;,;). The vertices of Cı ($1,1) still correspond to simple 
closed geodesics y in X11, and k + 1 simple closed geodesics y1,--- , Yk+1 form 
the vertices of a k-simplex if and only if for every pair of distinct geodesics y; and 
Yj, the intersection number ı(y;, yj) = +1. Then the 1-skeleton of Cı ($1,1) can 
be identified with the Farey graph, whose vertices are numbers in Q U {oo}, the 
vertex Oo is joined to every integer n, and two points = and = in reduced form (i.e., 
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the numerators and denominators do not contain common primes) are connected by 
an edge if and only if ry — sx = +1. The simplicial complex C; (S11) gives an 
ideal triangulation (or tessellation) of the upper half plane H?, which is equal to the 
Farey tessellation, and hence Cı ($1.1) is contractible. (It should be emphasized that 
a general curve complex Cı (Sgn) is not contractible, and its nontrivial homotopy is 
used crucially to prove that the mapping class group Modg,, is not a virtual Poincaré 
duality group. See Sect. 7.9 below.) 

In the general case, C (Sgn) is fairly complicated and there is no simple geometric 
model. For example, it is not locally finite in general. It is not locally finite because 
the complement of a simple closed curve on a surface contains infinitely many 
homotopy classes of essential simple closed curves except in some special cases 
(the torus with at most one hole or the sphere with at most four holes). Note that 
C(Sj,1) is a disjoint union of countably many points and hence is locally finite. But 
the non-locally finiteness phenomenon can be seen in the above example Cı (S11) 
already. One way to see this is to note that SL(2, Z) acts on the upper half plane, 
the Farey tessellation and the Farey graph. Each vertex of Cı(S1,1) has an infinite 
stabilizer in SL(2, Z), which permutes the 2-simplices that contain the vertex, and 
hence there are infinitely many edges of C,(S,;) out of each vertex, and Cı ($1,1) is 
not locally finite. 

The curve complex is not “homogeneous” in general as in the case of buildings. 
We will discuss some of its properties later. 

Compared with the definition of the spherical Tits building A(G), this suggests 
that a homotopy class [c] of essential simple closed curves plays a role similar to 
the one of a maximal parabolic subgroup, and a simplex of C (Sgn) plays the role of 
a parabolic subgroup. More specifically, we have the following similarities: 


1. The boundary components of the Borel—Serre partial compactification of a 
symmetric space X are parametrized by proper Q-parabolic subgroups of G, and 
maximal boundary components correspond to maximal Q-parabolic subgroups. 
On the other hand, the boundary components of an analogous Borel—Serre partial 
compactification of the Teichmüller space 7, , or of the completion of 7,,, in the 
Weil—Petersson metric are parametrized by simplices of C (S; n), and the maximal 
boundary components correspond to the vertices. (See Sects. 6 and 7 below for 
more details). 

2. For every Q-parabolic subgroup P of G, there is an associated Langlands 
decomposition of X. When P is a minimal Q-parabolic subgroup, it is reduced 
to the Iwasawa decomposition of X (or rather of the Lie group G). On the other 
hand, for every top dimensional simplex of C (Sgn), there is a Fenchel—Nielsen 
coordinate system (or decomposition) of Tg n. 


It is easy to see that the maximal number of homotopy classes of essential simple 
closed curves with disjoint representatives is equal to 3g —3 +n. Therefore, C (Sgn) 
has dimension 3g — 4 + n. Simplices of C (Sgn) with dimension equal to 3g — 4+ n 
play a similar role as minimal parabolic subgroups. 
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There are also several other related complexes. 


1. The arc complex for surfaces with at least one puncture or boundary component 
in [66, 67, 106]. The topology of the arc complex at infinity is closely related to 
the topology of the curve complex C (Sg n) [67, Theorem 3.4]. The arc complex is 
used crucially in obtaining a Mod, ,,-equivariant cell decomposition and a spine 
of optimal dimension of 7g „n when n > 0 [67, Theorems 1.3 and 2.1]. 

2. The Torelli curve complex in [51] (see also [101]), its vertices are homotopy 
classes of separating simple closed curves of S, and bounding pairs of curves. 
It plays a similar role for the Torelli group as the curve complex C (Sgn) for 
the mapping class group Mod,.,,,, which is equal to Difft (S en)/ Diff (Sgn) (see 
Sect. 7.5 below). 

3. The pants complex in [74] whose vertices are pants decompositions of Sg n. 
It was originally used to find generators and relations for the mapping class group 
Mod,,,. It was also used to describe the coarse geometry of the Weil—Petersson 
of the Teichmiiller space [33]. (Note that the pants complex is a CW-complex but 
not a simplicial complex.) 

4. The train-track complex in [65, 143]. It was used in [65] to prove quasi-isometric 
rigidity of the mapping class group Mod, ,, (see Proposition 7.15 below). 

5. Sub-complexes of C (Sg n) such as the complex of separating curves [101, 115, 
145] (see also [72]). 

6. The complex of domains and its various subcomplexes [129]. ({129] contains a 
comprehensive list of complexes associated to surfaces.) 

7. A family of complexes related to the curve complex [136]. 


Remark 3.1. A class of groups closely related to arithmetic groups and mapping 
class groups consists of outer automorphism groups Out(F,,) of the free group Fa 
on n generators. There are several candidates for the analogue of the spherical Tits 
building Ag(G) and the curve complex C (Sg n). They are infinite simplicial com- 
plexes on which Out(F,,) acts simplically, and they are also homotopy equivalent to 
a bouquet of spheres. See [75, 88, 99]. 


4 Geometric and Topological Properties of Buildings 


As mentioned in the introduction, the original motivation of Tits buildings is to give 
a geometric interpretation of exceptional Lie groups and hence to construct their 
analogues over finite fields. Their geometric and topological structures have been 
used for various applications, some of which will be explained in this paper. 

First, we define canonical metrics on buildings, their diameters, and curvature 
properties. Then we state the Solomon-Tits Theorem which determines the topology 
of buildings. Finally, we explain a relation between Euclidean buildings and 
spherical buildings. 

Recall that a geodesic segment in a metric space (M,d) is an isometric 
embedding y : [a,b] ~ M. (M, d) is called geodesic metric space if every two 
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points in M are joined by a geodesic segment. M is called geodesically complete 
if every geodesic segment in M, y : [a,b] — M, can be extended infinitely 
in both directions to a map y : (—oo,+00) such that for any t € (—oo, +00), 
when |t — ¢’| is sufficiently small, d(y(t’), y(t)) = |t — t'|, i.e., it is only locally 
distance minimizing. Note that this is different from the notion of a complete 
geodesic metric space. Clearly, any complete Riemannian manifold is geodesically 
complete. On the other hand, any Riemannian manifold with nonempty boundary is 
not geodesically complete, since a geodesic segment perpendicular to the boundary 
cannot be extended. 


Proposition 4.1. Every spherical Tits building A admits a metric such that 


1. Its restriction to each apartment is isometric to the unit sphere S’—' in R", where 
r is the rank of the building, i.e., the number of vertices of the top dimensional 
simplices, 

2. It is a complete geodesic metric space, 

3. It is geodesically complete. 


This metric is called the Tits metric. If A = A(G), then G acts simplicially and 
isometrically on A(G). 


The idea of the proof is as follows. By definition, each apartment of A is a 
finite Coxeter complex, which is a triangulation of the unit sphere S’~!. The metric 
on S’—! induces a geodesic metric on each apartment. The axioms for buildings 
show that the metrics on all the apartments are compatible, for example agree on 
intersection, and can be patched together to form a metric on A. Since all apartments 
are isometric and can be mapped isometrically from one to another, it can be shown 
that A is a geodesic metric space. Since each apartment is geodesically complete, it 
can be shown similarly that A is also geodesically complete. 


Proposition 4.2. For every spherical Tits building A, its diameter with respect to 
the Tits metric is equal to 21. 


Proof. It is clear that the diameter of every apartment is equal to 27r. Since every 
two points of A are contained in an apartment, the diameter of A is less than or 
equal to 27. Since any apartment can be retracted to a fixed apartment, it can be 
shown that each apartment is a totally geodesic subspace and hence the diameter of 
A is equal to 27. 


Proposition 4.3. Every Euclidean building A admits a metric such that 


1. Its restriction to each apartment is isometric to the Euclidean space R", where r 
is the rank of the building, i.e., r is equal to the dimension of the top dimensional 
simplices of A, or equivalently, r + 1 is the number of vertices of the top 
dimensional simplices of the Euclidean building A,° 





3It might be worthwhile to emphasize that the rank of a spherical Tits building in Proposition 4.1 
is equal to 1 plus the dimension of the top dimensional simplices. This convention is different 
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It is a complete geodesic metric space, 

It is geodesically complete, 

4. With respect to this metric, A is a CAT(0)-space in the sense that every two 
distinct points are connected by a unique geodesic, and every triangle in A is 
thinner than the corresponding geodesic in R" of the same side lengths. 


ve 


This metric is called the Tits metric. If A = A®™(G), the Bruhat-Tits building of 
a linear semisimple algebraic group defined over a non-Archimedean local field k, 
then G(k) acts isometrically on A. 


See [2] for more details and also [30] for a general discussion on CAT(0)-spaces. 


Corollary 4.4. The diameter of any Euclidean building with respect to the Tits 
metric is infinite. 


Proof. This follows from the fact that every apartment is a totally geodesic subspace 
and hence has infinite diameter. 


Proposition 4.5. Every hyperbolic building A admits a metric such that 


1. Its restriction to each apartment is isometric to the hyperbolic space H”, 

2. It is a complete geodesic metric space, 

3. It is geodesically complete, 

4. With respect to this metric, A is a CAT(-1)-space in the sense that every two 
distinct points are connected by a unique geodesic, and every triangle in A is 
thinner than the corresponding geodesic in H” of the same side lengths, 

5. it has infinite diameter. 


This metric is called the Tits metric on A. 


Recall that a geodesic metric space is called a 5-hyperbolic space if for every 
triangle in the space, any one side is contained in the 5-neighborhood of the 
union of the other two sides. It is known that the real hyperbolic space H” is 
6-hyperbolic. More generally, every simply connected Riemannian manifold with 
sectional curvature bounded from above is also é-hyperbolic, and every CAT (—1) 
geodesic metric space is é-hyperbolic. Every metric tree is 0-hyperbolic (i.e., 
6-hyperbolic, where 6 = 0.) Note that every metric space with a finite diameter 
is automatically hyperbolic for trivial reasons. On the other hand, when n > 2, R” 
is not 6-hyperbolic. 


Corollary 4.6. Every hyperbolic building is 5-hyperbolic. 





from the convention of rank of Euclidean buildings here. Roughly speaking, the reason for these 
conventions is that the rank of buildings should be equal to the rank of the algebraic groups 
which define them. For example, a simple algebraic group over R of rank | gives a 0-dimensional 
Tits building, and a simple algebraic group defined over a p-adic number field of rank 1 gives a 
1-dimensional Euclidean building. Both buildings are defined to have rank 1. Another reason for 
such conventions is that for each Euclidean building of rank r, there is a spherical building of the 
same rank r which can be added to the infinity of the Euclidean building. See Sect. 6.8 below. 
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Proposition 4.7. For a Euclidean building A, if its rank is equal to 1, then it is a 
tree and is a 5-hyperbolic space, otherwise it is not a -hyperbolic space. 


Proof. The first statement was mentioned earlier, and the second statement follows 
from the fact that for any 5-hyperbolic space, any totally geodesic subspace is also 
6-hyperbolic. (Recall that a subspace Y of a geodesic space X is called a totally 
geodesic subspace if for any two points x,y € Y, any geodesic segment in X 
connecting x and y is contained in Y.) 


The topology of spherical buildings is given by the Solomon-Tits Theorem [2]. 


Proposition 4.8. Let A be a spherical Tits building of rank r. Then A is homotopy 
equivalent to a bouquet of spheres S'~!. If A = Ag(G), then the bouquet contains 
infinitely many spheres. 


Basically, fix one simplex o in A, then A is the union of apartments containing o. 
Each apartment is homotopy equivalent to a sphere, and this union gives the 
bouquet. When A = Ag(G), there are infinitely many Q-parabolic subgroups and 
hence there are infinitely many spheres in the bouquet. 

On the other hand, the topology of Euclidean and hyperbolic buildings is trivial, 
i.e., they are contractible. 


Proposition 4.9. Euclidean buildings and hyperbolic buildings are contractible. 


Proof. By Proposition 4.3, every Euclidean building A is a CAT(0)-space. Fix a 
base point x9 € A. Then any other point x € A can be connected to xo by a 
unique geodesic, and deformation retraction along such rays from xo shows that A 
is contractible. Since a CAT(-1)-space is also a CAT(0)-space (or by Proposition 
4.5), the same proof works for hyperbolic buildings. 


5 Geometric and Topological Properties of Curve Complexes 


The curve complex C (Sg n) has some properties that are similar to all three types of 
buildings in the previous subsection. 

We can put a metric on C(S,,,) by making each simplex a standard Euclidean 
one with side length 1. 


Proposition 5.1. C(S,,,) is a complete geodesic space, i.e., it is a geodesic space 
and is complete as a metric space. 


To prove this proposition, we need mapping class groups and their actions on 
C(S¢n). Let Diff” (Sgn) be the group of orientation preserving diffeomorphisms 
of Sgn, and Diff°(S gn) its identity component, which is a normal subgroup. 
Diff” (Sgn)/ Dif (S g.n) is called the mapping class group of Sg „n and denoted by 
Mod,,,. A closely related group is the extended mapping class group Mod, = 
Diff(S¢n)/ Diff® (Sg n), where Diff(S,_,) is the group of all diffeomorphisms of Sgn 
including both orientation preserving and orientation reversing diffeomorphisms. 
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When 3g — 3 +n > 2, for any essential simple closed curve c on Xg n, there 
are infinitely many essential simple closed curves that are disjoint from c and not 
homotopy equivalent to c. This implies that the curve complex C (Sgn) is not locally 
finite. Gluing up the metrics on the simplices certainly gives a metric on the space, 
but it is not obvious why it is a geodesic metric, i.e., every two points are connected 
by a geodesic segment. This follows from a theorem on metric simplicial complexes 
in [29, Theorem 1.1]. 


Proposition 5.2. If K is a metric simplicial complex with only finitely many 
isometry types of simplices, then the metric on K glued up from the metrics of the 
simplices is a complete geodesic metric space. 


To apply Proposition 5.2 to prove Proposition 5.1, we need to show that C (Sgn) 
has a large symmetry group. 


Proposition 5.3. The mapping class group Mod, n and the extended mapping class 





group Mod;,, act simplicially and isometrically on C(Sgn) with respect to the 
metric which is glued up from the simplices, and the quotients Modg»\C(S¢n) and 


Mod;,, \C (Sgn) are finite complices. 


Proof. Since diffeomorphisms of Sg „ map simple closed curves to simple closed 
curves, preserve the homotopy classes, and preserve existence of disjoint represen- 
tatives, it is clear that Mod,,, acts simplicially on C(S¢,,). Since a top dimensional 
simplex of C (Sg n) corresponds to a pants decomposition of Sg n, the statement that 
Modg,\C(S'z,) is a finite complex is equivalent to the statement that there are only 
finitely many nonisomorphic pants decompositions of S „n. The latter is reduced to 
finiteness of homotopy classes of trivalent graphs on the surface. See [40, Sect. 3.5] 
for detail. The proof for Mody, is the same. 





Proof of Proposition 5.1. 


By combining Propositions 5.2 and 5.3, we can see that C (Sg n) is a complete 
geodesic space. (Proposition 5.1 was known and stated in [132, p. 1007].) 


Remark 5.4. Since the curve complex C (S; n) is a thick chamber complex if g > 2 
[69, Proposition on page 266] in the sense that every co-dimension | simplex is 
contained in at least three top dimensional simplices, it might be reasonable to 
conjecture that C (Sg n) is a geodesically complete metric space, i.e., every geodesic 
segment in it can be extended infinitely in both directions. 


An important metric property of C (Sg n) is the next result [127, Theorem 1.1, 
Proposition 4.6]. 


Proposition 5.5. The curve complex C(S¢gn) is a -hyperbolic space of infinite 
diameter. 


For simplified proofs, see [23—25, 63,64]. As a -hyperbolic space, C (Sgn) has a 
boundary ðC (Sz n), which is similar to the geodesic boundary X (oo) of a symmetric 
space of noncompact type mentioned earlier and consists of equivalence classes of 
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quasi-geodesics. (Note that for a proper 6-hyperbolic space, the boundary can also 
be defined as the set of equivalence classes of geodesics [98, Proposition 2.10].) 


Proposition 5.6. The boundary ƏC (S; n) is naturally homeomorphic to the space 
EL(S¢n) of laminations of Sg which are filling and minimal (every leaf is dense in 
the support). 


For every complete hyperbolic metric of finite volume on Sgn, a geodesic 
lamination is a closed subset which is a disjoint union of complete simple geodesics. 
A geodesic lamination is called filling if it intersects every simple closed geodesics. 
The set of filling geodesic laminations has a natural topology. It is known that 
different choices of hyperbolic metrics on Sg „n give rise to homeomorphic spaces 
of filling geodesic laminations. Therefore, for the surface Sg „n of negative Euler 
characteristic, there is a well-defined space of filling laminations up to homeomor- 
phism, denoted by EL (Sgn) in the proposition. Proposition 5.6 is due to Klarreich 
[103]. See also [63] for a proof. 

A large scale invariant of a noncompact metric space is the asymptotic dimen- 
sion introduced by Gromov. Another large scale invariant (or rather property) is 
Property A, which is a weak amenability-type condition. See [140] for definition. 


Proposition 5.7. The asymptotic dimension of C (Sg n) is finite and has Property A. 


The former was proved in [8] and the latter in [100]. For some results on the 
quasi-isometry type of C (Sg, n), see [148]. 
The homotopy type of C (Sg n) was determined in [67] (see also [66] and [80]). 


Proposition 5.8. The curve complex C(S¢n) is homotopy equivalent to a bouquet of 
spheres S*, where d = 2g—2 = —y(Sz) ifn = 0, d = —x(Sgn)—-1 = 2g8—3 +n 
ifg > landn > 0, andd = —y7(Son) -2 =n—-4ifg =0. 


The natural question on how many spheres in the bouquet was answered in [86]. 


Proposition 5.9. The curve complex C (S n) has infinite topology, i.e., the bouquet 
of spheres in Proposition 5.8 contains infinitely many spheres. 


Propositions 5.8 and 5.9 are an analogue of Solomon-Tits theorem for spherical 
buildings (Proposition 4.8). 


Remark 5.10. Apartments are special and important subcomplexes of buildings and 
they explain easily the Solomon-Tits theorem. Though the curve complex C(S¢n) 
share many properties with buildings, one important difference or rather a mystery is 
that inside C (S n), in general, there are no known corresponding distinguished finite 
subcomplexes whose underlying spaces are spheres or are homotopy equivalent to 
spheres. 

In the special case g = 2,n = 1, spheres in C(S,,,) that generate the top 
dimensional homology group have been constructed in [31, Sect. 4.3]. There are 
also some candidates of spheres in C (Sg n) when n = 1 in [31, Sect. 4.3]. 

It might be helpful to note that C(S,,,) contains many infinite subcomplexes 
corresponding to the curve complexes of sub-surfaces of S „n. These subcomplexes 
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have played an important role in understanding the large scale geometry of C (Sgn) 
and Tgn in [125, 126]. 


6 Selected Applications of Buildings 


There are many applications of buildings. We select some which are similar to 
applications of curve complexes discussed below for the purpose of comparison. 
For more applications of buildings, see [87]. 


6.1 Automorphism Groups of Buildings 


One reason why buildings are useful in geometry and topology is that they are rigid 
and also admit a large symmetry group. 

We state briefly several general results for spherical Tits buildings. For the precise 
statements, see [166, 5.8, 5.9, 6.3, 6.13, 8.4.5, 9.1, 10.2]. 

Recall that a building is called thick if every simplex of codimension 1 is 
contained in at least three top dimensional simplices. 


Proposition 6.1. Every thick irreducible spherical Tits building of rank at least 3 
is the spherical building of a linear semisimple algebraic group. 


Proposition 6.2. If A(G) and Ag: (G’) are irreducible thick spherical Tits build- 
ings of rank at least 2 associated with linear semisimple algebraic groups G and G' 
defined over fields k and k’, respectively, then any isomorphism between A(G) and 
Ax: (G’) is essentially determined by an isomorphism between the algebraic groups 
G and G’ and an isomorphism between k and k’. 


See also [138, Theorem 16.1, Corollary 16.2]. 


Corollary 6.3. If A(G) is an irreducible thick spherical Tits building of rank at 
least 2 associated with a semisimple linear algebraic group defined over a field k, 
then any automorphism of A,(G) is essentially induced by automorphisms of the 
group G and the field k. 


6.2 Mostow Strong Rigidity and Generalizations 


One major application of Tits buildings is Mostow strong rigidity (also called 
Mostow-Prasad strong rigidity) for locally symmetric spaces [138, 144]. 

Let X = G/K be asymmetric space of noncompact type. Any discrete subgroup 
I’ C G acts properly on X and the quotient "\X is called a locally symmetric 
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space. The invariant metric on X defines an invariant measure on X which induces 
a measure on I"\X. T is called a lattice if the volume of "\X with respect to 
the induced measure is finite. If G = G(R) is the real locus of a linear semisimple 
algebraic group and J” C G(R) is an arithmetic subgroup (see the next subsection 
for a precise definition), then J” is a lattice in G, by the reduction theory of 
arithmetic subgroups. 

A locally symmetric space "\X is called irreducible if no finite cover splits 
isometrically as a product. 


Theorem 6.4 (Mostow strong rigidity). Let [\X and T'\X' be two irreducible 
locally symmetric spaces of finite volume. Assume that one of the symmetric spaces 
X and X' is not isometric to the hyperbolic plane H’, and F and T” are isomorphic 
as abstract groups. Then T \X and T'\X' are isometric after suitable scaling of 
metrics on irreducible factors of X and X’. 


We note that if I” is torsion-free, then T acts on X fixed-point freely, and "\ X 
is a manifold and its fundamental group 2; (J"\X) is equal to I”. Otherwise, "\X 
is an orbifold, and its fundamental group as an orbifold is equal to I’. Mostow 
strong rigidity says roughly that if a locally symmetric space of finite volume is not 
a hyperbolic surface, then its isometry type is determined by its fundamental group. 

The proof in [138] depends on the rank of X and works under the assumption 
that [\X and I”’’\ X’ are compact. The basic idea is that an isomorphism between 
T and T” induces an equivariant quasi-isometry between X and X’. When the rank 
of X is at least 2, it induces an isomorphism between the Tits buildings A(X) and 
A(X’), which are of rank at least 2, and the rigidity of Tits buildings in Sect. 6.1 
implies the desired rigidity. The rank | case requires a different proof that involves 
quasi-conformal maps and ergodic actions of lattices on the sphere X (00), which is 
areal analytic manifold in this case. 

The remaining cases where "\X and T’\X’ are noncompact were proved in 
[144] when the rank of X is equal to 1, and in [123] when the rank of X is at least 2. 


Remark 6.5. Since the original proofs in [138], there have been several different 
proofs of Mostow strong rigidity. When the locally symmetric spaces are irreducible 
and the covering symmetric spaces are of rank at least 2, the result also follows from 
the stronger super-rigidity of Margulis [124]. When F \X and I”’’\ X’ are compact, 
there are also proofs of Mostow strong rigidity in some cases by the method of 
harmonic maps (see [59] for a summary and references). 

When the rank of X is equal to 1, in particular when X is the real hyperbolic 
space, there are at least two completely new proofs: 


1. A proof by Gromov using the notion of simplicial volume and the fact that 
the simplicial volume of a finite volume hyperbolic manifold is proportional 
to the volume of the hyperbolic metric. See the books [10, 149] for detailed 
descriptions. 
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2. A proof in [13] using the notion of barycenter map that characterizes locally 
symmetric spaces among compact negatively curved Riemannian manifolds in 
terms of minimal entropy. 


There are also proofs in [84, 165] of Mostow strong rigidity for hyperbolic spaces 
using quasi-conformal maps that generalize and simplify the original proof in [138]. 


Mostow strong rigidity has been generalized in several different ways. One 
generalization in [4] replaces one locally symmetric space, say I”’\ X’, by a compact 
Riemannian manifold M’ of nonpositive curvature, and still concludes that if l \X 
and M’ are homotopy equivalent, "\X is irreducible and X is of rank at least 2, 
then M’ is also a locally symmetric space isometric to \X after a scaling of the 
metric. A further generalization in [109] replaces the above Riemannian manifold 
M’ by a geodesically complete metric space whose universal covering space is a 
CAT(0)-space without changing the above conclusion. For this generalization, the 
following characterization of symmetric spaces of noncompact type and Euclidean 
buildings was proved in [109, Main Theorem 1.2]. 


Proposition 6.6. Let X be a locally compact geodesically complete CAT(0)-space. 
Let drits be the Tits metric on X (oo). If (X (00), drits) is isomorphic to a connected 
thick irreducible spherical building of rank at least 2 with the Tits metric, then X is 
either a Riemannian symmetric space of noncompact type or a Euclidean building. 


Another type of rigidity problems concerns the characterization of locally 
symmetric spaces in terms of intrinsic geometric properties. For example, the 
rank rigidity of nonpositively curved Riemannian manifolds in [3, 38] says that 
any irreducible nonpositively curved Riemannian manifold M of finite volume 
with rank at least 2 is a locally symmetric space. The proof of [38] consists of 
two steps: 


1. The construction of a topological Tits building structure on M (co), where M is 
the universal covering space of M, 
2. The use of rigidity and classification of topological buildings in [39]. 


All these rigidity results have one thing in common: the asymptotic geometry of 
the spaces at infinity is described by Tits buildings, and rigidity of Tits buildings 
implies the desired rigidity of the spaces. 


6.3 Compactifications of Locally Symmetric Spaces 


Let G C GL(n, C) be a linear semisimple algebraic group defined over Q, and G = 
G(R) = GN GL(n, R) the real locus, a real Lie group with finitely many connected 
components. Let K C G be a maximal compact subgroup. Then X = G/K with 
an invariant metric is a symmetric space of noncompact type. Let G(Q) = GN 
GL(n, Q) be the rational locus of G. A subgroup I” C G(Q) is called an arithmetic 
subgroup if it is commensurable with G(Z) = G(Q)NGL(n, Z), i.e., l NG(Z) has 


Curve Complexes Versus Tits Buildings: Structures and Applications 113 


finite index in both I” and G(Z). By the reduction theory of arithmetic subgroups, it 
is known that "\ X has finite volume and "\ X is compact if and only if the Q-rank 
ro(G) of G is equal to 0, which is equivalent to the condition that there is no proper 
Q-parabolic subgroup of G. 

For the rest of this subsection, we assume that \X is noncompact unless 
otherwise indicated and let Pg be the collection of proper Q-parabolic subgroups 
of G. 

For various applications, we need to compactify I”\ X . We will discuss one here. 
See [19] for other motivations and applications. 

For any discrete group I”, there is a classifying space BI” which is a CW- 
complex satisfying the conditions: 7;(BI") = I’ and m;(BI) = {1} wheni > 2. 
Such a space BI” is unique up to homotopy equivalence. Its universal covering 
space ET’ = BT is a universal space for proper and fixed point free actions of I’. 
ET is a I'-CW complex characterized by the conditions: (1) I” acts properly and 
fixed point freely on EJ’, and (2) ET is contractible. 

It is known that if J” contains nontrivial torsion elements, then there does not 
exist finite dimensional BI” or ET spaces. In this case, another important space is 
the universal space for proper actions of I” that is usually denoted by ET" and is 
characterized by the conditions: (1) EI” is a -CW complex and I acts properly 
on it, (2) for any finite subgroup F C I, the fixed point set (EI")’ is nonempty 
and contractible. In particular, E I is contractible. 

If I” is torsion-free, then the only finite subgroup is the trivial one, and an ET- 
space is an E'I"-space. 


Definition 6.7. A classifying space BT is called finite if it is a finite CW-complex. 
Equivalently, EI” is called cofinite if the quotient [\EI = BT is a finite CW- 
complex. Similarly, ET" is called a cofinite universal space for proper actions of I" 
if [\ET is a finite CW-complex. 


For topological problems involving T, in particular cohomological properties 
and invariants of J”, it is important to find explicit and cofinite models of EI” and 
ET [116]. 


Proposition 6.8. Let l C G(Q) be an arithmetic subgroup as above. Then X is an 
ET -space. It is a cofinite ET -space if and only if T\X is compact. 


Proof. It is known that X is a simply connected and nonpositively curved Rieman- 
nian manifold. For any finite subgroup F C I, by the Cartan fixed point theorem, 
the set of fixed points X* is nonempty. In fact, for any point x € X, the so-called 
center of gravity of the orbit F x, which is finite, is fixed by G. Since X” is a totally 
geodesic submanifold, it is also contractible. 

If X is a cofinite EI space, then T \X is compact. Conversely, if \X is 
compact, then the existence of an equivariant triangulation implies that X has the 
structure of a ’-CW-complex such that I"\X is a finite CW-complex. 


When I" is torsion-free, then T\X is a BI-space. Assume that I"\X is 
noncompact. One approach to obtain a compact BT -space is to construct a 
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compactification "\X such that the inclusion \X — I"\X is a homotopy equiv- 


alence. The Borel—Serre compactification rx in [20] satisfies this property. 

For every Q-parabolic subgroup P € Po, let P = P(R) be its real locus, Np be its 
unipotent radical, and Np = Np(R) its real locus. Let Ap be a Q-split component 
of P that is stable under the Cartan involution of G with respect to the maximal 
compact subgroup K of G, and Ap = Ap(R) its real locus. Then P admits a 
Q-Langlands decomposition 


P = NpApMp = Np x Ap x Mp. 


The subgroup Mp is a reductive subgroup and Mp N K is a maximal compact 
subgroup of Mp. The quotient Xp = Mp/Mp N K with an invariant metric 
induced from X is a symmetric space of nonpositive sectional curvature (it might 
contain a flat factor and may not be of noncompact type), and is called the 
boundary symmetric space of P. The Q-Langlands decomposition of P induces 
a horospherical decomposition of X with respect to the Q-parabolic subgroup P: 


X = Np Xx Ap Xx Xp. 


One example to illustrate this is G = SL(2, C), and l = SL(2, Z). Then 


fab x 
P= i(o pi) laeR bert 


is a Q-parabolic subgroup, and 


m= i(i) 1b eR}. a= (oaa) la>, 
Me={(6 h)le=a. 


The boundary symmetric space Xp is one point, and the horospherical decomposi- 
tion of X = H? = SL(2,R)/SO(2) with respect to P is the (x, y)-horospherical 
coordinates of the upper half plane H”. See [19] for more detail. 

For every Q-parabolic subgroup P, define 


e(P) = Np x Xp 


and call it the boundary component of P. 


According to the slightly modified procedure in [19], the Borel—-Serre compacti- 
s 
fication '\X ? is constructed in the following steps. 
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1. For every P € Po, attach the boundary symmetric space e(P) at the infinity 
of X using the horospherical decomposition of X with respect to P to obtain a 
Borel-—Serre partial compactification 


ok =XU IJ ec. 
PEPo 


2. Show that the Borel—Serre partial compactification x is a real analytic 
manifold with corners. Ee 

3. Show that the /’-action on X extends to a proper real analytic action on gX 
with a compact quotient, which is the Borel-Serre compactification of "\X and 


—— BS 

denoted by '\X . 

From the above description, it is clear that the simplices of the Tits building 
Ag(G) parametrize the boundary components of the Borel-Serre compactification 
——_BS 
Tx. 

—— BS 
Corollary 6.9. When T is torsion-free, mX is a finite BT -space. 


Proof. When T is torsion-free, it acts fixed point freely on ax and hence Tx” 
is a real analytic compact manifold with corners whose interior is equal to F \X. 
Then it is clear that the inclusion [\X —> rw is a homotopy equivalence by 
retracting from the boundary faces into the interior. Hence, 1(I1\X 5 = T and 
Ti AX”) = {1} fori > 2, and m is a BI -space. Since a compact manifold 


; : i : BS, ‘ 
with corners admits a finite triangulation, "\X is a finite BI"-space. 





When I" contains torsion elements, the following result was proved in [89]. 


Proposition 6.10. The Borel—Serre partial compactification Pe ai is a cofinite 
ET -space. 


The only non-obvious condition to check is that for any finite subgroup F C I’, 


; — BS, p . ; ae ; "aD 
the fixed point set (QX `)” is contractible. The point is that if F fixes a point in the 
boundary component Np x Xp, then F is contained in P. 
For applications in the next subsection, we note 


Proposition 6.11. The boundary dex is homotopy equivalent to the spherical 
Tits building Ag(G), and hence to a bouquet of infinitely many spheres Stata) 
where ro(G) is the Q-rank of G. 


Proof. Since each boundary space Xp is contractible, and for any two Q-parabolic 
subgroups P4, P2, the inclusion relation P2 C P» holds if and only if Xp, is 
contained in the closure of Xp,, the first statement follows. The second statement 
follows from Proposition 4.8 and the fact that Ag(G) is a spherical building of rank 


ro(G). 
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Remark 6.12. To compare with the two partial compactifications of the Teichmiiller 
space in Sect.7.5, we mention that in the above construction of the Borel—Serre 
compactification, if we replace the boundary component e(P) by the boundary sym- 
metric space Xp, then we obtain the Reductive Borel—Serre partial compactification 


qx = XU [| X. 
PEPQ 


Its boundary decomposes into contractible components Xp and these boundary 
components are also parametrized by the Tits building Ag(G) and its boundary 


ox is also homotopy equivalent to a bouquet of spheres S’°)—!, The T- 


f ; i —;RBS_ . ; 
action on X also extends to a continuous action on oX with a compact quotient 


I ‘ax All these results on the boundaries are similar to the Borel—Serre partial 


: .  — BS f : ; ; —RBS 
compactification @X °° But the difference is that this extended action on QX i 
3 : A —5RBS . 
is not proper any more. The inclusion [\X —> I"\gX is not a homotopy 

—<BS 
equivalence. In some sense, ["\X is a blow-up of the reductive Borel—Serre 


ee: —RBS 
compactification "\gX . 


6.4 Cohomological Dimension and Duality Properties 
of Arithmetic Groups 


Let I” C G(Q) be an arithmetic subgroup as in the previous subsection. Once good 
models of classifying spaces for I” such as BI” and ET spaces are found, they can 
be used to study cohomological properties of I’. 

Recall that for any discrete group I, the cohomological dimension cd(T `) is 
defined by 


cd(I’) = sup{i | H! (T, M) ¥ 0, for some ZI -module M}. 


It is known that if I” contains nontrivial torsion elements, then cd(J”) = +00. 

For any discrete group J" that is virtually torsion-free, i.e., that contains a finite 
index torsion-free subgroup T”, then cd(J”’) is independent of the choice of T” and 
is called the virtual cohomological dimension of I’, denoted by vcd(J’). It is also 
known that for any classifying space BT”, cd(I’) < dim BT”. See [36] for more 
details. 

It is also known that every arithmetic subgroup l C G(Q) is virtually torsion- 
free. Since X is an ET -space for a torsion-free arithmetic subgroup, an immediate 
corollary is the following bound on ved(J"): 


ved") < dim X. 
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The precise value of vcd(J") was determined in [20] using the Borel—Serre partial 


compactification “a and the topology of the spherical Tits building Ag(G). 


Proposition 6.13. The vcd(I”) = dim X — ro(G), where ro(G) is the Q-rank of 
G, i.e., the maximal dimension of Q-split tori in G. 


This was proved together with a stronger result on duality properties of J” in [20]. 
A group T is called a Poincaré duality group of dimension n if for every ZI -module 
M and every i, there is an isomorphism 


HÝ (T, M) = H, (T, M). 


If I admits a BT -space given by a closed orientable manifold of dimension n, then 
P is a Poincaré duality group. But the converse is not true in general. An important 
question is under what further conditions a Poincaré duality group I” admits a closed 
manifold as a BT -space. 

More generally, I” is called a duality group of dimension n if there exists a ZT - 
module D, called the dualizing module, such that for every ZI -module M and 
every i, there is an isomorphism 


Hİ (T, M) = H, (T, D ® M). 


In this case, it is known that cd(T`) = n. 

Since groups I” containing nontrivial torsion elements have cd(J") = +00, they 
cannot be duality groups. On the other hand, if J” admits a finite-index torsion-free 
subgroup that is a duality group, it is called a virtual duality group. Similarly, the 
notion of virtual Poincaré duality group can be defined. 

The stronger result proved in [20] is the following 


Proposition 6.14. Every arithmetic subgroup I C G(Q) as above is a virtual 
duality group of dimension dim X — re, where ro = ro(G). It is a Poincaré duality 
group if and only if rg = 0, i.e., T\X is compact. When ro > 0, the dualizing 
module of I” is equal to the ZI -module Hyg (Ag(G)), where H « is the reduced 
homology group. 


The conclusion that I is a virtual Poincaré duality group if l \X is compact is 
clear since it is a closed orientable manifold if I” is torsion-free. 

Since G(Q) and hence T acts on the set of Q-parabolic subgroups of G and hence 
on the spherical Tits building Ag(G), for every i, Hj(Ag(G)) is a Zr -module. 
By Proposition 4.8, the reduced homology of Ag(G) is non-zero in only the degree 
ro(G)- 1. 

The basic idea of the proof of Proposition 6.14 is as follows. Assume that I” 
is torsion-free and I"\X is noncompact. Then Tx is a finite BI -space and 


ox is a cofinite ET -space. By general results for cohomology of groups [36, 
Propositions 7.5 and 8.2, Theorem 10.1], it suffices to show that H'(,ZI) = 


Hi Gx 2) is not zero only when i = dim X — ro(G), where H! Gx 2) 
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denotes the cohomology group with compact support. By Poincaré-Lefschitz 
duality, 


. — BS — >BS .—;BS 
Hi (QX ,Z) = Ha- (QX , 0g X ), 


where d = dim X. Since ox is contractible, 





BS BS BS 
Ha—i (QX ,ðQX  )& Ha-i-1(0QX -), 


where H» is the reduced homology. By Proposition 6.11, the latter is not zero if 
and only if d — i — 1 = rg(G) — 1, i.e., i = d — ro(G). This proves that I 
is a duality group of dimension d — rg(G) and the dualizing module is equal to 
H d-re(G)(AQ(G), Z). 


6.5 Simplicial Volumes of Locally Symmetric Spaces 


An important homotopy invariant of manifolds is the simplicial volume introduced 
by Gromov [58]. 

Suppose that M is a connected oriented compact manifold of dimension n, let 
[M] be the fundamental class in H, (M, R), or rather the image of the fundamental 
class in H, (M, Z) under the natural map H, (M, Z) > H,,(M,R). For each n-chain 
c = } „40 with R-coefficients, where o are n-singular simplices, define the 


simplicial £'-norm 
llel = >> lol. 
o 


Then the simplicial volume of M , denoted by || M ||, is defined by 
||M ||=inf{||c||1|¢ is an n-chain with R-coefficients in the fundamental class [M ]}. 


If M is a connected non-orientable manifold, then let M be its double cover and 
define ||M || = 1M ||. If M is an oriented orbifold, then it has a fundamental class 
and hence the usual notion of simplicial volume. If M admits a finite smooth cover 
N, then it also has a orbifold simplicial volume ||M lon = ||N||/d, where d is 
the degree of the covering N — M. It follows from the multiplicative property of 
simplicial volumes of manifolds that || M ||orb is independent of the choice of a finite 
smooth cover N. It is known that 


[IM lor = ||! ||, 


and the strict inequality can occur. See [91] for details. 

Assume that M is a connected orientable noncompact manifold of dimension n. 
Let H!'(M,R) be the locally finite homology group of M. Let [M]Ë be the 
fundamental class in H}'(M, R). For any locally finite n-chainc = $`, ao, define 
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the simplicial norm ||c||1 = >>, |o| as above. Recall that a chain is locally finite 
means that every compact subset of M meets the images of only finitely many 
singular simplices ø in the chain. Hence, ||c||; could be equal to infinity. 

The simplicial volume || M|| of a noncompact manifold M is defined by 


||! || = inff{||c||; | c is a locally finite n-chain in the fundamental class [M ]®}. 


One of the motivations of Gromov to introduce the simplicial volume was to 
give a lower bound on the minimal volume of a manifold M . Consider all complete 
Riemannian metrics g on M whose sectional curvature K(g) satisfies the bound 
|K(g)| < 1 at all points. Let Vol(M, g) denote the volume of M with respect to the 
metric g. Then the minimal volume of M is defined by 


Min-Vol(M) = {inf(Vol(M, g) | all complete metrics g, | K(g)| < 1}. 


Another major application of simplicial volume is a different proof by Gromov 
of Mostow strong rigidity for compact hyperbolic spaces of dimension at least 3 as 
mentioned above. See [10, 149] for detailed discussions. 

A basic result in [58, Sect. 0.5] states that there exists a universal constant Cn 
only depending on the dimension n such that 


Min-Vol(M) > C,,||M||. 


Therefore, a natural problem is to understand when the simplicial volume || M || 
is equal to zero. 

It is known that if a compact manifold M admits a self-map of degree greater 
than or equal to 2, then its simplicial volume ||M || = 0. If a noncompact manifold 
M admits a proper self-map of degree greater than or equal to 2, then ||M|| = 0 
or ||M|| = ++oo. As a consequence, the simplicial volumes of spheres and tori are 
equal to zero. It is also known that the simplicial volume of R” is equal to 0. 

For spaces related to locally symmetric spaces, the following results on simplicial 
volume are known: 


Proposition 6.15. If M is a complete hyperbolic manifold of finite volume, then 
||M|| > 0. More generally, if M admits a complete metric such that its sectional 
curvature K is bounded uniformly between two negative constants, then ||M || > 0. 


This is a result due to Thurston [58, Sect. 0.3]. 


Proposition 6.16. If M = T \X is a compact locally symmetric space of noncom- 
pact type, then ||M|| > 0. 


This was conjectured by Gromov [58, p. 11] and proved in [37, 107]. 


Proposition 6.17. If M = I°\X is an arithmetic locally symmetric space whose 
Q-rank, denoted by rg(G), is greater than or equal to 3, then ||M || = 0. 
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The vanishing result was proved in [114]. In the proof, Propositions 6.9 and 6.11 
are used crucially. Briefly, a vanishing criterion [58, p.58] was applied. In order 
to apply this, a suitable covering of \X with multiplicity at most dim F \X is 


needed. For this purpose, the conditions that the map 2?°(I"\X) = mı (F\x’) > 


m(I\xX) = m x>) is injective and that the virtual cohomological dimension 
of T is at most dim T \ X —2 are needed. Since the virtual cohomological dimension 
of T is equal to dim l \X — ro(G), the condition that rg(G) > 3 is more than 
enough. The assumption that rg(G) > 3 is needed to show that the boundary 


jax which is homotopy equivalent to a bouquet of spheres S2)—!, is simply 
connected. 

If rg(G) = 1, this vanishing result does not hold in general. For example, it 
was proved in [113] that if M is a Hilbert modular variety, then ||M || > 0. Note 
that Hilbert modular varieties are important examples of locally symmetric spaces 
of Q-rank 1. If the rank of X is equal to 1 and FT \X is noncompact, which implies 
that ro(G) = 1, then the sectional curvature of T \X is bounded by two negative 
constants and hence the simplicial volume of I \X is positive [58, Sect. 0.3]. 


Remark 6.18. For any topological space M of dimension n that admits a suitable 
fundamental class in H,,(M, Z) or H}'(M,Z), we can define its simplicial volume. 
We can show that for any arithmetic locally symmetric space "\X of Q-rank at 
least 3, and any irreducible arithmetic locally symmetric space "\ X of Q-rank at 
least 1 and the rank of X at least 2, the simplicial volumes of the reductive Borel- 
Serre compactification and the Baily—Borel compactification (if l \X is Hermitian) 
also vanish. See [91] for details. 


6.6 Asymptotic Cones of Symmetric Spaces and Locally 
Symmetric Spaces 


Buildings also occur naturally in the large scale geometry of symmetric spaces X 
and locally symmetric spaces "\X. 

For any metric space (M, d), choose a basepoint x9 € X. For any € > 0, consider 
the family of pointed metric spaces (M, ed, xo). The limit lim,.9(M, ed, xo), if it 
exists, is called the asymptotic cone (or tangent cone at infinity) of M and denoted 
by Conego(M). There are always ultra limits, which may not be unique. Any 
Conego(M) is a metric cone and does not depend on the choice of the basepoint xo. 

If (M, d) has finite diameter, then Coneso (M ) consists of one point. If M = R” 
with the standard Euclidean metric, then Conego (IR”) is isomorphic to R” due to the 
scaling invariance of the Euclidean metric. On the other hand, if M = H",n > 2, 
Conego(M) is an R-tree that branches at every point. Recall that a usual simplicial 
tree branches only at a discrete set of points on every geodesic. 

The asymptotic cone of a general symmetric space of noncompact type was 
determined in [104]. 
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Proposition 6.19. If X is a symmetric space of noncompact type, then Conego(X ) 
is an R-Euclidean building. 


One application of this result is the quasi-isometric rigidity of symmetric spaces 
[48, 104], which is a generalization of Mostow strong rigidity. 


Proposition 6.20. Let X and X' be two symmetric spaces of noncompact type that 
have no irreducible factors of rank 1. If X and X' are quasi-isometric, then they are 
isometric up to suitable scaling of the metrics on irreducible factors. 


If T cC G(Q) is an arithmetic subgroup and F \X is noncompact, then 
Conego(J"\ X) was determined in [76, 94, 110]. 


Proposition 6.21. If T\X is a noncompact arithmetic locally symmetric space, 
then the asymptotic cone at infinity Cones (T \X) is a metric cone over the finite 
complex \ Ag(G). 


Recall that J” acts on Ag(G) via the action on the set Pg of parabolic subgroups 
of G. By the reduction theory of arithmetic subgroups, there are only finitely many 
T -conjugacy classes of proper Q-parabolic subgroups and hence I"\Ag(G) is a 
finite simplicial complex. 


6.7 Applications of Euclidean Buildings 


In the previous subsections, we have mainly concentrated on applications of 
spherical Tits buildings. Now we briefly consider some applications of Euclidean 
buildings. 

A natural generalization of arithmetic subgroups is the class of S'-arithmetic 
subgroups. Let S = {p,--- , pı, 0}, where pi,--- , pı are prime distinct numbers, 
and Zt, tee, al be the ring of S-integers, denoted by Zs. For any linear 
semisimple algebraic group G C GL(n, C) defined over Q, let G(Zs) = G(Q) N 
GL(n, Zs). Then a subgroup I” of G(Q) is called an S-arithmetic subgroup if it is 
commensurable with G(Zs). 

It is known that under the diagonal embedding, I" is a discrete subgroup of G x 
G(Q,,) x +++ x G(Q,,), where G = G(R) is the real locus of G. 

For each p;, let Ap, be the Bruhat—Tits building of the group G(Q,,). Let 
X = G/K be the symmetric space of noncompact type associated with G as above. 
Define 

Xs = X x Ap, XX Ap,. 


Then T acts properly on Xs, since each G(Q,,) acts properly on A,,. 


Proposition 6.22. Any S-arithmetic subgroup I” acts properly on Xs and Xs is an 
ET -space. 
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The reason is that each A,, is a CAT(0)-space and hence the product Xs is also 
a CAT(0)-space. Since the Cartan fixed point theorem holds for CAT(0)-spaces, for 
any finite subgroup F C I’, the fixed point set (Xs) is nonempty. It is also a totally 
geodesic subspace. 
If the quotient "\Xs is compact, then Xs is a cofinite EJ’-space by [93]. 
Otherwise, we need an analogue of the Borel—Serre partial compactification 
BS 


— — BS 
oXxs = QX x Ap, X+ X Ap, 


on which I" acts properly with a compact quotient. See [89]. 


Remark 6.23. Bruhat-Tits buildings, or rather the Bruhat—Tits theory, have played 
an important role in the representation theory of reductive p-adic Lie groups. 
Due to the lack of knowledge of the author, we only mention one application 
which is connected with the fact that Bruhat—Tits buildings are CAT(0)-spaces. 
In [139], it was proved that for any Bruhat—Tits building A®'(G(k)), and any 
g € Aut(A®"(G(k))), the displacement function 


dg : A®"(G(k)) > Ryo, x > dist(x, gx), 


is a convex function. This has important applications in representation theory. See 
[137] for detail. 


Remark 6.24. On the set of vertices of a Bruhat—Tits building, there is also a 
combinatorial distance, which is induced from the distance on the 1-skeleton of 
the building. This has applications to arithmetic algebraic geometry. In [170], non- 
Archimedean intersection indices on projective spaces over a non-Archimedean 
local field of characteristic zero are expressed in terms of the combinatorial distance 
of the Bruhat—Tits building for G = PGL(n). 


6.8 Compactifications of Euclidean Buildings 


It is clear from the definition that Euclidean buildings are noncompact, since 
each apartment is a closed noncompact subspace. For many purposes, Euclidean 
buildings play a similar role for p-adic Lie groups as symmetric spaces of 
noncompact type for noncompact real Lie groups. There has been a lot of work on 
compactifications of symmetric spaces motivated by applications in group theory, 
geometry, topology, and analysis. See [19] for a history, more details and references. 

By Proposition 4.3, every Euclidean building A is a CAT(0)-space. It is also 
known that a symmetric space of noncompact type with an invariant Riemannian 
metric is a complete nonpositively curved simply connected Riemannian manifold 
and is hence also a CAT(0)-space. This is one important common property shared 
by both Euclidean buildings and symmetric spaces. 
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It is known that for any CAT(0)-space A, its set of equivalence classes of 
geodesics X(oo) forms the geodesic (or visual) boundary of A as in the case of 
a symmetric space in Sect. 2.1. If A is a proper metric space, then there is a natural 
compact topology on A U A(oo) [21,30]. This compactification X U X (oo) is called 
the geodesic compactification. The following result was also proved in [21]. 


Proposition 6.25. (1) If A is a Euclidean building, then its geodesic boundary 
A(oo) has a natural structure of a spherical Tits building. If the rank of A is equal 
to r, then the rank of A(ox) is also equal to r. (2) If A = A®"(G) is the Bruhat- 
Tits building of an algebraic group G over a locally compact local field k, then 
A = APT(G) is locally compact, A(oo) is the spherical Tits building A(G), and 
the geodesic compactification AB" (G) U ABT (G) (co) is contractible. 


This geodesic compactification explains a close relation between spherical and 
Euclidean buildings. 

Suppose Aj, A2 are two locally compact Euclidean buildings. Then there are at 
least two natural compactifications of the product A; x Ap. 

The first one is to take the product of the geodesic compactifications A; U A; (00) 
and A> U A2(00), 


= prod 


A, x A = (A, U A1 (0œ0)) x (42 U 42(00)). 


Note that the product A; x A2 is also a CAT(0)-space. Then the geodesic 
compactiication gives another compactification of A; x Ao, 





A\ x A> U (A, x A2)(00). 


It is clear that these two compactifications are not isomorphic, and each of them 
is natural in its own way. It turns out that the second type of compactifications has an 
application to the Novikov conjecture in geometric topology for certain classes of 
S-arithmetic subgroups of algebraic groups. Let J” be an S-arithmetic subgroup of 
a linear algebraic group as in Sect. 6.7. Assume that J” acts cocompactly on Xs = 
X x Ap, X:+ Ap- By Proposition 6.22, Xs is acocompact universal space for proper 
actions of I", i.e., a cocompact model of ET. Since X is also a CAT(O)-space as 
mentioned above, the product Xs is a CAT(0)-space and hence admits a geodesic 
compactification. The J’-action on Xs extends continuously to the compactification. 
An important point of the geodesic compactification of Xs is that the extended 
action of J” on the compactification is small at the boundary (or infinity). Then it 
follows from a general criterion for validity of Novikov conjectures that the integral 
Novikov conjecture holds for I”. See [92,93] for precise statements of the Novikov 
conjecture and of the criterion and for other details. 

On the other hand, if we take the product compactification of Xs induced 
from compactifications of the factors, i.e., the product of XUX (c0), Ap, UAp, 
(c0), -> , Ap, U Ap, (00), the action of J” might not be small at infinity, and it 
might not be used for proving the integral Novikov conjecture for I". 

Motivated by many different compactifications of symmetric spaces of 
noncompact type (see [19]), there are also corresponding compactifications of 
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Euclidean buildings. As discussed in Sect.2.2, one important feature of rich 
structure of a symmetric space is reflected by the flat subspaces F of maximal 
dimension in X, which determine the Tits building of X. 

There are several ways to understand a compactification X of X , and they can be 
generalized to construct compactifications of Euclidean buildings: 


1. Decompose the boundary X — X into smaller subspaces which enjoy some 
natural structures. 

2. Determine the closure of maximal flat subspaces F in the compactification X 
and the intersection pattern of these compactificed flat subspaces, and recover 
the compactification of X from the compactified flats. 

3. Interpret X as a moduli space of certain objects and the boundary points X — X 
as degenerate objects. 


For the geodesic compactification X U X(oo) in Sect. 2.1, the boundary X (o0) 
is naturally decomposed into simplices and can be viewed as the underlying space 
of the Tits building of X. As pointed out earlier, a geodesic compactification can be 
constructed for every locally compact Euclidean building. 

Another important compactification of X is the maximal Satake compactification 
Kos: which is the maximal element in the partially ordered finite set of Satake 
compactifications of X. See [60]. Each maximal flat F of X has a natural 
decomposition by Weyl chambers and Weyl chamber faces. The closure of F in 


X ne is canonically homeomorphic to a polyhedron, its boundary is a finite cell 


complex dual to the Weyl chamber decomposition, and the compactification XS 
can be constructed by gluing these compactified flats in [60]. 

It turns out a similar construction works for any Euclidean building A by gluing 
polyhedral compactifications of apartments of A. See [108]. 

To explain Satake compactifications of symmetric spaces, we start with a special 
Satake compactification of the symmetric space SL(n, C)/SU(n). Let Hn be the real 
vector space of (n x n)-Hermitian matrices, and P(H,,) the associated projective 
space. Then the map A > AA’ defines an embedding of SL(n, C)/SU(7) into 
P(H,), and the closure of SL(n,C)/SU(n) under this embedding gives a Satake 
compactification. In this case, every point in SL(n,C)/SU(n) corresponds to a 
positive definite Hermitian matrix of determinant | (or equivalently a positive 
definite Hermitian quadratic form of determinant 1), and the boundary points 
correspond to projective classes of degenerate positive semi-definite Hermitian 
matrices. 

For a general symmetric space X =G/K of noncompact type, any finite 
dimensional projectively faithful representation of G gives an isometric embedding 
of X into SL(n, C)/SU(”) for some n, and the closure of X in the above special 
Satake compactification of SL(n, C)/SU(n) gives a Satake compactification of X. 
Though there are infinitely many representations of G, it turns out that they only 
give rise to finitely many non-isomorphic Satake compactifications of X. 

For the Bruhat—Tits building A®"(G) of a reductive algebraic group over a local 
field, the corresponding Satake compactifications have been constructed in [150, 
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151, 171-173]. The paper [150] constructs the compactification by using Berkovich 
analytic geometry over complete non-Archimedean fields, and the paper [151] uses 
irreducible representations of the algebraic group and is more similar to the Satake 
compactifications of symmetric spaces. The construction in [171] is also similar 
to the Satake compactifications of symmetric spaces. Compactifications of some 
special buildings were treated in [172, 173]. 


The boundary OX ax of the maximal Satake compactification is naturally 
decomposed into symmetric spaces of noncompact type of smaller dimension, 
which are naturally parametrized by proper parabolic subgroups of G, where X = 
G/K, or by simplices of the Tits building A(X). Since each boundary symmetric 


space is a cell, this shows that the boundary OX. has a natural cell structure which 
is dual to the Tits building. See [60]. The boundary ax” can also be constructed 


max 
in this way by adding these boundary components using the idea of the Borel—Serre 
compactification of locally symmetric spaces. See [19]. For Bruhat—Tits buildings, a 
similar construction should also work. For the Bruhat—Tits building of PGL(n) over 


a local compact field, such a construction has been carried out in [171]. 


The maximal Satake compactification x. can also be constructed by 
embedding X into the compact space of closed subgroups of G in [60]. A similar 
compactification of Bruhat—Tits buildings has been constructed in [61]. 

An important application of compactifications of symmetric spaces is to har- 
monic analysis on symmetric spaces, for example, determination of the Poisson 
boundary. The analogue of the Poisson boundary of certain Bruhat—Tits buildings 
has been determined in [57]. 


Remark 6.26. For a hyperbolic building A, its geodesic boundary A(oo) has the 
structure of a trivial (or rank 1) spherical building structure, i.e., the top dimensional 
simplices of the building are points. The reason is that the boundary H” (oo) of the 
real hyperbolic space H” has the structure of a rank-1 spherical building. 


7 Applications of Curve Complexes 


In this section, we discuss some applications of curve complexes briefly. In Sect. 7.1, 
we discuss the identification of the automorphism group of C (Sg n) with Mode n, 
which is responsible for several rigidity results for the geometry of Tgn in 
Sect. 7.2. In Sect.7.3, we briefly describe the ending lamination conjecture of 
Thurston on rigidity of 3-dimensional hyperbolic manifolds with a finitely generated 
fundamental group and its formulation in terms of the boundary 3C (Sgn) of C (Sgn) 
as a 6-hyperbolic space. This is probably one of the most striking applications 
of the curve complex C(S,,,). In Sect. 7.4, we discuss an application to quasi- 
isometric rigidity of Mod,,,. In Sect. 7.5, we describe several different notions of 
the Novikov conjectures and an application of the curve complex to finiteness of the 
asymptotic dimension of Mod,,,. In Sect. 7.6, we mention an application to non- 
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Gromov-hyperbolicity of the Weil-Petersson metric of Tg n. In Sect. 7.7, we define 
the Hempel distance of a Heegaard splitting via the image of Heegaard diagrams 
in C(S,). After these applications to 3-dimensional manifolds, we describe the 
Borel-Serre partial compactification of Tz, via C(Sg n), the original motivation of 
introducing C (Sg n). Cohomological properties of Modg,, are studied in Sect. 7.9. 
The asymptotic cone at infinity of M,_, is described in Sect. 7.10 and the simplicial 
volume of Mg, is discussed in Sect.7.11. In the last Sect.7.12, we mention 
applications of C(S,,,) to classification of elements, presentations and unitary 
representations of Mod,,,. 


7.1 Automorphism Groups of Curve Complexes 








n > Aut(C (Sg n)), where Aut(C(S,,)) is the 
simplicial automorphism group of C (Sg, n). It turns out that the image is essentially 
the whole automorphism group [81, 105], [117, Theorem, p. 7]. 


Proposition 7.1. (1) If the dimension of C(S¢n) is at least 1 and (g,n) # (1,2), 
then the map Mod;,, — Aut(C(S¢n)) is surjective. (2) When (g,n) = (1,2), the 
image of the map Modg, — Aut(C (Sg n)) contains all automorphisms of C(S\2) 
that preserve vertices represented by separating curves. Furthermore, this map is 
injective and the image has index 2 in Aut(C (Sg n)). (3) When Sgn is not a torus 
with 1 or 2 punctures, or a sphere with at most 4 punctures, or a closed surface of 


genus 2, then the map Mods, — Aut(C (Sg n)) is an isomorphism. 


As mentioned in Sect. 5, the extended mapping class group Mod; acts on C(Sg,n) 
simplicially. This defines a map Mod- 


This is an analogue of Corollary 6.3 for Tits buildings and can be used to prove 
several rigidity results in the next subsection. 


Remark 7.2. There are several related results on rigidity of simplicial maps of 
C(S¢n) which imply co-Hopfian property of the mapping class group Modg., 
[9,79, 162]. Some quasi-isometric embeddings of curve complexes are constructed 
in [147], which lead to some new quasi-isometric embeddings between mapping 
class groups. 


Remark 7.3. A closely related result on the simplicial automorphism group of an 
arc and curve complex of a surface is proved in [106]. The automorphism group of 
a pants complex of a surface is determined in [122]. 


Remark 7.4. The paper [17] studies the automorphism group Aut(C(S en)) Of the 
profinite completion of the complex of curves C (S, n) and compares it with the 
Grothendieck—Teichmiiller group. It also shows that Aut(C (Sg n)) coincides (apart 
from two low dimensional exceptions) with the automorphism group of Modg n, 


where Mod; n is the profinite completion of the extended mapping class group 
Modș n. 
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7.2 Isometry Groups of Teichmüller Spaces 


Motivated by the proof of Mostow strong rigidity for irreducible compact locally 
symmetric spaces of rank at least 2 via rigidity of Tits buildings, Ivanov [82] gave a 
new proof of the following theorem of Royden [154] by using the rigidity of C (Sgn) 
in Proposition 7.1. 


Proposition 7.5. The Teichmüller metric dye of the Teichmüller space Ten is 
invariant under the natural action of the extended mapping class group Mod. 


If g = 2, or g = l andn > 3, or g = O andn > 5, then Mod; „ is equal to the full 
isometry group Iso(Tg.n, drei). 








The Teichmüller metric is historically the first metric defined on Tgn. It is a 
complete Finsler metric and gives the natural topology on Tgn. The Teichmüller 
space Tan also admits another metric, the Weil—Petersson metric dwp. It is an 
incomplete Kahler metric. Its isometry group was identified in [128]. 


Proposition 7.6. For any Teichmüller space Tg n, the extended mapping class group 
Mod= 
g = l andn > 3, org = O andn > 5, then Mod, is equal to the full isometry 
group Iso(Tg n, dwp). 


is canonically mapped into the isometry group Iso(Tgn, dwp). If g = 2, or 


n 





The idea of the proof, simplified in [174], is similar to the previous proposition 
and can be explained as follows. The completion of Tgn in the Weil—Petersson 
metric is the augmented Teichmiiller space Teni The boundary components of 
Toa are Teichmüller spaces of stable Riemann surfaces of smaller genus with 
more punctures (the same Euler characteristic). These boundary components are 
parametrized by simplices of C (Sg n). Since any isometry of (Tg n, dwp) extends to 
its completion, it induces an automorphism of C (Sgn). Proposition 7.1 implies that 
the isometry is induced by an element of Mod,,,,. 


Remark 7.7. Teichmüller spaces 7, , are the counterpart of symmetric spaces in the 
analogy between Tits buildings and arithmetic groups on the one hand, and curve 
complexes and mapping class groups on the other hand. The above proposition 
shows one difference. Any symmetric space is a homogeneous space and has 
continuous symmetry, but 7, , has only discrete symmetry, which implies that there 
is a uniform lower bound on volumes of ["\7g. Maybe one result to repair this 
difference is that for any symmetric space X, there is a uniform lower bound on 
volumes of all locally symmetric spaces T \X which are quotients of X. 


7.3 Ending Lamination Conjecture of Thurston 


Another generalization of Mostow strong rigidity is the ending lamination conjec- 
ture of Thurston. 
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A special case of Mostow strong rigidity concerns 3-dimensional hyperbolic 
manifolds of finite volume. Let \\H? and M \H? be two hyperbolic manifolds 
of finite volume. If T) & I, then ,\H? and M \R? are isometric. 

On the other hand, the conclusion does not hold if the volumes of I; 1\H? and 
T>\HP are not finite. For example, let l C SL(2,R) be a torsion-free cocompact 
Fuchsian group, i.e., a discrete subgroup such that ”\H? is a compact hyperbolic 
surface ©. Consider I as a discrete subgroup of SL(2,C). Then "\H? is a 3- 
dimensional hyperbolic manifold of infinite volume and is diffeomorphic to X x R. 
There are injective morphisms p : I” — SL(2,C) such that p(1”)\H? is not 
isometric to "\H’, but is still diffeomorphic to X x R. A deformation p(T) of F is 
called a quasi-Fuchsian deformation if p(T) is a quasi-Fuchsian group in the sense 
that the limit set of p(T") in H? (0c) is a Jordan curve and the complement of the limit 
set consists of two simply connected domains 2; and 22. Many quasi-Fuchsian 
deformations of I" have the property that p(J”)\H? is not isometric to \H?. 

In this case, clearly I” and p(J") are isomorphic. Therefore, a direct general- 
ization of Mostow strong rigidity does not hold for infinite volume hyperbolic 
manifolds of dimension 3, i.e., if T 1\H3 and T; > \H? are both of infinite volume, 
then I, & I) does not imply that \H? and M \H? are isometric. (Note that by 
[119, Theorem 8.3], if one of the manifolds I \ H3 and T; > \H? has finite volume 
and I & I>, then the other manifold also has finite volume and hence I} \ H3 and 
I)\HP are isometric.) 

For each quasi-Fuchsian deformation p(T), the noncompact infinite volume 3- 
dimensional hyperbolic manifold p(J”)\H? has two ends* and admits a natural 
compactification o(I")\H? by adding the two Riemann surfaces p(J")\Q, and 
p(T )\ 22 as the boundary. Therefore, the Riemann surfaces p(J")\ 2; and p(I")\ R2 
are called the Riemann surfaces at infinity of the ends of p(I”)\H?. 

The following fact establishes a connection between the Riemann surfaces at 
infinity and the geometry of the interior. 


Proposition 7.8. Two quasi-Fuchsian deformations p\(I") and p2(I") of I give 
rise to isometric 3-dimensional hyperbolic manifolds pı (T)\B? and pa (T)\BÈ if 
and only if they have the same Riemann surfaces at infinity of the ends. Furthermore, 
all possible conformal structures on the Riemann surfaces at infinity can arise. 


This is a proper generalization of Mostow strong rigidity for the class of 
quasi-Fuchsian hyperbolic manifolds, and it gives a complete classification of quasi- 
Fuchsian hyperbolic manifolds of dimension 3. See [12] [121, Chap.5] for more 
details. 

Quasi-Fuchsian deformations are important examples of geometrically finite 
hyperbolic manifolds. Recall that a three-dimensional hyperbolic manifold \H? 





“By an end of a 3-dimensonal manifold, we mean a connected unbounded component of the 
complement of a sufficiently large compact subset. Strictly speaking, an end is a limit of such 
unbounded connected components over an exhausting family of compact subspaces. For a precise 
definition, see [159]. 
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is called geometrically finite if I” admits a finite-sided convex fundamental domain 
(see [26] for discussion of several equivalent definitions), which is also equivalent 
to the fact that F \H? U 2(I’) is homeomorphic to M — P where M is a compact 
3-manifold with boundary and P is a finite collection of disjoint annuli and tori 
in 0M, and (I) is the largest open subset of H? (c0) where I” acts properly 
[43, p. 139]. 

A similar rigidity result and classification of hyperbolic metrics holds for 
geometrically finite hyperbolic manifolds M of dimension 3. Roughly speaking, for 
each end of M, there is a Riemann surface at infinity. Such a collection of Riemann 
surfaces at infinity together with the topology of the manifold uniquely determines 
the hyperbolic manifold [12, 120] [43, Sect. 7.3] [119, Theorem 8.1] [121, Chap. 5] 
[132, p. 188]. We note that the topology of a quasi-Fuchsian hyperbolic manifold is 
determined by any of the two Riemann surfaces at infinity, and hence the condition 
on the topology of the manifold is contained in the Riemann surfaces at infinity. 

For a finitely generated torsion-free subgroup I” C SL(2,C), the hyperbolic 
manifold T \H? has only finitely many ends. This case is more complicated than 
the geometrically finite case. For simplicity, in the following discussion, we assume 
that I” does not contain any nontrivial parabolic element (see [121, Sect. 5.5] for 
the complication caused by the presence of parabolic elements.) 

A three-dimensional hyperbolic manifold M = I"\HP is called geometrically 
tame if each of its ends is either geometrically finite or simply degenerate (defined 
below). It is called topologically tame if M is homeomorphic to the interior of 
a compact manifold with boundary. It is known that if J” is finitely generated, 
then ’\H? is topologically tame if and only if it is geometrically tame [18, 41]. 
Therefore, the solution of Marden’s tameness conjecture implies that \H? is 
geometrically tame. See [42] for a precise description of these two notions of 
tameness and a history of Marden’s tameness conjecture. 

Thurston associated an invariant to an incompressible end of lT \H?, and an end 
invariant for a general end was defined in [41] (see also [18]). 

If an end is geometrically finite and of infinite volume, then there is a Riemann 
surface at infinity which gives the end invariant. For a geometrically finite end of 
finite volume, there is no invariant. 

For a simply degenerate end, there is a filling lamination on an associated surface, 
which is an invariant of the end. For simplicity, we assume that \H? has no 
cuspidal ends. Then for each end, there is a surface S,,, such that the end is 
homeomorphic to Sg, n x (0, +00). For every simple closed curve «œ in Sgn, there 
is a well-defined homotopy class of simple closed curves in the end of \H? and 
hence in "\H?. Let a* be the unique geodesic representative in l \H?. Then the 
end is called simply degenerate if there is a sequence of simple closed curves œ; on 
Sg n such that their geodesic representatives w;* exit the end, i.e., they are eventually 
contained in any small neighborhood of the end. 

The family of curves œ; in Sg n converges to a lamination, called the ending 
lamination of the end. It can also be interpreted through the curve complex of a 
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surface in the end. The sequence of simple closed curves œ; gives a sequence of 
vertices in the curve complex C (Sg, n). It is known that they converge to a boundary 
point ðC (Sg n), which is a filling lamination on Sg „n by Proposition 5.6. 

Thurston made the following Ending lamination conjecture. 


Conjecture 7.9. A three dimensional hyperbolic manifold [\H?* with finitely 
generated fundamental group I" is determined by its topological type and its end 
invariants. 


ifr" \ H? has finite volume, then each end has finite volume and is a cusp, the end 
invariant is trivial, and the space T \H? is determined by its topology, i.e., l’ as the 
fundamental group, up to isometry by Mostow strong rigidity. 

This ending lamination conjecture has been proved by Brock—Canary—Minsky 
(see [34, 130, 131]). Slightly different proofs have also be given. See [27, 28]. 
A crucial step in the proof is to build a bi-Lipschitz model of each of the ends 
of I \ B’. (In [27, 28], a weaker Lipschitz model of each end is needed and 
constructed.) The large scale geometry of the curve complex C(Sg n) and its 
connection with the Teichmiiller metric of Teas in particular results in [126, 127], 
were used crucially for this purpose. (It seems that the papers [126, 127] were 
motivated by the ending lamination conjecture.) One result in [126] (see [64, 
Theorem 4.1]) says that when Tg n is given the Teichmüller metric drei, there is 
a Mod, n-coarsely-equivariant map Y : (Tgn, drei) —> C(Sg n) which is quasi- 
Lipschitz in the sense: 


1. There exists a constant c > 1 such that for every point x € Tgn and y € Modg,n, 


d(w(yx), yW(x)) <c, 


2. For any two points x, x’ € Tgn» 
d (W(x), WO") < c drei(x, x’) +c. 


This is an important instance of the philosophy that C (Sg n) describes the large scale 
geometry of Tgn. For detailed descriptions of the ending lamination conjecture and 
methods to prove it, see [27, 132-134]. 


Remark 7.10. Besides giving a complete classification of 3-dimensional hyperbolic 
manifolds, the ending lamination conjecture has applications to the local connectiv- 
ity of limit sets of Kleinian groups and the Cannon—Thurston map. See [135]. 


Remark 7.11. See [146] for related results on a model for the Teichmüller metric 
in terms of combinatorial information on short curves on the hyperbolic surfaces 
that correspond to points on a Teichmiiller geodesic. The paper [102] compares the 
Thurston boundary of 7,,, and the boundary dC (Sgn). 
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7.4 Quasi-Isometric Rigidity of Mapping Class Groups 


In this subsection, we discuss another important application of curve complexes 
to quasi-isometric rigidity of Mod,,,. As mentioned before, the notion of quasi- 
isometry was used in the proof of Mostow strong rigidity. 

Recall that two metric spaces (M1, d1) and (M2, d2) are called quasi-isometric if 
there are positive constants C, D anda map f : Mı — M, such that for every two 
points p,q € Mı, 


Cda f (x1), f(X2)) — D < di (x1, x2) < Cd f @1), f@2)) + D, 


and every point of M; lies in the D-neighborhood of f (M1). 

It is clear that if a finitely generated group I acts properly and isometrically on 
a metric space X with a compact quotient, then J” with any word metric is quasi- 
isometric to X. The quasi-isometry type of the group J” does not depend on the 
choice of a word metric. 

A finitely generated group I" is called quasi-isometrically rigid if the following 
statement holds: for any finitely generated group T”, if I” is quasi-isometric to I’, 
then there exists a finite-index subgroup l” C I” and a homomorphism P” > T 
with finite kernel and finite cokernel, i.e., l” and F are virtually isomorphic. 

The three propositions below are combinations of results in several papers 
including [47—49, 54, 104, 160, 161]. See [50] for the history, references and more 
detailed statements of these propositions. There are also other rigidity results on 
mapping class groups. See [80]. 


Proposition 7.12. [f° C G is an irreducible non-uniform lattice of a semisimple 
Lie group G, then T is quasi-isometrically rigid. 


The assumption that I” is not uniform is necessary. All uniform lattices of 
one semisimple Lie group G are quasi-isometric, but they are not necessarily 
commensurable up to conjugation by elements of G, and hence they are not 
necessarily isomorphic up to finite index subgroups and quotients. On the other 
hand, this class of uniform lattices is quasi-isometrically rigid. 


Proposition 7.13. Ifa finitely generated group I’ is quasi-isometric to a uniform 
lattice in a semisimple Lie group G, then there exists a finite index subgroup IT” and 
a homomorphism p : T” —> G with a finite kernel such that its image is a uniform 
lattice in G. 


Proposition 7.14. Non-uniform lattices of SL(2, R) form one quasi-isometry class 
of groups. 


Quasi-isometric rigidity and quasi-isometric classification of lattices of semisim- 
ple Lie groups were obtained by joint efforts of many people. See [50] for the history 
and more detailed statements of the above three propositions. 

In the analogy between the mapping class groups Mod,,, and lattices of 
semisimple Lie groups, Modg,, correspond to non-uniform lattices. Therefore, 
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the next proposition on the quasi-isometrical rigidity of the mapping class group 
Mod,,,, proved in [6,65], is expected. 


Proposition 7.15. Assume that 3g—3-+n > 2. Then Mod; n is quasi-isometrically 
rigid. 

One ingredient used in the proof in [6] is hyperbolicity of the curve complex 
C(S¢n) in the sense of Gromov, and one ingredient used in the proof of [65] is the 
train track complex. Results on the asymptotic cones at infinity Conegg(Mod,,,) in 
[7] (see Proposition 7.42 below) were used crucially. 

The papers [6,65] also prove the following result on quasi-isometries of Mod, n. 


Proposition 7.16. Assume that 3g — 3 + n > 2 and (g,n) 4 (1,2), then quasi- 
isometries of Mod; are uniformly close to isometries induced by left-multiplication 
of elements of Modg n. 


7.5 Finite Asymptotic Dimension of Mapping Class Groups 
and Novikov Conjectures 


In this subsection, we briefly describe another important application of the hyper- 
bolicity of the curve complex C(S',,,) to prove that the asymptotic dimension of the 
mapping class group Mod,,, is finite. We also explain its applications to several 
different versions of the Novikov conjecture. 

For any noncompact metric space (M,d), an important large scale geometry 
invariant is the asymptotic dimension of M , denoted by asd(M)). It is defined to be 
the smallest integer n, which could be oo, such that for every r > 0, there exists a 
cover C = {U;},i € I, of M by uniformly bounded sets U; with r-multiplicity less 
than or equal to n + 1, i.e., every ball in M of radius r intersects at most n + 1 sets 
inC. 

For any finitely generated group I’, its asymptotic dimension asd(J") is defined 
to the asymptotic dimension of J” endowed with any word metric. 

Finiteness of asd(J”) has applications to the Novikov conjectures for I”, includ- 
ing various versions of the integral Novikov conjectures. For the convenience of 
the reader, we briefly recall several versions of the Novikov conjectures, both the 
integral and rational versions. See [92] for more discussions, details and proper 
references for the conjectures and results stated below. 

To motivate the Novikov conjectures, we first recall the Hirzebruch index 
theorem. Let M** be a compact oriented manifold (without boundary) of dimension 
4k. The cup product defines a non-degenerate quadratic form on the middle 
dimension cohomology group: 


Q : H*(M,Q) x H*(M,Q) > H*(M,Q) =Q. (1) 
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This quadratic form can be diagonalized over R to the form Diag(1,---, 
1;—1,--- ,—1), and the number of +1’s minus the number of —1’s is called the 
signature of M and denoted by Sgn(M). Since the identification H**(M,Q) = Q 
depends on the orientation of M , the signature Sgn(M ) depends on the orientation 
and is an oriented homotopy invariant of M . 

The Hirzebruch class £(M) is a power series in Pontrjagin classes P1, P2,--- , 
with rational coefficients, 


L£(M) =14+114+L.+-::, 


where Lı = 4P}, Lo = 4(7P)— P?),-*. 
Then the Hirzebruch index theorem is the following equality: 


Sgn(M) = (£L(M),[M}), (2) 


where the right hand side is the evaluation of £(/) on the fundamental class [M]. 

The Hirzebruch class £(M) depends on the characteristic classes of the tangent 
bundle of M and a priori depends on the differential structure of M . (In fact, these 
rational classes in H*(M,Q) are homeomorphism invariants of M). As pointed 
out earlier, the left-hand side is an oriented homotopy invariant, and hence the 
above equality shows that (C£(M),[M]) only depends on the oriented homotopy 
type of M. 

To get more homotopy invariants, Novikov introduced the higher signatures. Let 
TI = mı(M). Let BT be a classifying space of the discrete group I’, i.e., a K(T, 1)- 
space, 

m(Bry=T, m(BTr)= {1}, i >=2. 


The universal covering space ET” of BT is contractible and admits a free ["-action. 
Equivalently, we can reverse this process and define first EI” as a contractible space 
with a free [’-action, and then define BI” as the quotient \ EI’. For example, 
when I” = Z, it acts freely by translation on R and hence Er = Rand BIr = 
R/Z = S!. 

For each group I", the spaces EI” and BIF are unique up to homotopy. The 
universal covering map M — M determines a classifying map f : M > BT, 
which is unique up to homotopy. 

For any a € H*(BT, Q), f*a € H*(M, Q), and define a higher signature 


Sgn (M) = (f*a U L(M), [M]). (3) 


The original Novikov conjecture is stated as follows: 


Conjecture 7.17 (Novikov conjecture). For any a € H*(BI, Q), the higher signa- 
ture Sgn, (M) is an oriented homotopy invariant of M , i.e., if N is another oriented 
manifold and g:N —>M is an orientation preserving homotopy equivalence, then 


((g o f)"a@U LIN), [N]) = (f*a U £(M), [M]). 
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The Novikov conjecture can be reformulated in terms of rational injectivity of 
the assembly map in surgery theory, or L-theory. 

The surgery obstruction groups L,(Z[I"]), or L-groups of Z[I°], are briefly 
defined as follows. For m = 2k, L,,(Z[I’]) is the Witt group of stable isomorphism 
classes of (—1)*-quadratic forms on finitely generated free modules over the group 
ring ZI], and L2,4 (Z[I’]) is a stable automorphism group of hyperbolic (—1)*- 
quadratic forms on finitely generated free modules over Z[I"]. Since (—1)* is 
4-periodic in m, the groups Lm (Z[I ]) are 4-periodic in m. 

Let L(Z) be the surgery spectrum: 


Tm (L(Z)) = Ly (Z), meZ. 


The spectrum L(Z) defines a general homology theory with coefficient in L(Z). 
For any topological space X, there are general homology groups H..(X;L(Z)) = 
x(X4 A L(Z)), where X+ is the disjoint union of X and a point. 

There is an important notion of assembly map: 


A: Hy(X;L(Z)) > Ls (Zim (X))). (4) 


Proposition 7.18. The Novikov conjecture, i.e., the oriented homotopy invariance 
of the higher signatures in Conjecture 7.17, is equivalent to the rational injectivity 
of the assembly map in (4), i.e., the following rational assembly map is injective: 


A@Q: H,(BI:L(Z)) ®Q > L: (ZI) ® Q. 


The injectivity of the map A ® Q is called the rational Novikov conjecture. 


Conjecture 7.19 (Integral Novikov conjecture). If T is torsion free, then the assem- 
bly map A: H,(BI;L(Z)) > L.(Z[I’]) is injective. 


This conjecture is also called the L-theory (or surgery theory) integral Novikov 
conjecture. 

In the integral Novikov conjecture, the torsion free assumption on T” is important. 
In fact, it is known that the conjecture is often false for finite groups. 

Clearly, the integral Novikov conjecture implies the rational Novikov conjecture 
and gives an integral version of homotopy invariance of higher signature. There are 
also several other reasons to consider the integral, rather than the original (rational) 
Novikov conjecture: 


1. Relation to the rigidity of manifolds, in particular, the Borel conjecture for 
rigidity of aspherical manifolds, which says that two closed aspherical manifolds 
with the same fundamental group are homeomorphic. 

2. Computation of the L-groups L.(Z[I"]) in terms of a generalized homology 
theory, i.e., the injectivity of the assembly map in (4) shows that the left-hand 
side is a summand of the groups L.(Z[I"]). 
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Once formulated in terms of the assembly map, there are also other versions 
of the Novikov conjecture. For any associative ring with unit R, there is a 
family of algebraic K-groups K;(R), i € Z. For example, Ko(R) is defined 
to be stable equivalence classes of finitely generated projective modules, and 
Ki(R) = GL(R)/[GL(R), GL(R)]. The higher K-groups K;(R), i > 2, are 
defined to be the homotopy groups of the space BGL(R)*, where BGL(R) is 
the classifying space of GL(R) considered as a discrete group, and BGL(R)* is 
the space obtained by applying the Quillen +-construction to the perfect subgroup 
E(R) = [GL(R), GL(R)], in particular, the homology groups of BGL(R)t and 
BGL(R) are equal to each other under inclusion. The K-theory spectrum K(R) 
with m; (K(R)) = K;(R),i € Z, is given by the delooping of the infinite loop space 
BGL(R)* x Ko(R). 

Let I be a group as above, and H,.(BI"; K(Z)) the generalized homology of 
BT with coefficients in K(R). There is also an assembly map 


A: Hy(BI:K(Z)) > K,(ZP)). (5) 


Conjecture 7.20 (Integral Novikov conjecture in algebraic K-theory). Assume that 
I is torsion free. Then the assembly map 


A: H,(BI;K(Z)) > K,(Z[]) (6) 

is injective. 
There is also a rational version of the Novikov conjecture in algebraic K-theory, 
i.e., the induced map A @ Q: H4(BT; K(Z)) ® Q > K,(Z[]) & Qis injective. 


One fruitful approach to prove the Novikov conjecture for a group I" is to show 
that the asymptotic dimension of I” is finite. 


Theorem 7.21. If a finitely generated group I” has finite asymptotic dimension, 
asdim I” < œ, and has finite BT, i.e., its classifying space BT can be realized as 
a finite CW-complex, then the integral Novikov conjectures in K-theory and L-theory 
hold for I. 


We note that the existence of a finite model of BI” implies that I” is torsion- 
free. For groups containing torsion elements, there is also a modified version of the 
integral Novikov conjecture. See [92]. 

In [14], the following result was proved. 


Proposition 7.22. The asymptotic dimension of Modg n is finite. 


For any finite index torsion-free subgroup I” of Modș n, the quotient by I” of the 
thick part of the Teichmüller space 7,,,(€) gives a cofinite model of BI"-spaces by 
[95]. One corollary of the above proposition is the following conclusion. 


Corollary 7.23. For any finite index subgroup I” of Modg», the rational Novikov 
conjecture in L-theory holds for I’. 
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This result was proved earlier in [62, 100]. Even though it was not stated in [14], 
the above discussion shows that the following stronger corollary also holds. 


Proposition 7.24. For any finite index torsion-free subgroup IX of Modg n, the 
integral Novikov conjecture in L- and K-theories holds for T. 


This shows that the results of [14] imply a stronger version of the Novikov 
conjecture than what was known previously. 


7.6 Non-hyperbolicity of Weil-Petersson Metric 
of Teichmiiller Space 


As mentioned before, the Teichmüller space Jz, admits a Modg,,-equivariant 
Kähler metric, the Weil—Petersson metric. It is an incomplete metric with strictly 
negative sectional curvature. It is known that if any simply connected Riemannian 
manifold with strictly negative sectional curvature admits a compact quotient, then 
it is a hyperbolic space in the sense of Gromov. The quotient Modg,n\Tg,n is non- 
compact, and one question raised by Bowditch was whether the Weil—Petersson 
metric is hyperbolic in the sense of Gromov. 

This problem was solved in [32], and the hyperbolicity of the curve complex 
C(S¢n) was used in the proof. 


Proposition 7.25. The Weil—Petersson metric on Tg n is Gromov-hyperbolic if and 
only if3g —3 +n <2. 


Besides the curve complex C(S',,,), the pants complex and its quasi-isometry 
with 7,,, endowed with the Weil—Peterson metric was also used crucially in the 
proof. See [32] for details. For another application of the curve complex to Weil- 
Petersson geodesics, see [35]. 


7.7 Heegaard Splittings and Hempel Distance of 3-Manifolds 


Another important application of the curve complex C(S,) in 3-dimensional 
topology is the Hempel distance for Heegaard splittings of 3-dimensional manifolds. 
A handlebody is a submanifold with boundary of R? with only one connected 
boundary component, which is a compact orientable surface Sz. 
Any closed oriented three dimensional manifold M? can be written as the union 
of two handlebodies V;, V2 of the same genus glued along their boundary, 


M=YV, Us, Vo, av; = Sg, OV> = Sg. 


Such a decomposition of M? is called a Heegaard splitting, and Sg is called the 
splitting surface. It is not unique and there are infinitely many different isotropy 
classes of Heegaard splittings of M. 
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A simple closed curve in S, is called essential if it does not bound a disc. 
The identification of Sẹ with the boundary of a handlebody V; is determined by 
a maximal set A, of disjoint non-homotopic essential simple closed curves in 
Sy that bound essential discs (or meridians) in the handlebody V;. Let Az be a 
corresponding set for the identification of S, as the boundary of V2. The pair 
(41, Az) is called a Heegaard diagram and corresponds to a pair of simplices in 
C(Sz). 

For each Heegaard splitting V; Us, V2 with S; as the splitting surface, the set of 
all possible simplices A; and their faces form a subcomplex K, of C (S) (in other 
words, the subcomplex spanned by the vertices corresponding to all essential simple 
closed curves of S that bound some meridians of the handlebody V1). Similarly, 
there is a subcomplex K3 of C (S) for the other handlebody V2. 

The Hempel distance for the Heegaard splitting V; Us, V2 of M 3 is the distance 
d(K,, K2) between K and K3 with respect to the geodesic length function of C (S). 

This defines a numerical invariant of the Heegaard splitting of M and is closely 
related to topological properties of the manifold M and of the Heegaard splitting. 
For detail, see [77]. The paper [137] discusses behavior of the Hempel distance 
under stabilization of splitting. 


Remark 7.26. In [96], the curve complex C (Sg n) is replaced by the pants complex 
of Sn and a similar distance function is introduced. [97] contains some results 
relating the bridge number of hyperbolic knots and an invariant defined in terms 
of the distance function on C(S,,,). The paper [155] applies the idea of Hempel 
distance to knots and defines a distance for certain knots in lens spaces. 


Remark 7.27. The paper [68] shows that for a closed orientable 3-manifold con- 
taining an incompressible surface of genus g, any Heegaard splitting has Hempel 
distance at most 2g. See also [112, 157, 158, 168] for related results on the Hempel 
distance. 


Remark 7.28. Based on the Hempel distance, the paper [156] defines a translation 
distance of open book decompositions of three dimensional manifolds, and relates 
it to the topological properties of the manifolds. 


7.8 Partial Compactifications of Teichmüller Spaces 
and Their Boundaries 


Recall that 7,,, is the Teichmüller space of marked complex structures on Sgn, 
where a marking is a choice of a set of generators of Sg „n. Then the mapping class 
group Mod,,, acts on Tg n by changing the markings, and the quotient Moden \Tg,n 
is the moduli space M,.,, of Riemann surfaces of genus g with n punctures. 

It is known that Tg n is a complex manifold of complex dimension 3g — 3 + n 
and diffeomorphic to R6876+2", and Mod,,,, acts holomorphically and properly on 
Tgn. In particular, M gn has a natural structure of a complex orbifold. 
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Proposition 7.29. For any torsion-free subgroup I C Modgn, ['\Ten is a BT- 
space. 


Proof. Since I’ acts properly on Tg n and is torsion-free, I” acts fixed-point freely 
on Tgn. Since Tgn is contractible, it is an EI-space, and '\Tgn is a BT -space. 


A more general result is true for subgroups of Mod,,, containing torsion 
elements. 


Proposition 7.30. For any subgroup I C Modgn, Tgn is an ET -space. 


We only need to check that for any finite subgroup F C T, the set of fixed 
points Thr is nonempty and contractible. The former follows from the solution of 
the Nielsen realization problem, and the latter from either the existence of unique 
earthquake between any two points or the convexity of the Weil—Petersson metric. 
See [95] for more details. 

It is known that Mgn = Modg n\Tgn is noncompact. Therefore, Tgn is not 
a cofinite EMod,,,-space. To see this, we assume for simplicity that 2g — 2 + 
n > 0. Then every Riemann surface in M gn admits a unique hyperbolic metric of 
finite area which is conformal to the complex structure. By pinching a simple closed 
geodesic on a hyperbolic surface X, „n, we obtain a family of Riemann surfaces in 
Meg,» that has no limit. 

For a non-uniform torsion-free arithmetic subgroup of a linear semisimple 
algebraic group G, \X is a non-cofinite BI"-space. To obtain a cofinite BT- 
space, this problem was solved by the Borel-Serre compactification of \ X, which 
is a quotient of the Borel—Serre partial compactification of the associated symmetric 
space X = G/K. 

In order to construct an analogue of the Borel—Serre partial compactification of 
Tgn, Harvey [69, 70, 73] introduced the curve complex C (Sgn). 

To explain the relation between partial compactifications of 7, n and simplices of 
C(S¢n), we note the following compactness criterion of Mumford. 


Proposition 7.31. A sequence of Riemann surfaces X; in Mg» has no accumu- 
lation point in Mg, if and only if there is a disjoint collection of simple closed 
geodesics Y;.1,+++ , jr; with respect to the hyperbolic metric of X; whose lengths 
goto Oas j — +00, i.e., that can be simultaneously pinched. 


Note that in the above proposition, the geodesics must be disjoint since the collar 
theorem for hyperbolic surfaces implies that two sufficiently short geodesics are 
disjoint and hence simultaneously pinched geodesics must be disjoint. 

Conversely, a collection of disjoint simple closed geodesics in a hyperbolic 
surface X'e „ can be pinched simultaneously if and only if they are disjoint. This 
can be seen from pants decompositions of hyperbolic surfaces. 

Given the above discussion, a natural compactification of M g n is obtained by 
adding degenerate Riemann surfaces. This is the Deligne-Mumford compactifica- 


.  ——DM 
tion M,, of Mgn. 
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As a topological space, Wee can be constructed as a quotient of the 
augmented Teichmiiller space PR For every simplex o of C(Sgn), there is a 
boundary Teichmüller space Tg n;o, which is the Teichmüller space of the surface 
obtained from S,,, by cutting along the curves in ø. In terms of the hyperbolic 
metric, every homotopy class of curves in o determines a unique simple closed 
geodesic in every marked hyperbolic surface in Tgn, and degenerate hyperbolic 
surfaces in the boundary Tg n;o are obtained by pinching exactly the geodesics in o. 
Then the augmented Teichmiiller space Fan is 


Tgn = Ten U al Tenio. 
TEC (Sgn) 


A 


The action of Mody, on Tz, extends to a continuous action on 7,,, and the 


: ae .. a 7—DM 
quotient Modgn\7gn is homeomorphicto Mgn . 


An important point here is that the curve complex C (Sg n) is a parameter space 
for the boundary components of the augmented Teichmiiller space Fon [69, 174]. 
Since each boundary Teichmüller space Tg, n;o is contractible, the boundary Olen is 
homotopy equivalent to C (S; n) and hence is homotopy equivalent to a bouquet of 
spheres. 


Proposition 7.32. The action of Modg,, on Tan is not proper. For every point in 
a boundary Teichmüller space Tg n;o, its stabilizer in Modg» contains an infinite 
subgroup, which is generated by the Dehn twists along the curves in o and is 
isomorphic to Z°, as a subgroup of finite index. 


This implies that for any finite index subgroup I’ C Mod,,,, the inclusion 
I\T gn >T Ves is not a homotopy equivalence. This is similar to the situation 
with the reductive Borel-Serre compactification of "\X in Sect. 6.3. 


To overcome the problem of infinite stabilizers Z” for points in Tg,n;o, we need to 
enlarge the boundary component to R° x Tg.n;>. The resulting space is a Borel—Serre 


partial compactification (ae of Tg n constructed in [70, 73, 83]: 


Ten = Ten U I] R” x Teno: 


o€C(Sgn) 


Proposition 7.33. The action of Modg» on Tg n extends to a continuous and proper 
= BS, . ——BS 
action on Ten with a compact quotient Modgn\Tgn . The boundary of the 


Borel-Serre partial compactification Tea is homotopy equivariant to C (S; n) and 
hence to a bouquet of spheres S1, where d = 2g — 2 = —y(S,z) ifn = 0, 
d =—7(Sgn)—1 =2g—3+n ifg > landn > 0, andd = —%(Son)—2 = n—4 
if g = 0. 
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Corollary 7.34. For any finite index torsion-free subgroup IX C Modș n, Tar is 


= BS 
a cofinite ET -space and the quotient GE. is a finite BT -space. 


; =—BS. : : i ae : 
Proof. Since Tz, is a manifold with corners whose interior is equal to Tgn, it 


i ; i : ; i : ——BS 
is contractible. Since I” is torsion-free, it acts fixed point freely on 7, , and the 
quotient I” C Mod,,, is a compact manifold with corners. Therefore, the quotient 


NTa is a finite BI-space. 
On the other hand, for Mod,,, or its finite index subgroups I” which contain 


f a =—BS. 
torsion elements, it is not clear whether 7,,, is an ET -space. 

To solve this problem, we can take suitable subspaces of Tgn instead of a 
compactification. For any sufficiently small € > 0, define the e-thick part 


Tan(€) = {X E Tgn | for any simple closed geodesic y C X, L(y) = e}, 
where £(y) is the length of the geodesic y. 


Proposition 7.35. The thick part Tg n(€) is a submanifold with corners and invari- 
ant under the action of Modg, with a compact quotient. The boundary faces of 
Tan(€) are also parametrized by the simplices of C(Sgn) and contractible, and 
the boundary 0T¢(€) is homotopy equivalent to a wedge of spheres S4, where 
d = 2g —2 = —% (S) ifn = 0, d = —y(Sgn) —1 = 2g —3 +n if g = land 
n>0,andd =—y(Son)-—2=n—-4ifg =0. 


In [95], we proved 


Proposition 7.36. There is a Modg,-equivariant deformation retraction of Tgn to 
Tg n(£), and hence Tg n(€) is a cofinite EModg »-space. 


If n > 0, there is another equivariant deformation of Tg n which is of the smallest 
possible dimension, i.e., the virtual cohomological dimension of Mod,,, in [66]. 


Problem 7.37. When n = 0, construct a Modg o-deformation retract of 7g, of 
dimension equal to the virtual cohomological dimension of Modg, which is equal to 
4¢—5. 


This problem seems to be completely open. It is not clear what subspaces of 7.» 
are possible candidates for such a retract. It is not abvious if such a retract exists. 


7.9 Cohomological Dimension and Duality Properties 
of Mapping Class Groups 


As discussed earlier, one important application of the Borel—Serre partial compact- 
ification of a symmetric space concerns the virtual cohomological dimension and 
duality properties of arithmetic subgroups. The analogous partial compactifications 
of Tgn in the previous subsection have similar applications. 
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Proposition 7.38. When the Euler characteristic x(Sgn) is positive, Modg» is a 
virtual duality group of dimension d, where d = 4g —5 = dim7T, + x(Sz) — 1 
ifn = 0, and d = 4g—4+n = dimTgn + X(Sen) if g = landn > 0, and 
d = n—3 = dim Ton + x(Son) + 1. The dualizing module is equal to the only 
nonzero reduced homology group of C (S; n), called the Steinberg module of Modg n. 


The proof is similar to the proof for arithmetic groups using results on the Borel— 
Serre partial compactification of 7,,, in the previous subsection. See [66, 67, 69, 80] 
for details. 

In [86], using Proposition 5.9 on the topology of C (Sg n), we proved 


Proposition 7.39. Mod, „n is not a virtual Poincaré duality group. 


This proposition is equivalent to the fact that when dim7,,, > 0, the Steinberg 
module of Modg,, is of infinite rank. See [31] for more information on this module. 

Since Modg»\7gn is noncompact, Proposition 7.39 is consistent with the result 
that an arithmetic subgroup T is not a virtual Poincaré duality group if and only if 
T \X is noncompact (Proposition 6.14). 

The Euler characteristic of Mod, „ is given by special values of the Riemann zeta 
function, and the homology groups of Mod,,, in low degrees are also known. See 
[66] and references there. 


Problem 7.40. Compute H;(Mod,,,, Z) in all degrees. Maybe compute them for 
special values of g and n, and also for special values of 7 first. 


7.10 Tangent Cones at Infinity of Teichmiiller Spaces, Moduli 
Spaces, and Mapping Class Groups 


As discussed earlier, the asymptotic cones at infinity of symmetric spaces and 
locally symmetric spaces are given by buildings. A natural problem is to consider 
the asymptotic cones of the Teichmüller space Tgn and its quotient My, = 
Mode n \Tg,n- 


Proposition 7.41. With respect to the Teichmüller metric, for any finite index 
subgroup I C Modọș n, the asymptotic cone Cone€go(I"\T gn) is equal to the metric 
cone over T'\C (Sgn). 


This result was proved in [53, 111]. There are some results on Coneso (Moden) 
and Coneso(Tg, n, dwp), where dwp is the Weil-Petersson metric. 

By [5], for any asymptotic cone Cones (Modg n), every point is a global cut- 
point, i.e., Conegg (Mod; „n ) is tree-graded. 

Since the quotient Modg n\Tg,n is noncompact, it is reasonable to expect that 
Modg,, is not quasi-isometric to Tz, and that Conego(T¢.n) and Conego(Modg ») 
will be different. The following bounds on the dimension of Cones (Mode n) and 
Coneoo(T zn, dwp) were proved in [7]. 
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Proposition 7.42. The maximal dimension of locally compact subsets of the asymp- 
totic cone Cones (Mod; n) is equal to the maximal rank of free abelian subgroups 
of Modş n, which is equal to 3g —3 +n. Consequently, the geometric rank of Modg yn 
is equal to the maximal rank of free abelian subgroups of Modg n. 


The geometric rank of a group I" is defined as the largest integer n for which 
there exists a quasi-isometric embedding Z” — I. This result was used to prove 
the quasi-isometric rigidity of Mod,,, in [6,65]. See Sect. 7.4. 


Proposition 7.43. The maximal dimension of locally compact subsets of the asymp- 
totic cone Cones (Ten, dwp) is equal to [Pete *), that is, the integral part of 
etp? and hence the geometric rank of (Tg n, dwp) is equal to Pete). 

The geometric rank of a metric space is the maximal dimension of quasi-flats 
in the metric space. The geometric ranks of some complexes related to the curve 
complex were determined in [136]. 


Problem 7.44. Understand global structures of the asymptotic cones at infinity, 
Conego(Modg,,) and Coneoo(Tg n, dwp), and determine the maximal dimension of 
compact subsets of the asymptotic cone at infinity Conego(Tg.n, dei), Where drei is 
the Teichmiiller metric. 


There are some other results that connect the geometry and topology of M gn at 
infinity with the curve complex C (Sgn). 


Proposition 7.45. Assume that dim Tgn > 2. Then for any finite index subgroup 
I C Moden, the quotient IT \Tg n has only one end. 


Briefly, the reason is that under the assumption that dim 7, > 2, Sg n contains 
at least two simple closed essential curves, and C (S; „) is connected. Now a suitable 
neighborhood of the infinity of "\7z is homotopy equivalent to T'\C (Sgn) and is 
hence connected. 


Proposition 7.46. For any finite index subgroup I C Modgn, the quotient I\Tgn 
has a compactification P\T gn U T\C(Sg n) whose boundary is equal to the finite 
complex T'\C (Sgn). 


This is similar to the Tits compactification of locally symmetric spaces in [94]. 
See [90, Proposition 12.6]. 


7.11 Simplicial Volumes of Moduli Spaces 


As recalled in Sect. 6.5, for an arithmetic locally symmetric space "\ X, whether 
its simplicial volume vanishes or not depends on the size of its Q-rank, which is 
related to the dimension of the spheres that determines the homotopy type of the 
Tits building A@(G). It turns out that similar results hold for Mg n [91]. 
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Proposition 7.47. The orbifold simplicial volume of Mg is equal to zero if and 
only if g = 2. The simplicial volume of Mg vanishes for all g > 1. 


It is known that Mod,,, admits finite index torsion-free subgroups and hence 
Mg n admits finite smooth covers. Since the orbifold simplicial volume is greater 
than or equal to the simplicial volume [91], it suffices to show that the orbifold 
simplicial volume of M., is equal to zero if and only if g > 2, and the simplicial 
volume of M; is equal to 0. 

For the first statement, the proof is similar to the proof of Proposition 6.17 by 
replacing the Borel—Serre partial compactification of the symmetric space by the 
thick part 7,(¢) of the Teichmüller space 7,, and the rational Tits building Ag(G) 
by the curve complex C(S,). Since C(S,) is homotopy equivalent to a bouquet of 
spheres of dimension 2g — 2 for g > 2, it is simply connected. This is a crucial 
ingredient of the proof of the above proposition. The nonvanishing of the orbifold 
simplicial volume of Mı = SL(2,Z)\H? follows from the result of Thurston for 
finite volume hyperbolic manifolds (Proposition 6.16). 

To prove that the simplicial volume of SL(2, Z)\H? vanishes, we note that 
SL(2, Z)\H? is homeomorphic to R?. Since the orbifold simplicial volume and 
hence the simplicial volume of SL(2, Z)\H? is finite, this implies that the simplicial 
volume of R? is finite. Since R? admits proper self-maps of degree greater than 2, 
its simplicial volume is 0. Hence, the simplicial volume of SL(2, Z)\H? is 0. This 
also gives a new proof of the fact that the simplicial volume of R?” vanishes. See 
[91] for details. 

More generally, for the general moduli space M g n, we have 


Proposition 7.48. When g > 1 andn > 0, both the simplicial volume and orbifold 
simplicial volume of Mg» are equal to zero if —x(Sgn) — 1 = 2, i.e., 2g +n > 5; 
and when g = O andn > 4, the simplicial volume of Mon if —x(Son) —2 = 2, i.e., 
n> 6. 


It is known that M11 & Mio = SL(2,Z)\H’, which is homeomorphic to R?. 
Since the simplicial volume of R? is equal to 0, the simplicial volume of M,; and 
Mı. is also equal to 0. On the other hand, Proposition 6.16, for any finite smooth 
cover of Mj, and Mı o have positive simplicial volume. Therefore, the orbifold 
simplicial volume of Mj; and M09 is positive. 

Since To4 & Ti. & H? [142] and Modo 4 is commensurable with SL(2, Z), it 
follows from that for (g,n) = (1,0), (1, 1), (0,4), the orbifold simplicial volume 
Men is positive. 


Problem 7.49. Decide whether the simplicial volume and orbifold simplicial 
volume of Mg, n vanish or not for (g,n) = (1, 2), (0,5). 


7.12 Action of Mod,,, on C (S; n) and Applications 


As mentioned before, Modg,, acts on C(Sg n), and this action can be used to 
understand structures and representations of Mod, n. 
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One of the early applications of the curve complex by Harvey [71] concerns a 
simplified proof of the classification of elements of Mod,,, by Thurston [164]. 

Recall that the group SL(2, R) acts on H? by Mobius transformations and any 
element y € SL(2, R) belongs to one of the following types: 


1. y is elliptic and is characterized by the property that it fixes a point in H’, 

2. y is parabolic and is characterized by the property that it fixes exactly one point 
in the boundary H? (o0) = S!, 

3. y is hyperbolic and is characterized by the property that it fixes exactly two points 
in the boundary H? (o0) = S!. 


Since H? U H? (co) is a closed ball and y acts on it continuously, it must fix some 
point in H? U H? (co), and the three possibilities above cover all cases. 

For any discrete subgroup I’ C SL(2,R), any element y € I” belongs to one of 
the following types: 


1. y is periodic, i.e., there exists some integer n such that y” = Id, 
2. y is parabolic and fixes a boundary point in H?(0o), 
3. y is hyperbolic and fixes exactly two points in the boundary H? (o0) = S!. 


Thurston [164] defined a compactification i of Ten through projective 
measured laminations such that 


1. a is homeomorphic to a closed ball of dimension 6g — 6 + n, 


A . ; ——Th 
2. the action of Mod,,, extends to a continuous action on Jgn . 


Using this action, he classified elements y € Modg,, into corresponding three 
types: 


1. y is periodic, i.e., there exists some integer n such that y” = Id, and is 
characterized by the condition that y fixes a point in Tgn, 

2. y is reducible, i.e., y leaves invariant a collection of disjoint simple closed 
essential curves of Sg n, 

3. y is pseudo-Anosov and is characterized by the condition that y fixes exactly two 


points in the boundary Tan 


Remark 7.50. The action of Modg „ on C (Sgn) can be used to define a translation 
length of an element y of Mod,,,: for any simple closed curve a in Sgn, the 
translation length of y is defined by 


lim int LE fi) 
im inf ————_—__, 
j—>+00 J 


where dc(a, f/(a)) is the distance between the two vertices a and f/(a) of 
C(S¢n). It was proved in [125] that an element y is pseudo-Anosov if and only 
if its translation length is positive. See [52,56] for some estimates on the translation 
length. 
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Remark 7.51, An important application of the action of Mod,,, on the curve 
complex C(Sg n) is to give an explicit presentation of Mod,,, in [78, 169] (see 
also [72, 163]). Another presentation was constructed via the action of Mod,,, ona 
variant of the curve complex in [11]. 


Remark 7.52. The action of Mod,,, on the curve complex C(Sg n) is also used 
essentially in the proof of the Tits alternative for Modg n [16, 85]. 


Remark 7.53. The action of Modg n on the pants complex [74] was also used to 
construct a presentation of Mod, n. 


Remark 7.54. Another application of the action of Mod, „n on C (Sgn) is to construct 
irreducible unitary representations of Mod,,,. It was shown in [141] that the action 
of Mode „n on C (Sg n) has non-commensurable stabilizers and a general method was 
used to produce irreducible unitary representations. 


Remark 7.55. By [125], there is a relative metric on Modg n, which is quasi- 
isometric to C (Sg n). (A relative metric on a group is a word metric on the group with 
respect to an infinite generating set, consisting of a finite generating set and a finite 
collection of subgroups.) The paper [118] shows that a random walk on Mod,,, 
makes linear progress in this relative metric. For other applications of Mod,,, on 
curve complexes, see [15]. 
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On Isotypies Between Galois Conjugate Blocks 


Radha Kessar 


Abstract We show that between any pair of Galois conjugate blocks of a finite 
group, there is an isotypy with all signs positive. 


Subject Classifications: 20C05, 20C20 
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1 Introduction 


Let p be a prime number, let k be an algebraic closure of the field of p elements 
and let G be a finite group. Let 


o:k—>k, A>, AEk) 


be the Frobenius homomorphism of k and we write also o : kG — kG for the ring 
automorphism induced by ø. This is defined by 


o X agg = ya 


gEG gEG 


The map o is a ring automorphism but not a k-algebra automorphism. Since ø is a 
ring automorphism, o induces a permutation of the blocks of kG. Here, by a block 
of a ring A, we mean a primitive idempotent of the center of A. Blocks b and c of 
kG are said to be Galois conjugate if c = o” (b) for some natural number n. 
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Let (K,O,k) be a p-modular system and let ~ : © — k be the canonical 
quotient mapping. Let ~ : OG — kG be the induced O-algebra homomorphism 
of the group algebras. In particular, b > b induces a bijection between the set of 
blocks of OG and the set of blocks of kG. Blocks b and c of OG are said to be 
Galois conjugate if b and é are Galois conjugate blocks of kG. 

Our main result is the following. 


Theorem 1.1. With the notation above, suppose that K contains a primitive |G |-th 
root of unity. Then any two Galois conjugate blocks of OG are isotypic. 


As a corollary, we obtain a new proof of the following result of Cliff et al. [7]. 


Corollary 1.2. Let G be a finite group and b be a block of kG. Then the center 
Z(kGb) of kGb has an F ,-form. 


We recall that a finite dimensional k-algebra A is said to have an F ,-form if there 
exists an F -algebra Ag such that A = k 8f p Ao as k-algebra. 

The notion of isotypic blocks (see Definition 2.2) is due to Michel Broué [6, 
Definition 4.3]. Isotypies between blocks are interesting as they are often the 
character theoretic shadow of a derived or Morita equivalence between the k-linear 
module categories of the corresponding block algebras. In [2], it was shown that 
there exist pairs of Galois conjugate blocks which are not derived equivalent as 
k-algebras. Thus, the blocks studied in [2] provide examples of pairs of blocks 
which are isotypic and isomorphic as rings but not derived equivalent as k-algebras. 
However, it is conjectured that the number of Morita equivalence classes of algebras 
in any set of Galois conjugate blocks is bounded by a number which depends only 
on the defect of the blocks and which is independent of G. This conjecture is related 
to the Donovan finiteness conjectures in block theory [8]. 

For a non-negative integer d and a finite dimensional commutative k-algebra A, 
we will say that A occurs as the center of a d-block if there exists a finite group H 
anda block c of kH with defect d such that A = Z(kHc) as k-algebras. Combining 
Corollary 1.2 with a theorem of Brauer and Feit [4] gives a proof of the following 
finiteness result. The result itself is known to experts, but as far as I am aware has 
not appeared before in the literature. 


Corollary 1.3. Let d be a non-negative integer and set m := ip + 1. Up to 
isomorphism there are at most p” k-algebras that occur as centers of d-blocks. 


The paper is divided into three sections. In Sect. 2, we set up notation and recall 
the definitions of perfect isometries and isotypies. Section 3 contains the proofs of 
Theorem 1.1, Corollaries 1.2 and 1.3. 


2 Notation and Definitions 


Throughout, G is a finite group, k is algebraically closed of characteristic p and 
(K, O,k) is a p-modular system such that K contains a primitive |G|th root of unity. 
For an element g of G, we will denote by g, the p-part of g and by g,/-the p’-part 
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of G. Denote by G, the set of elements of G of p-power order and by G, the set 
of elements of G of p’-order. For a natural number n, let n p denote the p-part n and 
np denote the p’-part of n. 


2.1 Generalized Decomposition Maps 


Let b be a central idempotent of OG. Denote by CF(G, K) the K-space of K-valued 
class functions on G. Identifying K-valued class functions on G with their canonical 
K-linear extensions to K-valued functions on KG, denote by CF(G, b, K) the 
K-subspace of class functions ¢ in CF(G, K) such that ¢(gb) = $(g) for all 
g € G. Denote by CF,/(G, K) (respectively, CF» (G, b, K)) the K-subspaces 
of CF(G, K) (respectively, CF(G,b, K)) of class functions which vanish on 
the p-singular classes of G; Irr(G, K) (respectively, Irr(G, b, K)) the subset of 
CF(G, K) (respectively, CF(G, b, K)) of irreducible K-valued characters of G; by 
IBr(G, K) (respectively, IBr(G, b, K)) the set of irreducible Brauer characters of 
G (respectively, irreducible Brauer characters of G in b). For @ € IBr(G, K), let 
go € CF, (G, K) be defined by do(y) = ġ(y) if y € Gy. Denote by IBr(G, K)o 
the set of class functions ġo, for ¢ € IBr(G, K) and by IBr(G, b, K)o the subset of 
IBr(G, K)o consisting of those ġo for which ¢ € IBr(G, b, K). 
Let x be a p-element of G. The generalized decomposition map 


dg : CF(G, K) > CF, (Ce(x), K) 


is defined by dě (a)(y) = a(xy) fora € CF(G, K), y € Cg(x)p. If x € In(G, K), 
x € Gp, then 


déW= Dd) Gho 


$€IBr(Cg(x).K) 


for uniquely determined elements T of K; Te is called the generalized 
decomposition number associated to the triple (y, ¢, x). 
Let e be a central idempotent of OCg (x). The map 
dS? : CF(G, K) > CF,y/(Ce(x),e, K) 


is defined by dE?) = g (xey) fora € CF(G, K), y € Cg(x),y. 


2.2 Local Structure of Blocks 


Let R denote one of the rings O or k. For Q a p-subgroup of G, let (RG)? denote 
the R-subalgebra of RG consisting of the elements of RG which are fixed by the 
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conjugation action of Q. The Brauer homomorphism Brg : (R G) + kCg(Q) is 
the map defined by 


Bro (x ass) = >D Weg. 
gEg gECG(Q) 
Here, if R = k, then dy is to be interpreted as a. If b is a block of OG, then a 
b-Brauer pair is a pair (Q, e), where Q is a p-subgroup of G and e is a block of 
OCg(Q) such that Bro (b)e = é. Let (P, ép) be a maximal b-Brauer pair under the 
Alperin—Broué inclusion of Brauer pairs [1, Definition 1.1], and for each subgroup 
Q of P, let eg be the unique block of OCg(Q) such that (Q, ëg) < (P, ëp). 

Let FP zp \(G, b) denote the category whose objects are the subgroups of P 
and whose morphisms are defined as follows: For Q, R subgroups of P, the set 
of F(p.zp)(G, b) morphisms from Q to R is the set of those group homomorphisms 
gy : Q — R for which there exists an element g of G such that g(x) = gxg™! for 
x € Q and such that (£ P, £@9) < (R, êr); composition of morphisms is the usual 
composition of functions. 


2.3 Perfect Isometries and Isotypies 


Let H be a finite group such that K contains a primitive |H |th root of unity. Let b 
be a central idempotent of OG and c a central idempotent of OH. 


Definition 2.1. A perfect isometry between b and c is a K-linear map 
I : CF(G, b, K) > CF(H,c, K) 


such that the following holds. For each x € Irr(G, b, K), there exists ane, € {+1} 
such that the map y —> €,/(y) is a bijection between Irr(G, b, K) and Irr(Ħ, c, K) 
and such that setting 


u= J, xxIQ, 


xElr(G,b,K) 


the class function on G x H which sends an element (x, y) of G x H to the element 
Žeme.. XAMON) of O' the following holds: 


(a) For each x € G,y € H, pD €O. 


(b) If x € G, y € H are such that exactly one of x and y is p-singular, then 
L(x, y) = 0. 
If Z as in the above definition is a perfect isometry between b and c, then T 
induces by restriction a map 





Ly : CFy(G,b, K) > CFy(H,c, K). 
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Definition 2.2. Let b be a block of OG and c a block of OH. Then b and c are 
isotypic if the following conditions hold: 


(a) There exists a p-group P and inclusions P —> G, P — H such that 
identifying P with its image in G and in H, there exists a block ep of OCg(P) 
such that (P, @p) is a maximal b-Brauer pair and a block fp of OCy(P) such 
that (P, fp) is a maximal é-Brauer pair and such that 


Fee (G, b) = Fp 7p (H, 8). 
(b) For each cyclic subgroup Q of P, there exists a perfect isometry 
12 : CF(Cg(Q),e0, K) > CF(Cu(Q), fo. K) 


where eg (respectively, fo) is the unique block of OCg(Q) (respectively, 


OCH(Q)) with (Q, 89) < (P, ép) (respectively, (Q, fo) < (P, fe)) such that for 
every generator x of Q, we have 


Q (x,e9) _ œ fo) 1 
15 odg =a er, 


3 Proofs 


Keep the notation and hypothesis of Theorem 1.1. In addition, let W(k) be the 
unique absolutely non-ramified complete discrete valuation ring having k as residue 
field, and identify W (k) with its image under the canonical injective homomorphism 
W(k) —> O (see [11, Chap. 2, Sect.5, Theorems 3 and 4]). There is a unique ring 
automorphism ow.) : W(k) —> W(k) such that ow) (n) = o (ñ) for all n € W(k). 
Further, note that for any p’-root of unity n in K, n € W(k) and ow) (n) = nP. 

Let Ko be the algebraic closure of Q in K. Choose a field automorphism ox, : 
Ko — Ko such that if n € K is any |G|-th root of unity, then ox,(n) = n” if 
the order of 7 is relatively prime to p and ox,(n) = 7 if 7 is a power of p. Then, 
Ko N W(k) contains a primitive |G|,’-root of unity and ox, and oy (x) coincide on 
Q[n] N W(k) for any |G|,--root of unity n. Note that we are not claiming that oo 
extends to an automorphism of O which agrees with ox, on restriction to Q[n] N © 
for any |G|th root of unity 7. 

Denote by ow x) (respectively ox,) the natural extension of ow) (respectively 
OK,) to W(k)G (respectively KoG). 

Recall from [10, Chap. 3, Theorem 6.22 (ii)] that any block of OH, for H a finite 
group is an O-linear combination of p’-elements of H. 


Lemma 3.1. Let 7 be a primitive |G|, root of unity in K and let H < G. Let 


c= > Agg, Qg E O 


gEH y 
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be a block of OH. Then, 


(i) ag € Q[n] O Wk) for all g € Hy. 
(ii) ow) (c) is a block of OH, ow) (c) = OK, (c) and 


owa (c) = o (6). 


Proof. (i) By idempotent lifting, the canonical quotient map ~ : O — k induces a 
bijection between the set of central idempotents of OH and kH. Similarly, 
the restriction of ~ to W(k) induces a bijection between the set of central 
idempotents of W(k)H and kH. Since a central idempotent of W(k)H is a 
central idempotent of OH, it follows that OH and W(k)H have the same 
central idempotents. In particular, c € W(k)H.So,a, € W(k) forall g € Hy. 
On the other hand, by [10, Chap. 3, Theorem 6.22], for g € Hy, Œg is a Q- 
linear combination of |g|-th roots of unity whence a, € Q[n]. This proves (i). 

(ii) As shown above, the set of blocks of OH is the same as the set of blocks 
of W(k)H and ow) is an automorphism of W(k)H. This proves the first 
assertion. The others are immediate from (1). 


Definition 3.2. For H a subgroup G, let 
I” : CF(H, K) > CF(H, K) 
denote the K-linear map defined by 
I” ($)(x) = $(Xpx?,), foro € CF(H, K), x € G. 


If an element @ € CF(H, K) takes values in Ko, denote by o(@) the element 
of CF(H, K) which sends g € H to ox,((g)). Similarly, if @ takes values in 
W(k), then ow) (ġ) will denote the element of CF(H, K) which sends g € H 
to ow) (ġ(g)). We use the same conventions on K-valued class functions defined 
on Hy. 


Lemma 3.3. Let H be a subgroup of G and let c be a block of H. 
(i) For any xy € Irr(H, K), 
I” (X) = or, (%) € Irr(H, K). 
(ii) The map 
x7 OK (X) 


is a bijection from Irr(H, c, K) to Irr(H, ox,(c), K). 

(iii) The restriction of I" to CF(H, c, K) induces a perfect isometry between c and 
OKy (c). 

(iv) For any ¢ € IBr(H, K) and any x € Irr(G, K), 


I” ($0) = OK o()o € IBr(H, K)o 
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and 
doko) _ ghd) 
(H.oky(x)) ~ (H.x) 


Proof. (i) Let y € Irr(H, K), and let p : H — GL,,(Ko) be a representation 


(ii) 


(iii) 


affording x. Such a p exists by Brauer’s splitting field theorem (see for example 
[10, Chap.3, Theorem 4.11]). Denoting also by ox, the automorphism (as 
abstract group) of GL,,(Ko) induced by ox,, it follows that ox, © p is an 
irreducible representation of H with character ox, (x). We show that 7” (7) = 
OK, (x). Leth = hyh, € H. Since Ko contains all the eigen values of p(/), 
by replacing p with an equivalent representation if necessary, we may assume 
that p(h) is a diagonal matrix. Since hp and h, are powers of h, it follows 
that p(h,) is a diagonal matrix diag(¢1,--- ,¢,), e(Ap’) is a diagonal matrix 
diag(71.--- , Nn), where each ¢; is a |H |p root of unity and each n; is an | |p’ 
root of unity, o(/)is the diagonal matrix diag(€171,--- , nn) and p(h ph’) is 
the diagonal matrix diag(¢ın? ,--- , nnn). Thus, 


I? Qin =". Gin? =o; ( > an) = ok, (X) (h). 


l<i<n l<i<n 


Let y € Irr(H, K) and let 


xD) =] 
e15 JH| = x€ ) 


be the primitive central idempotent of KH corresponding to y. Then, 


eok) = Ne a OK (AADAT! = = OK (e,). 
heH 


From this it is immediate that if y € Irm(H,c,K) then ox,(y) € 
Irr(H, ox,(c), K). 
By (i) and (ii) it suffices to prove that the function 


i= J eI" Os 


y€lr(H,c,K) 


satisfies conditions (a) and (b) of Definition 1.1. 


Set 
= ye XXX 


xElr(H,K,c) 


and let x, y € H. 
Then 


Hx, y) = U(X, Yp Yy). 
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Since the identity map on CF(H,c, K) is a perfect isometry with ı the 
corresponding (virtual) character of H x H, we see that u(x, y) is divisible 
in O by both |Cg(x)| and by Copy pI and that u(x, y) is 0 if exactly one 
of x and Yryy is p-singular. But, clearly Co (yp yy) = Cc(y) and Yryy is 
p-singular if and only if y is p-singular. This proves (iii). 

(iv) Let @ € IBr(H, K) and let t : H — GL, (k) be an irreducible representation 
of H affording the Brauer character ġ. Then ø o qt is an irreducible representa- 
tion of H, where again we denote by o the induced automorphism of GL, (k). 
Let ¢’ be the Brauer character associated to ø o t and let h € Hy. Let A be 
the multiset of eigen values of t (h). The multiset of eigen values of ø o t(h) 
is {AP : A € A}, hence $'(h) = ow (A). Further, since {AP : À € A} is also 
the multiset of eigen values of t(h”), I” ()(A) = (h?) = owa (h) for all 
h € Hy. Thus, 


I” (ġo) = owa ($)o = 9) € IBr(H, K)o. 


Since ġ takes values in Z[n] , with 7 a primitive |H|,’-root of unity, 
aww) ()o = OKo(P)o whence I” (po) = oxo ($)o € IBr(H, K)o. 

The compatibility of decomposition numbers is clear from the fact that for 
any y € Irr(H, K), 


1, 
Res| 1, X= > bio 


$€IBr(H,K) 
and that 5), € Z for all $ € IBr(H, K). 


Proof of Theorem 1.1. Let b be a block of OG. By Lemma 3.1 it suffices to show that 
b and ox,(b) are isotypic. Let P a p-subgroup of G and ep be a block of OCg(P) 
such that (P, êp) is a maximal b-Brauer pair. For each Q < P, let eg be the unique 
block of OCg(Q) such that (Q, ĉo) < (P,ép). For any p-subgroup Q of G and 
any a € (kG)2, o(Brp(a)) = Brp(o(a)). So, the map (Q, f) > (Q,o(f)) is 
an isomorphism from the G-poset of b-Brauer pairs to the G-poset of o(b)-Brauer 
pairs. By Lemma 3.1, o0(b) = ox,(b) and o( f) = ox,(/) for any block f of 
kCg(Q), Q a p-subgroup of G. Thus, (P,ox,(ep)) is a maximal ox,(b)-Brauer 
pair; for every subgroup Q of P, ox, (eq) is the unique block of OCg(Q) such that 
(Q, 0K (e9)) < (P, ox (ep), and Fp orep) lC Oko (b)) = Ferer (G, b). 

We will use the maps 12) of Definition 3.2 to produce an isotypy between b 
and ox,(b). For Q < P, let 12 be the restriction of [©¢(2) to CF(Cg(Q), eg. K). 
We will show that the maps J, as Q runs over the cyclic subgroups of P defines 
an isotypy between b and c. So, let Q < P be acyclic group. By Lemma 3.3, 

















12 : CF(CG(Q), eg, K) > CF(CG(Q), ox, (eo), K) 


is a perfect isometry. It remains only to check the compatibility condition (b) of 
Definition 2.2. 
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Set H = Cg(Q) and let Q = (x). We claim that 


ge) — g(X,0Ky (9) 
(Gx) ~ “(G,oK9 () 


for all y € Irr(G, K) and all ¢ € IBr(H, K). 
Indeed, for t € Irr(H, K), let E&x) € K be such that p(x) is the scalar matrix 


(Eix) » Cix) ) in any representation p of H affording t. Since the order of €(;,x) 
is a divisor of |G| p, 


S (oxy (t).x) = OKy (Cx) = lt: 
Also, for x € Irr(G, K), ọ € IBr(H, K), 


$) {1}, 
Cae = (Res| 4 X, dleas a 
tElrr(H,K) 


The claim follows since for all t € Irr(H, K) andall¢ € IBr(H, K), S(oxy(z).x) = 


ex): cay = Cand by Lemma 3.3 (iv) and (Res|y, T) € Z. 
For y € Irr(G, K), ọ € IBr(H, K), 
(x,eọ) x; 
do = DI Sanh 
~€lBr(H,eg ,K) 


The compatibility condition (b) of Definition 2.2 is easily seen to follow from the 
linearity of the maps J 2, the claim and Lemma 3.3: 


(x,e9) (x. 
rode (= F  8G%12(bo) 
#€IBr(H,eg.K) 
E (xoko ($)) ro 
= D SG. or 0)! (%0) 
pEIBr(H,eo9,K) 
(x.0K, ($)) 
= 5 SG or, 0) Ko (Ao 
~eIBr(H,eg,K) 


— (x.9’) , 
B 3 5G oxy (PO 
$’ €IBr(H,oxK, (eg),K) 


= dE (yy, 


E 


Proof of Corollary 1.2. Let (K,O,k) be a p-modular system such that k is an 
algebraic closure of F, and K contains a primitive |G|-th root of unity. By the 
theorem, there is a perfect isometry between OGb and OGox,(b). Hence, by 
[5, Théorème 1.4], there is an O-algebra isomorphism f : Z(OGox,(b)) > 
Z(OGb). This induces a k-algebra isomorphism f : Z(kGo(b)) > Z(kGb). On 
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the other hand, ø induces a ring isomorphism o : Z (kGb) > Z(k Go(b)) such that 
for alla € Z(kGb) and alla € k, o(Aa) = A?o(a). Thus, 0 o f : Z(kGo(b)) > 
Z(kGo(b)) is a ring automorphism which satisfies o o f(Aa) = A?o o f(a) 
for all a € Z(kGo(b)) and all A € k. By [8, Lemma 2.1], the fixed points 
(Z(kGo(b)))°°F of Z(kGo(b)) under o o f are an F,,-subspace of Z(kGo(b)) 
such that Z(kGo(b)) = k @r, (Z(kGo(b)))°°f as k-vector spaces. Since o o f 
is ahomomorphism of rings, (Z(kGo(b)))°°f is an F,,-algebra. Thus, Z(k Go(b)) 
and hence Z(kGb) has an F p-form. Oo 





Proof of Corollary 1.3. Let b be a block of kG with defect d. Since dim; (Z (k Gb)) 
= dimgx(Z(KGb)) = |Irr(G,b, K)|, by [4, Theorem 1] the k-dimension of 
Z(kGb) is bounded by m. By Corollary 1.2, Z(kGb) has a k-basis such that the 
multiplicative constants of Z(kGb) with respect to this basis are all in F,. Thus 


m 





there are at most p ? possibilities for the isomorphism type of Z(kGb). E 


Remark 3.4. (i) The proof of Theorem 1.1 can be readily adapted to prove that 
between any pair of Galois conjugate blocks there is a global isotypy in the 
sense of [3, 1.9]. It is not known whether there is a p-permutation equivalence 
(cf. [3, Definition 1.3], [9, Definition 1.3]) between any pair of Galois conjugate 
blocks. 

(ii) By Lemma 3.3, the isometries between various blocks in Theorem 1.1 all appear 
without signs, which seems to render even more surprising the fact that Galois 
conjugate blocks need not be Morita equivalent [2]. 
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Representations of Unitriangular Groups 


Tung Le and Kay Magaard 


Abstract We survey recent results concerning the representation theory of unitri- 
angular groups. 


Subject Classifications: MSC 2000: 20C99 


Keywords Irreducible characters e Groups of Lie type * Unipotent groups 


1 Introduction 


Let p bea prime, q = p° and X, (q) bea finite quasisimple group of untwisted rank 
r defined over the field F,. By UX, (q) we denote a Sylow p-subgroup of X;(q). 
For example, if X, (4) = SL,+1(q), then with respect to a suitable basis of the 
natural module of SL,+1(qg) the group USL,4+1(q) is the set of all upper triangular 
(r + 1) x (r + 1) matrices over the finite field F, with diagonal entries all equal 
to 1. Now UX,(q) acts faithfully on the Lie algebra of X,(q) of dimension d. So 
UX,(q) may be obtained as an intersection of a GLa (q)-conjugate of U SLa (q) with 
the image of X, (q) in its adjoint action. 

We explore the question of what is known about Irr(U X, (q)), and more generally 
the character table of U X, (q)? Specifically, we will explore the following questions. 


Question 1: Is it true that y(1) = q fora € Zt for all y € Irr(UX,(q))? 
Question 2: Is it true that |Irr(U X, (4))| € Z[q]? 
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Question 1, for the case X,(q) = SL,+ı(q), is an old question going back to 
the 1960s, whereas Higman [15] conjectured in 1960 that if X, (4) = SL,+1(q), 
then the answer to Question 2 is yes. Subsequently, Higman’s conjecture was 
strengthened by Lehrer [20] who conjectured that the numbers N,,¢(qg) of irre- 
ducible characters of UA,—1(q) of degree g° are given by a polynomial in q 
with integer coefficients. Recently, I.M. Isaacs suggested a strengthened form 
of Lehrer’s conjecture stating that N, (q) is given by a polynomial in q — 1 
with nonnegative integer coefficients. So, Isaacs’ conjecture implies Higman’s and 
Lehrer’s conjectures. 


2 Character Degrees of UX, (q) 


In this section, we consider Question 1. We consider the case X = SL,(q) first. 

Define usu (n) := m? ifn = 2m + 1 and psi (n) := m(m — 1) if n = 2m. The 
following two theorems settle the question of character degrees completely for the 
case X = SL, (q). In 1973, Gutkin [13] claimed to have proved the result below, 
however his “proof” turned out to be incorrect. In 1995, Isaacs proved: 


Theorem 2.1 (Isaacs). Zf y € Irr(USL,(q)), then y(1) = q* where 0 < a < 
Msi (n). 


Theorem 2.2 (Huppert). Moreover, for every 0 < a < [s.(n) there exists VW € 
Inr(USL,(q)) with W(1) = q°. 


For a general group of Lie type X;(q) define ux(r) to be the maximum over 
x € Irr(UX,(q)) of log, (y(1)). For classical groups we have. 


Theorem 2.3 (Sangroniz, Szegedy). If X,(q) is a classical group of Lie rank r 
defined over F4 with q odd and x € Irr(UX,(q)), then x(1) = q° where 0 < a < 
Lx (7). 


Independently, Sangroniz, André and Neto determined the exact value of uy (q) 
whenever X is classical using the Kirillov orbit method. The precise statement is as 
follows: 


Theorem 2.4 (Sangroniz, André and Neto). If q is odd and X,(q) is a classical 
group but not of type A then the values of x (r) are in Z and their values are 
independent of q. In particular, we have 


- mam) = palm). 

Hgm) = m(m — 1)/2. 

up(m) = m(m — 2)/2 ifm is even and (m — 1)?/2 ifm is odd. 
- Hap(m) = ppm). 

. pc(m) = m(m — 1)/2. 


UR WHS 
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We conjecture that 


Conjecture 2.5 (Le, Magaard). The following are true: 


1. If q is odd, then ur (4) = 10. 
2. z2g(6) = 16. 

3. wn (6) = 16 

4. we(7) = 28 

5. Ee (8) = 56 


Le’s construction, in Sect.4 below, gives characters of claimed degree. What 
remains to be shown is that there are no characters of larger degree. 

For X classical and q even the situation with regards to character degrees is quite 
different. 


Theorem 2.6 (Gow, Marjoram, Previtali). [fg is even, then for all0 <i < [m/2] 
the exists yi € Irt(USpam(q)) such that y;(1) = 2q" "702, 


These authors, as well as Sangroniz, show that similar statements are true for 
orthogonal groups as well. 

For low rank classical groups complete descriptions of the irreducible characters 
have been given. Two recent examples are USL 13(q) which is due to Evseev [10] 
and UD4(q) = U os (q) which is due to Himstedt et al. [16]. The results concerning 
UD4(q) = U os (q) are tabulated in Table 1. To explain the table we need some 
background and notation. 

Let ® be a root system of type D4 in some Euclidean space, with basis A = 
{a, @2, @3, a4} of simple roots such that a, @2, @4 are orthogonal to each other. The 
Dynkin diagram of @ is 


a2 





e © 
a) a3 a4 


The positive roots are those roots which can be written as linear combinations 
of the simple roots a1, &2, @3, @4 with nonnegative coefficients and we write P4 for 


SRA ‘i 1 
the set of positive roots. We use the notation 121 for the root a; + a2 + 2a3 + a4 


and we use a similar notation for the remaining positive roots. The height of a root 
is the sum of the coefficients with respect to the basis consisting of the simple roots. 
The 12 positive roots of ® are given in Table 2. 

The numbering a, @2,...,@12 of these roots is in accordance with the output 
produced by the CHEVIE [11] command 


CoxeterGroup("D", 4); 


The labeling of the families F; jx is designed so as to identify the kernel and 
and the centrally-acting root groups of UD4(q) of each member of the family. 
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Table 1 The irreducible characters of UD4(q) 
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Family Notation Parameter set Number Degree 
Fir X12,a,b1,b2,b3 |] X By x Fy x Fy a- 4t 
Fii X11,4,b1,b2,b3,b4 Z xF xF xxm gq-l) @ 
FRS  X8,9,10.a1,a2,a3,b my XF xF% x Fy qq- g 
Feo 10  X8,9,10,4?,a1,a2,a3 7% x F% x F% (q—- 1) q? 
X 8,9,10, $ x,a1,02,03,04 Z4 x Fy x FP X FP X FE 4(q —1)* z 
Fso X8,9,43,a1,a2,a3 XEXE a- q? 
X8,9.q2,a1,a2,b1,b2 xX F% x Fy X Fy aq- g? 
Fs,10 X8,10,43,a1,a2,a3 0 XE Xx FF -1° q? 
X8,10,42,a1 ,a2,b1,b2 0% x F% x F; X Fy aq- g? 
Fo,10 X9,10,43,a1,a2,a3 T% X FX x F% @G=— q 
X9,10,q2,a1,a2,b1,b2 7 x F% x By X Fy Paq- g 
Fe Verona x x FX 4- # 
X8,q,a1,b1,b2 x F; x Fy vq =1) q? 
Fo Yogis x x FX 4- ë 
X9,42,a1,b1,b2 y x F; x Fy vq —1) q? 
Fio X10,43,a1,a2 a XE (q -1 q 
X10,q?,a1,b1.b2 Jei x "a x Fy vq = 1) q? 
F567 X5,6,7,a1,a2,a3,b1,b2 x x FX xF xF xF, U-I q 
F56 X5,6,a1,a2,b1,b2 ye x a x 4 x Fy vq = 1)? q 
Fs X5,7,a1,a2,b1,b2 T X EG x Ey x Fy Uq- q 
Fo7 X6,7,a1,a2,b1,b2 yel x Ja x 4 x Fy vq g 1)? q 
Fs X5,a,b1.b2 x x By x Fy u-d) q 
Fe X6,a,bı,b2 je x F; x F; lq- 1) q 
Fy X7,a,b1 bo D x F; x F; 4-1) q 
Fin Xlin.bı „b2 b3 ba %4 X Fy X Fy X Fy qt 1 














Table 2 Positive roots of the root system ® of type D4 





Height Roots 
5 Q12 := 121 
1 
4 y= 1 1 1 
3 Ag := I Ag 1= o a 1 
sm iyo Hiii or" 011 
> — 0 1l 0 
“smirio Sgio “Tori 
1 aly a2 3 a4 





Specifically, if £ > max(i, j,k), then X¢ C ker(x) for all y € Fi jk and if 
L€ {i, j,k}, then for all y € F; jx we have Xe C Z(x) but Xe ¢ ker(y). 


Remark. We construct all characters explicitly by inducing linear characters of 
certain subgroups. 
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The prime 2 is bad for classical groups which are not of type A. Recall that p 
is a bad prime for X,(q) means that when expressing the highest root a € ®* as 
a linear combination of simple roots, then at least one of the coefficients exceeds 
p — 1. It is worth noting that in UD4(q) only the character degrees of the family 
Fg.9,19 Witness the difference between q even and q odd. 


In a related project, Goodwin and Rohrle [12] enumerate all conjugacy classes 
of X, (q) where r < 6 and q is good for X, (q). 

In an ongoing project Goodwin, Himstedt, Le, and Magaard are constructing 
the generic character table for UD4(q) and put it into CHEVIE. One intended 
application of this project is to help find the decomposition numbers for groups 
of type D4(q) in characteristics dividing q + 1. 

It is also interesting to note that while the character degrees for the family F11 do 
not depend on q, the formulae for the character values detects the parity of q. So the 
exceptional behavior of the prime 2 for UD, is witnessed by the character degrees 
of the family Fg 919 and by certain character values of members of the family F41. 

Finally, we remark that UD% (q) is a homomorphic image of UD4x (q). So for 
q even, using the family Fg.9,19 we can construct characters of degree 2~'q** for 
allO < i < k, and thus we see a proliferation of evidence for the exceptional 
behavior of the prime 2 in terms of the behavior of the character degrees for the 
groups UD, (q) as n increases. Similarly we see, using the family 7, that the 
exceptional behavior for the prime 2 will increasingly be evident in the formulae 
for the character values of UD, (q) as well. Of course using the results of Sangroniz 
and of Anrdé and Neto we can witness similar behavior in the character degrees of 
the other classical groups. 


3 The Number of Characters of a Given Degree 


We now turn to Question 2. As we mentioned above in the 1960s, Higman 
conjectured that |Irr(USL,(q))| € Z[q]. 


Definition 3.1. Nxa(q) is the number of irreducible characters of UX, (q) of 
degree q’. 


In the 1970s, Lehrer conjectured that N4n—1a(q) € Zlq]. Recently, Isaacs 
conjectured that N4n—1.4(q) € N[(q — 1)]. As 


u(n) 


|Ir(USLn(Q)| = X Nan-1a(9) 


a=1 


both conjectures imply Higman’s conjecture. What evidence is there for the 
conjectures, and do they generalize to other groups of Lie type? 
In the 1970s, Lehrer showed that 


Na2m-1,u4Qm—1)(Q) = qq — 1)" 
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and 


NA.2m,.4(2m) (q) 2 (q = Ly 


Later, Isaacs [18] showed that the inequalities are in fact equalities. More recently 
similar results have been obtained for classical groups which we summarize in the 
following theorem. 


Theorem 3.2 (Sangroniz, André and Neto). [fq is odd and X,(q) is a classical 
group but not of type A then the number of characters of UX,(q) of maximal degree 
is in N[(q — 1)]. In particular, we have 


L. N24.m,ur,(m)(Q) = Namnam (4). 

2. NB musoma) = (q1) q" (q+ 1) ifm is even and (q—1)™=/ q+ 0/2 
ifm is odd. 

3. ND m pom (q) = (q — 1) q+?! ifm is even and (q — 1) VPg@tD?2 
ifm is odd. 

4. NoD m2 pm) (4) = ND m, upm) (4). 

5: Nc m uc (q) = aq = ae 


We also conjecture the following. 
Conjecture 3.3 (Le, Magaard). The following are true: 


. If q is odd, then NF 410(4) = (q — 1)¢. 
. Nag 616(4) = (q — 1)°4q. 

. New.16(q) = (q4 — 1)°4 

- Ne 728(4) = (q — 1)°4* 

. Nes56(4) = (q —1)4q* 


Le’s construction, in Sect. 4 below, gives characters of claimed degree and multi- 
plicity. What remains to be shown is that there are no characters of larger degree. 

In his thesis, Le proves recursions for the number of charaters of UA,—1(q) of 
second and third highest degree. 


nABWN Fe 


Theorem 3.4. The following are true 


N An- uam- (q) = (q ia 1) N4n—3,u.4(n—3)-1 (q) + qq _ 1) NAn—5,4(n—5) (9) 
ifn > 5, and 
NaAn-1,u4(n)—2(Q) = (q = 1) NA n—3,.4(n—3)—2() F a(q = 1) Nan—5,u.4(n—5)—1(Q) 
+g- 1)? + q- DINA nuaa- (d) 


ifn = 7. 


Using these recursions one can easily deduce the following result of Isaacs 
[17, 18]. 
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Table 3 Numbers and degrees of the irreducible characters of 
UD4(q). The numbers of the irreducible characters are given as 
polynomials in v = q — 1 


Degree Number of irreducible characters Comments 


























qt vt + 343+ 0 
g? v + 5vt + 10 +7? +9 If q is odd 
w+ 444 10 + 7m Hy If q is even 
£ 44 Only if q is even 
q? 3vt + 9 + Ov? + 3v 
q vw + 5vt + 10v? + 9v? + 3v 
1 vi + 43 + 6? + 4v 41 





Corollary 3.5. The following is true: 


Nan-1,u4(n)-1(Q) = qq = D” (mq = 1) F 1) 


if n= 2m + l and 


NA n-i uam- (4) = aq _ 1)” ((m = 1)q F 1) 


if n = 2m. 


For low rank groups of type A of rank up to 12 the conjectures of Higman, 
Lehrer and Isaacs have been confirmed by direct computation. For the ranks 9—12 
results see Evseev [10]. For ranks < 8 see Isaacs [18,22,23]. The character degrees 
of groups of type UC2(q) were computed by Lusztig [21]. The character degrees 
of groups of type U?G2(q) were computed by Eaton [9]. The results of [16] from 
the previous section are summarized in the following table. The results show that 
Higman’s conjecture does not generalize to situations where the prime is bad for 
X, (q) (Table 3). 


4 Construction of Characters 


Starting with André’s PhD thesis [2] systematic constructions of the characters 
of the unitriangular groups have been undertaken. André’s construction is based 
on studying orbits of the group on the dual of the adjoint representation of the 
associated Lie algebra, or co-adjoint orbits for short. This approach is also known as 
the Kirillov orbit method. This approach required a restriction on the characteristic 
of the field F}. However, for the case UA,,(q) André in [3] was able to modify his 
construction so as to remove the restriction on the characteristic. 

While the computation of the character table of UA, (q) has not been achieved 
to to date, and may never be as this is a provably wild problem, several important 
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milestones have been achieved. It was shown by Diaconis and Isaacs [7] that the 
characters, which André [3] calls basic, and certain unions of conjugacy classes, 
now called superclasses, form a partition of the Irr(UA,(q)), respectively, the 
conjugacy classes of UA,(q) in such a way that the basic characters are constant 
on superclasses. Thus, the basic characters together with the superclasses are an 
example of a supercharacter table in the sense of Diaconis and Isaacs [7]. Most 
recently, André and Neto [4,5] computed a supercharacter table for symplectic and 
orthogonal groups defined over fields of odd characteristic. 

The entries in the supercharacter table of UA,(q) can be interpreted in a 
combinatorial way. This has lead to connections to other areas of mathematics, 
for example Hopf algebras. For development of the combinatorial aspects see 
Diaconis and Thiem [8] and the references contained therein. For the most recent 
developments concerning the connection to Hopf algebras see [1]. 

Still another approach to the characters of unitriangular groups, suggested by 
Drinfeld, which is based on a geometric interpretation of the Kirillov orbit method 
has been explored by Boyarchenko [6]. 

In his thesis, Le took a more group/Lie -theoretic approach which we now 
describe. 

Given a root system ®, all of whose roots have the same length, for a group of 
Lie type X and a root € * define the hook 


h(a) :={Be@t : a—Be dt U{o}y. 
Correspondingly the subgroup 


i= || x% sv 
yeh(a) 


is called the hook subgroup of UX ata. 


Remark. If X is quasisimple, a is the highest root of ®* and UX is the unipotent 
radical of the standard Borel subgroup, then Ha is the unipotent radical of the 
parabolic subgroup Ny (Xe). 


Remark. If œ is not the highest root of *, then H, is a subgroup of the intersection 
of the unipotent radical of Cy (X,) with UX. 


For alla € ®* andall A € Hom(F,,C)*, we can define a unique Yo, € Irr(UX) 
of degree g("#al-)/2, 

For X = SL,(q) André calls these elementary characters. For general X, Le 
calls them midafi for “minimal degree almost faithful irreducible”. For types D 
and B some of André and Neto’s elementary characters are not irreducible whereas 
midafi characters always are. 


Definition 4.1. Let X = SL,(q) and ®* be the set of positive roots. We call a 
subset S C ®t admissible if for all æ, B € S we have (a, B) < 0; i.e. if no two 
positions ever lie on the same row or column. 
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For an admissible set S = {a,...,a,} and A € (Hom(F,,C)*)* we define 
T(S, A) := jai Xo M- 
Example: If æn is the highest root of t, n = 2m + 1, and S is 
{Otn, On — Q1 — Qn—1, Oh — OL] — X2 — Ay—2 — On—2,.--, Am + Am+i} 


then 7(S,A) is irreducible of maximal degree, namely g“) for all A. 
Moreover the the group of diagonal matrices T of GL, (q) normalizing USL, (q) 
acts transitively on the set of characters of maximal degree, showing that 
NA2m,a(2m+1)(Q) = (q = 1)” 


Remark 4.2. More generally, for fixed S the action of T on the set of T(S, A) is 
transitive. 


Remark 4.3. Every linear character is equal to some T(S,A) where 
SC {æ1, M2, Sie ,An—1}. 


Theorem 4.4. For every x € Irr(USL,,(q)) there exists a unique admissible set S 
and a unique A such that (xy, T(S, A)) # 0. 


There are several proofs of this result in the literature; see for example André [3], 
Diaconis and Isaacs [7], and Le’s thesis [19]. 

The characters T(S, A) are the basic characters defined by André and are 
examples of supercharacters. 

We define 


i(S):= So Ih) NAB). 
apes 
Theorem 4.5. (T(S, A), T(S, A)) = q'®) and the degree of every constituent is 
divisible by T(S, A)(1)/qi* 


The problem that remains is how do the characters T(S, A) decompose? To this 
end we make the following 


Definition 4.6. An additively closed subset of @* is called a pattern. Subgroups 
generated by the root subgroups indexed by a pattern are called pattern subgroups. 


Starting from S Le defines subgroups D = USL)s\(q), and R and C, where R 
and C are pattern subgroups of D, and a subgroup K of USL, (q). 


Theorem 4.7 (Le). The constituents of A|Z(R/K) pee are in one to one corre- 
spondence with the constituents of T(S, A). 


For example, if A|z(r/x) = 1, then A|Z(R/K) +/K is the regular character. 
Using this Le proves the formulae for Ny (ny—1(q), and Nn v(n)—2(q) by showing 
that characters of large degree must be consituents of T (S, A) where i (S) < 3. 
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We now give the definitions for the relevant pattern subgroups defined by an 
admissible set S. Suppose that S = {a;,;}, where œ; j := €; — €j. The set 


Toy = {Qis : 8 <i} 


and 
T := |] Ta. 
aES 
Now define 
K := (Xa : aE OT). 
Set 
r(S):= {i : qij ES}, 

and define 


D := (Xani : 8,h € r(S)). 


Note that if Xah C D, then gk, œn € S. So define 
R := (Xani 1 k > €) 


and 
C:={(X, 


agri | k <48). 

We illustrate the theorem with an example: If S := {1 5, @2,7, Œ3,6, Œ4,8}, then 
T(S, A) = q? and i (S) = 5. 

Here, D := (Xa; : 1 <i < j <4), C = Xos and R is a special group of 
order q!*+*. Thus, the regular character of R is a sum of (q — 1) characters of degree 
q? each occurring with multiplicity q? and g* characters of degree 1 each occurring 
with multiplicity 1. Thus, T(S, A) decomposes into (q — 1) characters of degree q? 
each with multiplicity q? and q* characters of degree q” each with multiplicity 1. 


5 Outlook 


While Le’s thesis sheds light on the decomposition of T (S, A) a proof of Higman’s 
conjecture remains elusive. Why? What is needed is an understanding of Irr(R/K), 
where R is a pattern group. However, Halasi [14] showed that Higman’s conjecture 
does not hold for all pattern groups. 

However, the pattern subgroups that need to be considered for the purpose of 
decomposing T(S, A) enjoy the additional property that they are complemented, 
that is that both R and C are pattern subgroups such that R N C = 1 and D = 
(R, C). It remains an open question how this extra property can be used. 
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In closing we mention some open questions and ongoing projects: 


Following Tits’ philosophy Himstedt, Le, and Magaard are constructing all 
characters of UX,(q) where X, (q) is exceptional. 

Explain why the primes 3, respectively, 5 are bad for E6, respectively, Eg in 
terms of the representation theory of UE, and U Eg. 

The supercharacter theory developed for the classical groups by André is 
obtained by restricting supercharacters of USL, down to UX where X is 
classical. Is it possible to define a supercharacter theory that is intrinsic to UX, 
where X is classical? 

Apart from the supercharacter theory that Diaconis and Isaacs [7] define for 
algebra groups, do there exist other “natural” supercharacter theories for pattern 
subgroups, or for complemented pattern subgroups? 

How can the fact that the pattern subgroups that govern the tensor product 
decomposition of T (S, A) are complemented be used? 

How much does the representation theory of UX determine the cross character- 
istic representations of X ? 
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Hermitian Veronesean Caps 


J. Schillewaert and H. Van Maldeghem 


Abstract In [J. Schillewaert and H. Van Maldeghem, Quadric Veronesean caps, 
Discrete Mathematics], a characterization theorem for Veronesean varieties in 
PG(N, K), with K a skewfield, is proved. This result extends the theorem for the 
finite case proved in [J. A. Thas and H. Van Maldeghem, Quart. J. Math. 55 (2004), 
99-113]. In this paper, we prove analogous results for Hermitian varieties, extending 
the results obtained in the finite case in [B. Cooperstein, J. A. Thas and H. Van 
Maldeghem, Forum Math. 16 (2004), 365-381] in a non-trivial way. 


Subject Classifications: 51A45 


Keywords Veronesean variety e Hermitian variety ° Veronesean embedding 


1 Introduction 


In [4], we showed that a Veronesean cap endowed with its ovals is a projective space 
(using Veblen’s axiom) and as a corollary we obtained a characterization for quadric 
Veronesean varieties as a representation of a projective space in another projective 
space where lines of the former are ovals in the latter. In this paper, we consider 
Hermitian Veronesean varieties. Here, a characterization as a union of ovoids with 
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an additional assumption on the tangent planes can be proved in much the same 
spirit as for quadric Veroneseans, except that, after using Veblen’s axiom, one 
needs an argument to show that all ovoids are isomorphic elliptic quadrics (in the 
finite case there is only one isomorphism class of elliptic quadrics in projective 
3-space over a fixed finite field, since Galois extensions of degree 2 are unique 
for finite fields). Then we obtain a characterization of Hermitian Veroneseans as a 
representation of a projective space in another one where the lines of the former are 
ovoids of the latter. In the finite case, the key lemma is Lemma 3.2 of [7], which is 
proved with a typical finiteness argument, using counting and dividing. Moreover, 
later in the proof, in order to arrive at the André representation of an affine plane, 
one heavily uses the fact that the number of points is already correct. These two facts 
seemed, up to now, too heavy obstacles for the infinite case. However, in the present 
paper we use entirely different ideas to generalize Lemma 3.2 of [7]. The proof we 
provide is more geometric and also largely holds in the finite case, and it provides 
enough insight in the matter to analyze the smallest case, which is an exception to 
the theorem, see Remark 4.2. We will describe this case in detail. 

We end the paper with an easy application, providing a simple alternative 
geometric definition of the Hermitian Veronesean. This application generalizes a 
result of Lunardon [3]. 

In Sect.2, we introduce the necessary notions: we review the Veblen—Young 
theorem [8], which is crucial in our arguments, define Hermitian Veroneseans, and 
state our main results. 


2 Notation and Main Results 


2.1 Axiomatization of Projective Spaces 


A good exposition on the foundations of projective and polar spaces can be found on 
Peter Cameron’s website, and the paragraph below is based on these lecture notes. 
At the end of the nineteenth century a lot of work was done on the axiomatization of 
projective spaces, starting with Pasch. This work culminated in 1910 when Veblen 
and Young provided a beautiful characterization of projective spaces [8] based on 
the following axiom. 


Veblen’s Axiom 


Ifa line intersects two sides of a triangle but does not contain their intersection then 
it also intersects the third side. 


Theorem 2.1 (Veblen—Young theorem). Let (X, L£) be a thick linear space satis- 
fying Veblen’s axiom. Then one of the following holds: 


(1) X=L=D. 
(2) |X| =1, L=9. 
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(3) L={X}, |X| = 3. 

(4) (X, L) is a projective plane. 

(5) (X,£) is a projective space over a skew field, not necessarily of finite 
dimension. 


2.2 Quadric Veronesean Caps 


Since we will need our results of [4], we briefly recall them here. 

Let X be a spanning point set of PG(N, K), with K any skew field, and let JI be 
a collection of planes of PG(N, K) such that, for any x € IT, the intersection m N X 
is an oval X(x) in mw (and then, for x € X(x), we denote the tangent line at x to 
X(x) by T;(X(z)) or sometimes simply by Ty (7)). We call X a Veronesean cap if 
the following conditions hold: 


(V1) Any two points x and y of X lie in a unique element of IT, denoted by [x, y]. 

(V2) If m,m € M, with mı Æ m, then mi Nm C X. 

(V3) Ifx € X andr € T, with x ¢ z, then each of the lines Ty ([x, y]), y € TOX, 
is contained in a fixed plane of PG(N, K), denoted by T(x, 7). 


Then we have the following result. 


Theorem 2.2 (Schillewaert and Van Maldeghem [4]). Let X be a Veronesean 
cap in IT := PG(N, K). Then K is a field and there exists a natural number n > 2 
(called the index of X ), a projective space II’ := PG(n(n + 3)/2, K) containing 
TI, a subspace R of IT' skew to TI, and a quadric Veronesean V, of index n in IT’, 
with RO V, = Ø, such that X is the (bijective) projection of V, from R onto IT. The 
subspace R can be empty, in which case X is projectively equivalent to Vy. 


As an application, we showed the following characterization, which basically 
replaces Condition (V2) with a dimension restriction, and (V3) with the condition 
that the geometry of points and ovals is a projective space. 


Theorem 2.3 (Schillewaert and Van Maldeghem [4]). Let X be a spanning set 
of points in the projective space PG(d, K), with K any skew field of order at least 
3. Suppose that 


(V1*) For any pair of points x, y € X, there is a unique plane denoted |x, y] such 
that |x, y] N X is an oval, denoted X (|x, y]); 

(V2*) The set X endowed with all subsets X (|x, y]), has the structure of the point- 
line geometry of a projective space PG(n, F), for some skew field F, n > 3, 
or of any projective plane II (and we put n = 2 in this case); 

(V3*) d > ġn(n + 3). 


Then d = in(n + 3) and X is the point set of a quadric Veronesean of index n. In 
particular, F = K ifn > 3, and TI is isomorphic to PG(2,K) ifn = 2. 
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2.3 Hermitian Veronesean caps 


An ovoid O in a 3-dimensional projective space X is a set of points of X such that 
no line of X intersects O in at least 3 points, and for every point x € O, there is a 
unique plane z through x intersecting O in only x and containing all lines through 
x that meet O in only x. The plane z is called the tangent plane at x to O and 
denoted 7).(O). 

Let X be a spanning point set of PG(N, K), with K any skew field, and let & be 
a collection of 3-dimensional projective subspaces of PG(N, K), called the elliptic 
spaces of X, such that, for any £ € £, the intersection € N X is an ovoid X(€) in & 
(and then, for x € X(&), we sometimes denote 7).(X(&)) simply by 7}.(&)). We call 
X a Hermitian Veronesean cap if the following conditions hold: 


(H1) Any two points x and y of X lie in a unique element of £, denoted by [x, y]. 

(H2) If Ei, & € &, with & Æ &, then E N E CX. 

(H3) Ifx € X andé € &, with x ¢ &, then each of the planes T, ([x, y]), y € 
EN X, is contained in a fixed 4-dimensional subspace of PG(N, K), denoted 


by T(x, £). 


In [1], it was shown that the following are examples of Hermitian Veronesean 
caps. 


Hermitian Veronesean Varieties 


Let n be a positive integer, let L be a quadratic extension of a field K, and consider 
the projective spaces PG(n, L) and PG(N, K) with N = n(n + 2). Letr €E L\K 
be arbitrary. Then the Hermitian Veronesean variety of index n is the image of the 
map x : PG(n, L) > PG(N, K) 


m (({(x0; X1,- -3 Xn) = (Wij )ozi jsn) 


with Vii = XiXi, Vij = XiXj + Xi Xj (for i < J); and Vij = r'XjXj + rXixj (for 
i > j), where x denotes the conjugate of x. 

Moreover, in the finite case, it is proved in [1] that every Hermitian Veronesean 
cap is a suitable projection of some Hermitian Veronesean variety. Below we 
generalize this to the case of finite-dimensional projective spaces over infinite fields. 

The following is our main result. 


Theorem 2.4. Let X be a Hermitian cap in I = PG(N,K), N > 3, with 
corresponding set & of elliptic spaces. Then K is commutative. Also, X endowed 
with all X (E), for & € &, is the point-line structure of a projective space PG(n, L), 
with L a quadratic extension of IK, and X is projectively equivalent to a quotient of 
a Hermitian Veronesean variety of index n. Ifn = 2,3, then N = n(n + 2) and X 
is projectively equivalent to a Hermitian Veronesean variety of index n. 
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As an application, we also show the following elegant characterization, which 
basically replaces Condition (H2) with a dimension restriction, and (H3) with the 
condition that the geometry of points and ovoids is a projective space. 


Theorem 2.5. Let X be a spanning set of points in the projective space PG(d, K), 
with IK any skew field of order at least 3. Suppose that 


(H1*) For any pair of points x, y € X, there is a unique 3-dimensional subspace 
denoted |x, y] such that |x, y] N X is an ovoid, denoted X (|x, y]); 

(H2*) The set X endowed with all subsets X({x, y]), has the structure of the point- 
line geometry of a projective space PG(n, L), for some skew field L, n > 3, 
or of any projective plane IT (and we put n = 2 in this case); 

(H3*) d > n(n +2). 


Then d = n(n+2) and X is the point set of a Hermitian Veronesean variety of index 
n. In particular, L is a quadratic extension of K ifn > 3, and IT is isomorphic to 
PG(2, F) ifn = 2, where F is a quadratic extension of K. 


3 Hermitian Veronesean Caps 


3.1 The Projective Space Associated with the Cap 


Let H = (X,@) be a Hermitian Veronesean cap, where X is a set of points in 
PG(N, K), for some skew field K, and @ is a set of elliptic spaces satisfying (H1), 
(H2) and (H3) introduced before. 

Associated with H we can consider the geometry P having point set X and line 
set the set Æ, endowed with the natural incidence. 


Lemma 3.1. P is a projective space. 


Proof. First of all, P is a linear space by (H1). 

Let x12, X23 and x13 be three points of X and denote O; = X([x12, x13]), O2 = 
X ((X12, X23]) and O3 = X([x13, X23]). Let O4 be an oval intersecting O; in a point 
x14 and QO) in a point x24, both different from xı2. Our purpose is to show that 
Veblen’s axiom holds, which means that we have to show that O, intersects O3. 
Of course, we may assume that O3 Æ O4 and that O4 does not contain x13 nor x33. 
Clearly, 6 < dim V < 8, with V := (01, O2, O3), and we claim that V contains O4. 

Indeed, let us first show that V contains O4. Since both T,,,(03) and Tx, (01) 
belong to (01, 03) € V, also Ty ([x13, X24]) does by applying (H3) with as point 
X13 and as ovoid O2, and hence [x13, X24] = (Tyi; ([%13, X24]), X24) is contained in 
V. Likewise, applying (H3) to x24 and O; and reasoning as above yields that O4 is 
contained in V. 

If V were 6-dimensional, then O4 and O3 would meet, and Veblen’s axiom would 
follow automatically. 
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Next, suppose that dim V = 8. Now we project V \ (02) from (02) onto a 
four-dimensional space JT of V disjoint from (O02). The ovoids O3 and O4 together 
with their tangent planes at their intersection point with O2 are mapped onto two 
full planes of IT, say Is and I4, respectively. Note that JT; and IT, generate IT, 
as one has similarly as above that O; is contained in (O2, O3, O4), and so the latter 
is 8-dimensional. Let x be the unique intersection point of IMs and M4. There are 
basically four different possibilities. 


(1) There is a point x; of Oi \ O2 projected onto x from (O2), fori = 3,4, and 
X3 Æ X4. 

In this case, since the space (x3, x4, Oz) = (x, O2) is 4-dimensional, the line 
(x3, x4) meets the elliptic space (O2) in a point y. This implies that the elliptic 
space [x3, x4] intersects (O2) in y, implying y € X, contradicting X ([x3, x4]) 
being an ovoid. 

There is a point x3 of O3\ O2 projected onto x from (O2), and the tangent plane 
Tx, (04) to O4 at X24 projects from (O2) onto a line L4 through x. 

In this case, clearly (T}.,,(O4)) is contained in (O2, L4), which also con- 
tains T}.,,(O2). Hence, by our axioms, the 5-space (O2, L4) also contains 
Tx ([x13, X24]) (since the ovoids O2, O4 and X([x13, X24]) all intersect O1). 
Similarly, since the ovoids X([x13, X24]), O2 and X([x3,x24]) all meet the 
ovoid O3, the plane Ty,,([x3,x24]) belongs to (02, L4), which implies that 
[x3, X24] belongs to the 5-space (O2, L4) and so [x3, x24] meets (O2) in a line, 
contradicting our axioms. 

The tangent plane T,,,(O;) to Oj at X23, i = 3,4, projects from (O2) onto a 
line L; through x. 

In this case, as above, the 5-space (O2, L4) contains Ty,,([x13, X24]). It 
follows that the 7-space U := (O2, L3, L4, x13) contains X ([x13, X24]), O2 and 
O3. But, as above, using (H3) with x13 and O% one easily deduces that U also 
contains O4, and so U coincides with V, a contradiction. 

The only remaining possibility is that there is a point z of (03 N 04) \ Oo 
projected onto x from (Oz). But then O3 N O4 is nonempty, and that is exactly 
what we had to prove. 


2 


wm 


(3 


wm 


(4 


wa 


Finally, suppose that dim V = 7. Now we project V \ (O2) from O2 onto a three- 
dimensional space X of V disjoint from (O2). The ovoids O; and O, together with 
their tangent planes at their intersection point with O2 are mapped onto two full 
planes of X, say ITs and I4, respectively. Let L be the intersection line of [73 and 
I4. We distinguish three cases. 


(1) Both tangent planes Tx, (03) and Ty,,(O4) are projected from Oz onto lines 
L3 and L4 which are distinct from L. Then we can pick a point y on L not 
contained in L3 nor L4 and continue as in (1) of the case dim V = 8. 

(2) The tangent plane Ty,,(O4) is projected onto L from Oz and Ty, (03) is 
projected onto a line L3 4 L. Then choose a point x3 of O} that is projected 
onto a point of L and reason as in (2) of the case dim V = 8 to conclude that 
X ([x3, Xo4]) belongs to the 5-space (O02, L} and so [x3, x24] meets (Oz) ina line, 
contradicting our axioms. 
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(3) Both tangent planes Tx„ (03) and T,,,(O4) are projected onto L from O>. 
Then arguing as in (3) of the case dim V = 8 yields that V = (Op, L, x13), 
a contradiction since (02, L, x13) is 6-dimensional. 


Hence, we have shown that Veblen’s axiom holds. 


Note that P is not necessarily finite-dimensional at this stage. If P has finite 
dimension n, then we say that the Hermitian Veronesean cap has index n. 


3.2 The Basic Step 


Assume that our Hermitian Veronesean cap has index 2. Then we have the following 
result. 


Theorem 3.2. [fH = (X, O) is a Hermitian cap of index 2 in PG(N, KR), then N = 
8 and X is projectively equivalent to a Hermitian Veronesean variety of index 2. 


Proof. We choose an arbitrary elliptic space € and corresponding ovoid O := X(&). 
Assume, by way of contradiction, that there is a 4-dimensional space U containing 
€ and two points x, y of H not on O. Then [x, y] contains the line xy, which 
intersects € in some point z, which must necessarily belong to O in view of 
Condition (H2). But then the ovoid X([x, y]) contains three collinear points x, y, z, a 
contradiction. 

It follows that, if W; is an (N — 4)-dimensional subspace of PG(N, K) skew to 
E, then the projection p4 of X \ O from & onto W; is injective. Let p be any point 
of O. Then T(p) := T(p,&*), for an arbitrary elliptic space €* not containing p, 
is 4-dimensional and intersects & in the plane T,(O). Hence T(p) is a line, which 
we denote by Lp. For any member & € © containing p, with &’ # &, each line 
in &’ through p is either contained in T(p) or intersects X(&’) in a second point. 
This immediately implies that the projection of X(&’) \ {p} is an affine plane ag in 
W, which, completed with Lp, becomes a projective plane zg. Choose q € O with 
q # p and let £” € © be arbitrary but such that q € &” and &” Æ &. First, remark 
that ar and ag” share exactly one point (namely, the projection of the intersection 
E N E"; they cannot share more by injectivity of p4). Hence, W4 has dimension at 
least 4. Also, considering the varying ovoid X((q’, p]), with g’ € X(&”) \ {q}, all 
points of (X \ O)?* arise in all planes of W; that are spanned by L, and some point 
of œg», and no such point is contained in Lp (as Lp, always corresponds with the 
tangent plane at p to X([q’, p])). It follows that dim W4 = 4 (and hence N = 8), 
and that the projection of X \ O from £ coincides with the affine space obtained from 
W; by deleting the 3-space X generated by L, and L, (this is indeed a 3-space for, 
if the lines L, and L, would intersect in a point x, then the projection of the elliptic 
spaces through an arbitrary point z of X \ O and p, respectively, q, would intersect 
in the set (z?4, x) \ {x}, which contains at least one point of the image of p4 coming 
from different points on X([p, z]) and X([q, z]), a contradiction to the injectivity of 
p4 and Condition (H2)). It also follows from this argument that, for any pointr € O, 
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the line L, is contained in X. Moreover, if s is an arbitrary point of X, then we can 
choose two points s1, 52 in W4 \ X such that s, $1, s2 are collinear. Considering the 
inverse images under p4 of sı and s2, and the unique member &* of © containing 
both these inverse images, we see that, if &* N € = {t}, the point s is contained in 
Lı. We conclude that the lines L,, for r ranging through O, form a spread S of X, 
and we obtain an André construction of the projective plane P. Hence, each line of 
P is a translation line. So P is a Moufang plane. The inverse image of X under p4 
is a 7-dimensional space which we shall denote by T (Ẹ) or T(O) and refer to as the 
tangent space to X at £ or at O. Clearly, it intersects X in O. 

Since T (O) contains T (p), it follows that T (p) intersects X in just p. Moreover, 
since L, and L, are skew, we see that the spaces T (p) and £’, for &’ 5 q and &' # &, 
generate PG(8, K), and so are complementary. 

Now consider a point x € X not on O. From the previous paragraph, we know 
that the spaces T(x) and £ are complementary. Consider a point a € X \ {x}. The 
space [a,x] meets T(x) in the plane 7\.([a,x]) and so the projection of a from 
T(x) onto £ coincides with the unique intersection point O N [a, x]. This implies 
that the image of the projection of X \ {x} from T(x) onto & coincides with O. 
Denote the projection operator by p3 for further reference. The previous argument 
now easily implies that the image under p3 of any member of © not containing x 
coincides with O. By varying x we deduce that all members of © are projectively 
equivalent. 

Note that the projections p3 and p4 are in a certain sense “opposite”. Indeed, 
we can choose W4 = T(x) and then the kernel of one projection is the image of 
the other. Let ¢ be a member of © containing x. Put z = ¢ N £. Then ¢ N T(x) 
equals T,(X(C)), and hence, since (z, T;(X(¢))) = ¢ and z € £, the image under 
p4 of ¢ coincides with ¢ N T,(X(C)). But, with the above notation, the latter plane 
is spanned by x and L,. It follows that the spread S is projectively equivalent with 
the set of lines arising from the planes 7, (O*), with O* ranging through the set of 
members of © containing x, by projecting from x inside T(x). Consequently, we 
can state the following remark. 


Remark 3.3. The tangent planes at x cover the whole 4-dimensional tangent 
space T(x). 


Now we return to the André representation above. Let £” be as above, and put 
O” := X(&"). Let a bea plane in £” through q different from the tangent plane at q 
to O”. The intersection C = œ N O” is an oval. The projection under p4 of C \ {q} 
is some “affine” line £. Considering a plane z in W4 containing £ and intersecting X 
in a line not belonging to the spread S, we obtain a subplane P’ of P. Taking inverse 
images with respect to p4, we see that P’ contains C and lives in a 6-dimensional 
space 7/4 containing O and that the lines of P’ not contained in € correspond 
to plane sections of members of © (and we call such plane sections ovals). Since 
P” is determined by two such ovals, and since an oval always projects from one 
of its points b onto a line (modulo the point b), we can obtain the same subplane 
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P’ by projecting from another elliptic space containing a line of P’. Intersecting 
now the two 6-spaces thus obtained, we see that P’ is contained in a 5-space &, 
and the lines of P’ are plane ovals. Moreover, P’ generates {2 (indeed, the 6-space 
mPa is generated by P’ and £, hence by P’ and one further point of O; so (P’) has 
codimension at most one in 7° ). Consequently, by Theorem 2.3, the plane P’ has 
a Veronesean embedding in 92, which implies that K is commutative and that all 
ovals above are conics. 

Varying C, we now see that all ovals on members of © are conics. We claim 
that this, in turn, implies that all ovoids of X are elliptic quadrics. Indeed, consider 
the ovoid O and consider two plane sections Cı and C3 intersecting in two distinct 
points xı and x2. Let y be some point of O not contained in Cy U C2. 

We claim that O is the unique object S of the 3-space (O) containing C1, C2 and 
y and such that 


(x) Every plane of (O) intersects S in a possibly degenerate conic, and 

(x) Through each point of S, there is a unique plane (called the tangent plane) 
containing all tangents at this point to arbitrary plane sections through that 
point. 


Note that, in particular, Condition (x) implies that no point of S is incident with 
three lines contained in S. 

We now prove the claim. We start by showing that the intersection of S with an 
arbitrary line through y is determined by C1, C2, y and the Conditions (*) and (*). 

Put m; = (C;),i = 1,2. Let L; j be the tangent to C; in 7; at the point xj, 
i, J € {1, 2}. Put ai = Lia N Lin D= l2, and set aj = (L1,;,L2,;); J = 1,2. 
Let L be any line through y and suppose first that L is not incident with either zı or 
z2, and that it does not meet both L;; and L22, and neither both Lj and L2, (and 
let us call the lines through y not satisfying these conditions exceptional). Let y; be 
the intersection of L with z;,i = 1,2. The conditions on L imply that for some 
i € {1,2} none of the lines yıx; and y2x; is tangent to Cı and C2, respectively. 
Hence, they intersect Cı and C2, respectively, in the point x; and two further points 
u; and u2, respectively. The points u; and uz coincide if and only if L meets the 
intersection of mı and m2, and then u; = uy = x3—;. Hence, in the plane a := 
(L, xi) we already count either four points of S, or three points. Hence, aM S 
is a conic C. The tangent to C at x; is the line obtained by intersecting œ with 
(Lii, L2i), and if uy = u = x3_;, we have something similar at x3_;. Hence C is 
uniquely determined and so is the intersection of S with L. 

Now let L be one of the four exceptional lines through y. Since this is a finite 
number (and we may suppose that K is infinite), the tangent plane to S at y is 
determined by the points we already traced. So we can consider a plane distinct 
from that tangent plane, containing L. It contains infinitely many of the already 
constructed points of O, and hence the corresponding conic section is uniquely 
determined. Our claim is proved. 
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Now any elliptic or hyperbolic quadric through C1, C2, y satisfies Conditions (*) 
and (*), as well as our ovoid O. So if we show that there is an elliptic or hyperbolic 
quadric through C;, C2, y, then it must coincide with O, and consequently O is an 
elliptic quadric. 

We introduce coordinates. We may assume that C; contains the points x) := 
(1,0,0,0), x2 := (0,0, 1,0) and (1, 1, 1,0) and that zı has coordinates (0, 1,0, 0). 
Also, C2 can be assumed to contain, besides x; and x2, the point (1,0, 1, 1) and z2 
can be chosen as (0,0, 0, 1). Then C; has equations 


X? = XoXo, 

X3=0, 
whereas C3 has equations 

X? = XoXo, 

Xı =0. 


Hence, the equation of a generic quadric through C; and C3, distinct from the union 
of the two planes z and 72, is x? + kX,X3+ X? = X0X2, with k € K. Since 
y is not contained in 2; U 72, there is a unique k € K such that the coordinates of 
y satisfy the above equation. There remains to show that this quadric cannot be an 
elliptic cone. If it was, then the generator through y must meet Cı U C3 in a unique 
point, and this must either be xı or x2 (otherwise three points of O are collinear), 
say xı. But then y is contained in a1, which is ridiculous because œ; is the plane 
tangent to O at x}. 

So we have shown that O is an elliptic quadric. 

Since the rest of the proof of Theorem 4.1 in [1] holds for arbitrary fields K we 
conclude that, if L is the quadratic extension of K with the roots of x? +kx +1, 
then P is isomorphic to PG(2, L). 


3.3. The General Case 


In Sect.5 of [1] in the induction argument from index 2 to index n, the only point 
where the finiteness assumption is used is the starting point of the induction which 
we handled here in Theorem 3.2 and the fact that the tangent planes at x cover the 
whole 4-dimensional tangent space T(x), which we proved for the infinite case in 
Remark 3.3. Finally, we exclude the possibility of P being infinite-dimensional. By 
Remark 3.3 we can proceed as in [1] to prove that for a Hermitian Veronesean cap of 
index r the tangent space at a point has dimension 2r, yielding the general version 
of Proposition 3.1 of [1]. This immediately shows that P is finite-dimensional. 
Hence, Theorem 2.4 is proved. 
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4 An Application of Hermitian Veronesean Caps 


We now show Theorem 2.5. We start with the case of index 2. Recall that we assume 
that |IK| > 2. At a crucial point in the proof, it will become clear why this theorem 
does not hold for |IK| = 2 and a counterexample naturally pops up. We also note 
that, at some point, one argument needs |IK| > 4 (which is allowed since the finite 
case follows from [7]). 

Let S = (P,L£,1) be a projective plane. Let PG(d, K) be a d-dimensional 
projective space over the skew field K, with d > 8. A projective space of dimension 
l in a projective space of dimension d has codimension d — l. Suppose that P is a 
spanning subset of the point set of PG(d, K) and that every element of £ induces 
an ovoid in some solid of PG(d, K). In the sequel, we identify a line of S with the 
set of points incident with it. Our aim is to prove that K is commutative, that there 
is a quadratic extension L of K such that S = PG(2, L) and that P is the Hermitian 
Veronesean cap of PG(2, L). 

In order to do so, we need to show that two lines of S generate a six-dimensional 
subspace of PG(d, K), and that the tangent planes 7\.(O) at a fixed point x to a 
variable ovoid O corresponding with a line of S containing x, are contained in a 
four-space. We first need some preliminary lemma’s. 


Lemma 4.1. Every triangle of lines of S generates a subspace of codimension at 
most 1. 


Proof. Let Lı, L2, L3 be such a triangle of lines. Let x;; be the intersection of L; 
with L; (this implies x;; = x;;), fori, j € {1,2,3},i A j. Let x bea point of S 
not contained in (L1, L2, L3). Let L be any line of S through x. If L is not incident 
with x12, X23, X31, then L meets Lı U Lz U L3 in three points, say y1, y2, Y3, which 
are non-collinear in PG(d, K). Since x is not contained in (L1, L2, L3), we see that 
(L) = (yi, y2, y3, X) S (L1, L2, L3,x). 

Since |IK| > 2, it is clear that the number of points of any line M not contained 
in a given subspace is either 0 or exceeds 5. But from the foregoing it follows that 
every line of S not through x has at most 3 points not in (L1, L2, L3, x), namely 
potentially the ones lying on lines through x and x12, x13 or x31. Hence every 
such line is contained in (L1, L2, L3, x). This implies that PG(d, K) coincides with 
(Li, L2, L3, x) and so (L1, L2, L3) has codimension 0 or 1 in PG(d, K). 


Remark 4.2. If |IK| = 2 if follows from the proof of the foregoing lemma that 
at most six points of S are not contained in (L1, L2, L3,x). Indeed, the only 
possible ones lie on the three lines through x and x12, x13 and x23 respectively. Each 
such line contains five points and intersects (L1, L2, L3) in at least two points. In 
case this maximum is attained these six points must form a hyperoval in S. This 
situation really occurs. Indeed, let |K] = 2. There is an example in dimension 
10, and it is the largest one. To see this, we note that the points of every line 
add up to zero. Hence we can try to find the universal embedding by relating to 
each point of PG(2,4) a generator of an elementary abelian 2-group, and then 
factor out the subgroup generated by the sums of points corresponding to the lines. 
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This subgroup is exactly the code of PG(2, 4) generated by the lines, which has 
dimension 10, see page 722 of [2]. Hence we obtain an eleven-dimensional vector 
space over GF(2), and hence this “universal” example lives in 10-dimensional 
projective space. Now, with previous notation, the subspace (L1, L2, L3, x) is at 
most 9-dimensional, and it easily follows from the arguments above that it is at most 
1-codimensional. Consequently, (L1, L2, L3, x} has dimension 9 and the points of 
S not in (L1, L2, L3, x) form a hyperoval. 


We now continue with the case |IK| > 2. The spans of two lines of S cannot meet 
in a plane, since otherwise the span of these two lines and any third line not through 
the intersection point would be contained in a subspace of dimension 4 + 2 = 6, 
contradicting Lemma 4.1. Also, if d = 9, then the spans of two lines of S cannot 
meet in a line by a similar argument. Finally, d cannot be larger than 9, as a triangle 
of lines cannot generate a subspace of dimension > 8. 

We now analyze the case where a point xo of S is contained in a subspace (Lo), 
where Lo is a line of S not incident with xo in S. By the previous paragraph this can 
only happen if d = 8. So in the next proof, we may restrict tod = 8. 


Lemma 4.3. If Xo £ P\ Lo, then xo £ (Lo). 


Proof. Let x9 and Lo be as above and suppose by way of contradiction that xp € 
(Lo). Let L be any line of S not through xo. Let x be the intersection of L with 
Lo. Let L’ be any line of S through xo but not incident with x. Then (L’) shares 
at least one plane with (L, Lo), and so the dimension of (Lo, L, L’) is at most one 


more than the dimension of (Lo, L}. By Lemma 4.1, it follows that the dimension of 
(Lo, L) is at least six, and hence equal to six. Suppose there is another point yọ € P 
contained in (Lo) not incident with Lo. Then the line L” through xo and yo passes 
through x since otherwise (Lo, L, L" ) is 6-dimensional, contradicting Lemma 4.1. 
But replacing L with a line not through x, we arrive again at a contradiction. Hence 
it follows that xo is the only element of P in (Lo) \ Lo. 

Consider the projection of P \ (Lo U {xo}) from (Lo) onto some 4-dimensional 
space U skew to (Lo). The points of every line L not through xo not in (Lo) are 
mapped onto an affine plane œz of U. The points of every line M through xo 
different from xo and from xy := M N Lo are mapped onto the points of a line Ay, 
and the point fibers are plane ovals through xo and xy (with xo and xy themselves 
omitted). 

Now we fix a line L not through xo and distinct from Lo, and a line M through 
Xo. We choose L and M such that L, M and Lo are not concurrent. Then a, and 
Am Meet in a point zy (they share the projection of the intersection L N M, but not 
more as otherwise Lo, L, M would be contained in a 6-dimensional space). Hence, 
(aL, Am) is a solid X. Now let M’ be any line of S through xo. We claim that A m 
is contained in X. 

First, we assume that Lo, L, M’ are not concurrent. Then wy and Ay share a 
unique point zm. We choose two arbitrary points u, v in œz with the only restriction 
that the line (u,v) of U does not contain any of the points zm , zm” (this is possible). 
Let uz and vy be the unique points of L mapping down to u and v, respectively. 
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The fiber of vz is an oval minus two points. Now we assume that |K| > 4, so that 
we can choose a point v € P in the fiber of v (which has size at least 4) such that 
v Æ v, and such that the line L’ := u,v of S contains neither xm nor xm. Then 
az contains both u and v and intersects A in the projection of L’ N M. Hence, 
az belongs to X. Now Aw shares the projection of M’ N L’ with az (which is 
different from zy’ as otherwise az = œz, which would imply that Lo, L, L’ are 
contained in a 6-dimensional space), and it also contains zy’; hence, it is entirely 
contained in X. 

Now we assume that M” is incident with Lo N L. We may replace L with a line 
L’ as introduced in the previous paragraph, and the claim is proved. 

This claim immediately implies that the entire projection is contained in X, and 
so P is contained in a 7-dimensional space, a contradiction. This completes the 
proof. 


The next lemma is trivial if d = 9 by Lemma 4.1. Hence we may assume d = 8. 


Lemma 4.4. The space generated by two lines of S is 6-dimensional, so (H2) holds. 


Proof. Suppose, by way of contradiction, that two lines Lo, M generate a 5-space 
(it is impossible that (Lo, M} is 4-dimensional, as this would imply that (Lo, M, N} 
is at most 6-dimensional, for every line N not incident with L N M). We again 
consider the projection from (Lo) of P \ Lo onto a suitable 4-dimensional subspace 
U skew to (Lo). Now, M \ {Lo N M} is projected onto an affine line Ay and the 
fibers are pointed plane ovals. 

Let L be any line of S not incident with Lo N M . If the projection of L\{LoN L} 
were a line Àz, then, since A, and Ay have a point in common (namely, the 
projection of L N M), the lines Lo, L, M would be contained in a 6-space, a 
contradiction. Hence, the projection of L \ {Lo N L} is an affine plane œz. So the 
projection is injective on lines not incident with Lo N M. 

We now claim that every line M” of S incident with Lo N M is projected onto an 
affine line (where we do not project Lo N M” of course). Indeed, let M’ be such a 
line and let x’ be the intersection of M’ with L. Also, let x be the intersection of M 
with L. Let u and u’ be the projection of x and x’, respectively. We choose a point w 
on the line (u, u’) inside œz (this is possible since we assume that there are at least 
4 points on a line in the projective space PG(8, K)). Let y be a point in the fiber of 
u distinct from x. Let z be the point of L projected onto w. Then the line yz € £ 
does not contain Lo N M and is hence projected onto an affine plane a. This plane 
œ contains u and w and hence intersects œz in either an affine line or an affine line 
minus a point. 

If u’ is in the intersection of a and «z, then at least two points (one point is x’; 
let’s denote a second one by x”) are projected onto u’. By this non-injectivity the 
join in S of x’ and x” must be a line through Lo N M, and hence coincides with M”. 

So we may assume that uv’ is not in a. Let p be the unique point on (u, uv’) not 
in ay. Since w’ is not in « it follows that p belongs to œ. We can now vary the 
point y, and by the foregoing, we may assume that the point p belongs each time to 
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the corresponding affine plane. Hence the fiber of the point p contains at least two 
elements, say q and q’. The line qq’ € £ must be incident with Lo N M and projects 
onto an affine line. But this affine line must have a point in common with œz. This 
implies that this affine line is contained in (wz), which implies that Lo, L,qq’ is 
contained in a 6-space, a contradiction by Lemma 4.1. 

But now, similarly as in the previous lemma, one shows that the projection of 
P \ Lo is contained in the 3-space generated by Ay and œz. This contradiction 
proves that (Lo, M) is 6-dimensional. 


From now on, we assume d € {8, 9} again. 

Next we construct quadratic subveroneseans. Let C} and C2 be two plane ovals 
contained in the lines L; and Lo, respectively, of S, and suppose that C1 N C2 = {x} 
is a point of S. Let L be a line of S incident with a point x; of C;, fori = 1,2, and 
with xı A x Æ x2. We project P \ L from (L) onto a (d — 4)-dimensional subspace 
U skew to (L). By Lemma 4.4, this projection is injective. The points of every line 
M of S (except for the point M N L) are mapped onto the points of an affine plane 
am (bijectively). Let p be a point of (a) \ aw. We claim that 


(*) pis not the projection of any element of P \ L. 


Indeed, assume by way of contradiction that g € P is mapped onto p. Take an 
arbitrary point y of M. Then the projection of the line yq of S intersects ay in at 
least two points, contradicting injectivity of the projection operator on P \ L. 

Now it is clear that (Cj U C2) \ {x1, x2} is mapped onto the union of two 
intersecting affine lines, say A; U Ao, with A; the projection of C; \ {x;},i = 1,2. 
Let x be the plane of PG(d, K) generated by A; U Az and let p?° be the unique 
non-affine point of the projective extension of A;, i = 1,2. Let z; be an arbitrary 
point of C; \ (L U {x}), i = 1, 2. Then the projection of the oval on zız2 determined 
by z1,Z2 and zız2 N L is projected onto an affine line ,,., in a. Let z© be the 
unique point on (Azz) not in Azz. If z ¢ (p7, ps°), then we choose distinct 
points z; and z’ on C;,i = 1,2, such that, with corresponding notation, z°° belongs 
to (Avs) and to (Avy). By the claim (x), this implies z°° = 2/°° = z/°°. Hence 
(PP. Ps?) N (Azz, U Agy) contains exactly two elements uw’, u”. Let v’, v” € P\ L, 
respectively, be the inverse image (under the projection) of the latter. Then the line 
vv’ of S is projected onto an affine plane containing all points of (u’,u”) except 
for one. But (+) implies that both points p?° and pS° are outside that affine plane, 
contradicting pp? € (u',u”),i = 1,2. Hence, the points in that are a projection of 
points of S not in L form an affine plane œ. Each affine line of œ corresponds with 
a plane oval, and all these form an affine subplane A of S. 


Lemma 4.5. The abstract projective closure of A is a projective subplane S' of S, 
which forms a quadratic Veronesean. 


Proof. For this, we have to show that three parallel affine lines of A meet in a point 
of S, and that all points thus obtained are collinear in S. We start by showing that, if 
Dy, and Dy are two distinct ovals corresponding with two parallel affine lines of a, 
then Dı N Dz is nonempty and is contained in L. Indeed, let K; be the line of S 
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containing D;,i = 1,2. Let t be the intersection point of Kı and K2. Ift ¢ L, then 
the projections of Kı and K2 would share an affine line, a contradiction. Hence, t € 
L, and since Dı and D2 both contain a point of L (as they are projected onto affine 
lines), we must necessarily have t € Dı N D2. Since ¢ is uniquely determined by any 
of D, or D2 only, we automatically have that three lines of S which induce parallel 
lines in A meet in a point of S. Since all these points lie on L, our claim is proved. 

Hence, we see that S’ is a subplane of S contained in a 6-dimensional subspace 
W of PG(d,K). However, if we consider a different line L, then we obtain the 
same subplane contained in a different 6-dimensonal space W’ (indeed, different 
since it will now not contain all points of L but only an oval). Hence, it is now 
easy to see that S’ spans a 5-dimensional subspace V. Consequently, S’ forms a 
quadratic Veronesean. 


Lemma 4.6. Condition (H3) holds. 


Proof. Now let x € P be an arbitrary point and let L1, L2 be two distinct lines of 
S through x. Then the tangent planes at x in (L;),i = 1,2, to L; together span a 
4-space Æ. We show that, if L is an arbitrary line of S through x, then the tangent 
plane at x to L in (L) is contained in £. This will follow if we show that an arbitrary 
tangent line T at x to L in (L) is contained in Æ. Therefore, let C be an arbitrary 
oval on L through x with T tangent to C at x, and let L’ be any line of S not through 
x but containing a point y of C. Let C’ be the oval on L’ containing y and a point 
of each of Lı and L2. Then C, C’ are contained in a unique subplane inducing a 
quadratic subveronesean V on S, as shown in the previous paragraphs. Note that V 
contains a conic lying on Lı and one on L2. The line T is contained in the plane 
spanned by the tangent lines at x to the conics of V on L, and Lo, and hence T is 
contained in Z. 


This completes the proof of the fact that S is a Hermitian cap; in particular d = 8 
and the case d = 9 cannot occur after all. Indeed, we can now also give a short proof 
for the fact that the case d = 9 cannot occur. Suppose d = 9, consider a line L and 
a point p not on L and project P \ L from (L) onto a 5-dimensional space skew 
to (L). Then, since we also assume that X has the structure of a projective plane, it 
follows that P \ L is projected into the 4-dimensional space which is the projection 
of the tangent space through p. Hence d = 8. 

Now, concerning the case n > 2 of Theorem 2.5, similarly to the finite case, it 
suffices to show that, if we consider a subset Y of X corresponding to the point set 
of a plane of PG(n, L), then Y generates a subspace of dimension 8. But the proof 
of the finite case, see Sect. 4 of [7], applies verbatim. 


5 Another Application 


We now define the following object. Let L be a quadratic extension of the field 
K. Let V be a vector space of dimension n over L. Consider V as a vector space 
W of dimension 2n over K, and let £ be the set of 2-dimensional subspaces of 
W arising from the vector lines of V. Then consider the line Grassmannian of 
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PG(W). The image G(£) of £ is precisely the Hermitian Veronesean variety of 
index n — 1. 

Indeed, there exists ad € K such that the equation x?+x+d = 0 has no solution 
in K and two solutions in L. Note that £ has the natural structure of a projective 
space P isomorphic to PG(V). A line of $ corresponds to the set of members of 
£ arising from vector lines of V contained in a vector plane x. This vector plane 
over L becomes a 4-space over K. We now coordinatize the situation as follows. 
Each element x of L can be written as a couple (x1, x2), where x = xı + ix, 
with i? +i +d = 0. Note that i(x; + ixy) = —dx + i (xı — x2). Then a 
vector of V with coordinates (x, x@,...,x) can be given the coordinates 
Ge x®, a, x®, ae a”, xi”) in W. For a we can now take the set of 
vectors with coordinates (x, y,0,0,..., 0), x,y E L, and the vector plane in 
W corresponding to the above vector (x, y,0,...,0) is spanned by the vectors 
(x1, X2, V1, y2,---, 0) and (—d x2, x1— x2, —dy2, yi —y2, 0, . . . , 0). The image of this 
vector plane under the line Grassmannian in PG(W) is the point with coordinates 


Poi = x? — x1 x2 + dx}, Pin = —X1y1 + X2y1 —dxryr, 
po = —dx1y2 + dx2y1, Pia = —*1y2 + X271, 


Pos = X11 — X1y2 +dx2y2, p23 = yt — yıy2 + dy3. 


We observe that pozo = dpi3 and pi3 = Pi2 + Pos; hence, we may concentrate on 
the coordinates poi, P12, P13, p23. One easily verifies that these satisfy the equation 
Poi P23 = Pi — pnp +t dp?, and hence all these points are contained in an elliptic 
quadric Q. Conversely, suppose the four field elements a,b,c,e € K satisfy ab = 
c? —ce + de” (where we think of a, b,c, e as potential values for p23, Por, P12; P13, 
respectively), then (a,b) # (0,0). Suppose without loss of generality that a Æ 0, 
then we may even assume a = 1. Put y; = 1, yọ = 0, xı = e — c and x2 = e. 
Then b = c? — ce + de? = x? — xix + dx3, and so the corresponding point on 
Q belongs to G(£). It follows that the lines of $ are elliptic quadrics in solids of 
PG(W). 

As clearly every point of G(£) contained in (Q) belongs to Q (since every other 
point has to involve an additional coordinate p;;, with {7, j} Z {0, 1,2, 3}), left to 
show is the fact that the dimension of he span of G(£) is at least (n — 1)(n + 1). We 
show this by induction on n. For n = 2, this is proved above, as Q spans a 3-space. 

Now suppose that n > 2. Consider a basis of size n in V and let V’ be the 
subspace generated by the first n — 1 basis vectors. Let W’ be the corresponding 
subspace of W, let £’ be the corresponding subset of £ and let G(L’) be the 
corresponding image on the line Grassmannian. The induction hypothesis implies 
that (G(L’)) has dimension at least (n — 2)n. Now consider the 2n — 1 points 
of V with coordinates (0,0,...,0,1), (1,0,0,...,0,1), (0,1,0,0,...,0,1), ..., 
(0,0,...,0,1,1), @,0,0,...,0, 1), (0,7,0,0,...,0,1),..., (0,0,...,0,2, 1). Then 
it is a routine exercise to verify that the corresponding points in G(£) generate a 
(2n—2)-dimensional projective subspace skew to (G(L’)) (this follows from the fact 
that the first point gives rise to the Grassmann coordinate P2n—1,2n, the next n — 1 
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points additionally to pox—1.2n — P2k.2n—-1, 1 < k < n, and the corresponding points 
on the Grassmannian of the last n — 1 vectors involve Pox 2n + P2k.2n—1 + P2k—1,2n—1; 
1<k <n). 

Hence we checked (H1*), (H2*) and (H3*) and we are done. 


References 


1. B. Cooperstein, J. A. Thas & H. Van Maldeghem, Hermitian Veroneseans over finite fields, 
Forum Math. 16 (2004), 365-381 

2. R. Graham, M. Grotschel and L. Lovász. Handbook of Combinatorics, Elsevier, Amsterdam, 
1995 

3. G. Lunardon, Normal spreads, Geom. Dedicata 75 (1999), 245-261 

4. J. Schillewaert & H. Van Maldeghem, Quadric Veronesean caps, Discrete Mathematics, 
submitted 

5. J. A. Thas & H. Van Maldeghem, Classification of finite Veronesean caps, European J. Com- 
bin. 25 (2004), 275-285 

6. J. A. Thas & H. Van Maldeghem, Characterizations of the finite quadric Veroneseans V2", Quart. 
J. Math. 55 (2004), 99-113 

7. J. A. Thas & H. Van Maldeghem, Some characterizations of finite Hermitian Veroneseans, Des. 
Codes Cryptogr. 34 (2005), 283-293 

8. O. Veblen and J. Young, Projective geometry Vol I+II, Blaisdell Publishing Co. Ginn and Co., 
New York-Toronto-London, 1965 


On a Class of c. F4-Geometries 


Antonio Pasini 


Abstract This paper is a survey of the work done by a number of authors on the 
classification of flag-transitive geometries with diagram and orders as below: 





e e eoe o (t € {1, 2, 4}). 
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1 Introduction 


The following diagram, which we call c. F4(2, t), is the subject of this paper. 
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| 
| 





(c.F4(2,t)) 
2 2 t t 


The numbers 1,2,2,f,¢ are orders and t < oo. Hence, t € {1,2, 4}. The label C on 
the first stroke of the diagram stands for the class of complete graphs, regarded as 
point-line geometries with the vertices as points and the edges as lines. 
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Several flag-transitive geometries are known for this diagram. I will describe 
some of them later (Sects. 3 and 5.3). I only say here that the Fischer group Fi22 
and the Baby Monster group B occur as automorphism groups of two of them, with 
t = l andt = 4, respectively. 

A number of mathematicians (Ivanov and Wiedorn [15], Ivanov, Pasechnik and 
Shpectorov [16], Wiedorn [28], Stroth [24]) have been busy to prove that, even if 
we do not know all flag-transitive c. F4(2, t)-geometries, nevertheless we know all 
of those that satisfy certain hypotheses, called (TR) and (LR) in this paper, which I 
will discuss in Sect. 2. 

This is indeed true when tf = 1 and £ = 4, as proved by Ivanov, Pasechnik, 
Shpectorov and Wiedorn nearly ten years ago. They proved that Fiz2, its non-split 
central extension 3° F i22 and the Baby Monster group B are the only groups that act 
flag-transitively on a c. F4(2, t)-geometry satisfying (TR) and (LR) and with £ = 1 
or t = 4. See Ivanov and Wiedorn [15] for Fiz. and 3’ Fiz. (where t = 1) and 
Ivanov, Pasechnik and Shpectorov [16] for B (where t = 4). On the other hand, the 
case of t = 2 stood against all efforts for long. Only four flag-transitive c. F4(2, 2)- 
geometries are known satisfying (TR) and (LR). They admit 27°: F,(2), E6(2), 
3° E6(2) and 3 E6(2), respectively, as flag-transitive automorphism groups. The 
first three geometries, associated with 27°: Fy(2), E6(2) and 3'7£¢(2), are simply 
connected (Ivanov and Pasini [13]) while the fourth one is a quotient of the third. A 
thorough analysis of the possible amalgams in this case has been accomplished by 
Corinna Wiedorn [28], but her analysis fails to end up with a complete classification. 
Sadly, Corinna is no more among us. Some time ago, Ivanov and myself agreed to 
take over that job starting from the point that she had reached, but we met some 
difficulties which stopped us. Quite recently, Stroth has decided to try in his turn. 
He has succeded [Str]: no example as we want can exist besides those mentioned 
above. Thus, the classification is complete. 

In this paper, I will expose the main steps of this classification, starting from 
the work by Ivanov, Pasechnik, Shpectorov and Wiedorn on the cases of t = 1 and 
t = 4 and finishing with Stroth’s contribution on tf = 2. I will skip most of technical 
details, but I will put a bit of emphasis on certain general geometrical constructions 
exploited in some parts of this classification, which I particularly like. I will also 
give a new construction for the c. F4(2, 2)-geometry associated to E¢(2). 


1.1 Organization of the Paper 


In Sects. 2—4, we shall report on the work by Ivanov, Pasechnik, Shpectorov, Stroth 
and Wiedorn on flag-transitive c.F4(s,t)-geometries. We shall firstly discuss hy- 
potheses (TR) and (LR) (Sect. 2). Next, we describe the known examples that satisfy 
those hypotheses, sticking to the description that Ivanov, Pasechnik, Shpectorov and 
Wiedorn have chosen for them (Sect.3). After that, we turn to the classification 
(Sect. 4). 
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In Sect. 5, we construct an infinite family of geometries associated to Chevalley 
groups of type Es and belonging to the diagram Af Fy. The smallest member of 
that family is the c.F4(2,2)-geometry for E6(2). Many Af. F4-geometries can be 
obtained by a different construction, as affine extensions of F4-buildings. We discuss 
them too in Sect. 5. 

The last five sections of this paper are appendices containing notions, construc- 
tions and results essential to fully understand Sects. 2—5. Section 6 is mainly devoted 
to embeddings and affine extensions. Section 7 deals with affine polar spaces and 
their quotients. Section 8 is a concise introduction to shrinkings and geometries at 
infinity. A few facts and notions on Fy-geometries and F4-buildings are recalled in 
Sects. 9 and 10. 

We could have referred the reader to the literature for the material of Sects. 6-8, 
but fusing the various sources that one can find in the literature in one single picture 
is not so easy. We have preferred to save the reader that labor. 


1.2 Notation and Conventions 


We use the notation of [5] for finite groups. We follow [19] for basic notions of 
diagram geometry, except that we call (n — 1)-coverings and (n — 1)-quotients 
of geometries of rank n just coverings and quotients for short and we say that a 
geometry of rank n is simply connected if it is (n — 1)-simply connected, namely it 
is its own universal (n — 1)-cover. 

Geometries are defined in [19] in such a way that all geometries are residually 
connected, by definition. We keep that convention in this paper. 

Given a geometry G and an element x of G, we denote the residue of x in G by 
Resg (x), also Res(x) for short when no ambiguity arises. We will often write x € G 
as a shortening of the phrase “x is an element of G.” 

As in [19], we denote the Intersection Property by the symbol (IP). 


Conventions for Geometries with String-Shaped Diagrams Let G be a geometry 
of rank n belonging to a diagram as follows, where Xj, Xo, ...,X,—1 denote classes 
of geometries of rank 2 other than generalized digons and the integers 1,2, ..., n 
are the types: 


1 Xy 2 Xə 3 n-1 X, =} n 





We may regard G as a poset by setting x < y for two elements x,y € G if and 
only if x and y are incident in G and t(x) < t(y), where t is the type-function 
of G. The residue of an element x € G of type t(x) = k withl <k < n 
is a direct sum Res(x) = Res (x) @ Rest (x) where Res (x) is the residue of 
any {k,k + 1, ...,n}-flag of G containing x and Rest (x) is the residue of any 
{1, ...,k — 1, k}-flag containing x. We call Res” (x) and Rest (x) the lower and 
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upper residue of x, respectively. We can extend this notation to 1- and n-elements: 
if r(x) = n then Res (x) := Res(x), and similarly for 1-elements. 
The elements of G of type 1 and 2 are called points and lines: 





1 X 1 2 Xə 3 n-1 Xn =f n 
e e e eee e @ 
points lines 


We denote the set of points and the set of lines of G by P(G) and L(G) respectively. 
The rank 2 geometry Gj.» := (P(G), L(G)) is called the point-line system of G. The 
collinearity graph of G is the collinearity graph of Gj; 2. 

Suppose that G satisfies (IP). Then, denoted by P(x) the set of points incident 
with an element x € G, if x # y then P(x) # P(y), we have x < y in the 
poset G if and only if P(x) C P(y) and, if P(x) N P(y) ¥ @ then there exists a 
unique element z € G such that P(z) = P(x) O P(y). In short, the poset (G, <) 
is isomorphic to ({P(x)}xeg, C) and the latter, enriched with Ø as the minimal 
element, is a lower semilattice with respect to N. 

We denote by G* the dual poset of (G, <) and we say that G* is the geometry 
dual of G. Clearly, the points and the lines of G* are the elements of G of type 
n andn -— 1. 





1 Xı 2 n-2 X, —2 onl Xai n 
e © eee e e © 
lines points 


Still on Points and Lines Points and lines can be defined in a more general setting. 
Let G be a geometry of rank > 1 belonging to a connected diagram. Let A be 
the underlying graph of the diagram of G. Chosen a type, say 0, let A(0) be the 
neighborhood of 0 in A. The 0-elements of G are taken as points while the flags of 
type A(0) are the lines. In other words, we take as points and lines the points and the 
lines of the 0-grassmann geometry of G, which indeed belongs to a string-shaped 
diagram (see [19, Chap. 5]). 


Conventions for F4-Geometries We choose the integers 1, 2,3 and 4 as types for 
the diagram F;, calling the elements of type 3 and 4 planes and symps respectively. 
Elements of type | and 2 are called points and lines, according to the convention 
stated for geometries with string-shaped diagrams. 


1 2 3 4 
(F4) o________@.__-@e_ o 
points lines planes symps 


We denote by F4(2,t) the Fy-diagram with orders 2, 2, t, t: 


1 2 3 4 
(F4(2,t)) oe_________@—___—_e__ o 


2 t t 
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An F4-geometry (in particular, an F4-building) with orders 2,2, t,t will be called 
an F4(2, t)-geometry (F4(2, t)-building). 


Conventions for c.F4(2,¢t)-Geometries We choose 0,1,2,3 and 4 as types for 
the diagram c.F4(2, t), as follows: 





points lines planes spaces maxes 
C 1 2 3 4 
(c.F4(2,t)) e e eo o 
1 2 2 t t 


The elements of type 0 and 1 are called points and lines. The elements of type 2, 3 
and 4 will be called planes, spaces and maxes respectively, as indicated in the above 
picture. 

Note that, as a complete graph on 4 vertices is the same as an affine plane 
of order 2, the diagram c.F4(2,t) can also be regarded as a special case of the 
following, where Af denotes the class of affine planes. 


Af 


(Af. F4) e e e—————eo o 





2 Looking for the Right Hypotheses 


In this section, we shall discuss the hypotheses assumed on flag-transitive c. F4(2, t )- 
geometries in [15, 16,24,28]. However, before to come to those hypotheses, we must 
see what flag-transitivity implies. 

Throughout this section G is a given flag-transitive c. F4(2, t)-geometry. Lemma 
9.1 of Sect. 9 immediately implies the following: 


Lemma 2.1. The residues of the points of G are buildings of type F4. 
Lemma 2.2. No two distinct lines of G are incident with the same pair of points. 


Proof. Let G be a flag-transitive subgroup of Aut(G). Given a point a of G, let L(a) 
be the set of lines of G incident with a and let ©, be the equivalence relation defined 
on L(a) by declaring that two lines /,m € L(a) correspond in O4 if P(/) = P(m). 
By Lemma 2.1, Res(a) is a building. Hence, the group induced on Res(a) by the 
stabilizer G, of a in G contains a subgroup isomorphic to OF (2) : S3, F4(2) or 
? E6(2), according to whether f is 1, 2 or 4. In any case, Gg) is maximal in G4. 
In other words, G, acts primitively on L(a). On the other hand, G, preserves 0,4. 
Therefore, ©, is either the identity relation or the trivial relation. In the first case, 
no two lines through a have the same points, as we wanted to prove. In the latter 
case, there is a unique point b such that P(/) = {a,b} for every / € L(a), but this 
is clearly impossible. Oo 
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Lemma 2.3. Property (IP) holds in the residue of every element of G. 


Proof. This immediately follows from [19, Lemma 7.25], Lemmas 2.1 and 2.2 and 
the fact that (IP) holds in every building. E 





Lemma 2.3 and Proposition 7.3 of Sect. 7 imply the following: 


Lemma 2.4. The residues of the maxes of G are standard quotients of affine polar 
spaces. 


(See Sect. 7 for the definition of affine polar spaces and their standard quotients.) 
It is now time to cope with a difficulty that might sit in the shape of the diagram 
c.F4(2,t). The underlying minimal circuit diagram of c.F4(2,t) is the affine 
diagram Fs, So, it would be no wonder if G or some of its covers were infinite. 
However we would like to keep infinite geometries out of the door. Indeed, we 
would like to end up with a classification, but the usual tools we can use to that 
goal would be ineffective in the infinite case. So, we need residues of maxes to be 
sufficiently tight to force finiteness. To this aim, we assume the following: 


(TR) (Tight Residues) The collinearity graph of the residue of any max of G has 
diameter equal to 1. 


This property drastically reduces the range of possibilities for residues of maxes 
allowed by Lemma 2.4. Explicitly, 


Lemma 2.5. Let (TR) hold. Then the residues of the maxes of G are minimal 
standard quotients of an affine polar space P \ H where P and H are as follows, 
according to whether t is 1, 2 or 4. 


(1) Lett = 1. Then P is the og (2)-polar space and H is isomorphic to the O7(2)- 
polar space. The minimal standard quotient of P \ H is a tangent geometry of 
the oF (2)-polar space. 

(2) Lett = 2. Then P is the Ss(2)-polar space and H is singular. The minimal 

standard quotient of P \ H is the affine extension of the S¢6(2)-polar space, 

naturally embedded in (the projective geometry of) the vector space V(6, 2). 

Lett = 4. Then P is the Oig (2)-polar space and H is isomorphic to the Oo(2)- 

polar space. The minimal standard quotient of P \ H is a tangent geometry of 

the Og (2)-polar space. 


(3 


YS 


(See Sect. 7.2 for the minimal standard quotient of an affine polar space, Sect. 7.3 
for tangent geometries and Sect. 6.3 for affine extensions.) Property (TR) has an 
additional nice effect. 


Lemma 2.6. /fG satisfies (TR) then (IP) also holds in G. 


Proof. Given two elements x and y of G of type at least 1, suppose that P(x) N 
P(y) 4 Ø. Pick a point p € P(x)M P(y) and let x’ and y’ be maxes incident with x 
and y respectively, possibly, x’ = x or y’ = y. By (TR), P(x) and P(y) are cliques 
in the collinearity graphs of Res(x’) and Res(y’). For every point gq € P(x) N P(y) 
different from p, let pq, and pqy be the lines through p and q in Res(x’) and 
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Res(y’), respectively. Then pq, is incident with x and pqy is incident with y. By 
Lemma 2.2, pqx = pqy. The line pq := pqx = pqy is incident with either of 
x and y (possibly, pg = x or pq = y). Hence, we can replace the set of points 
P(x) P(y) with the set of lines through p incident with both x and y, thus turning 
to Res(p). The latter is a building (Lemma 2.1), hence (IP) holds in it. Therefore, 
there exists an element z € Res(p) incident with x and y and such that a 2-element 
of Res(p) is incident with z if and only if it is incident with both x and y. By the 
above, P(z) = P(x) N P(y). Property (IP) is proved. O 

Another hypothesis can be considered besides (TR). When trying to classify a 
class of geometries, it can be useful to focus on their collinearity graphs, turning 
the original problem into a problem of local recognition of graphs. However, for 
we can safely go from point-residues to neighborhoods in the collinearity graph and 
back, without missing any piece of information along the way, we need a hypothesis 
that says that, given a point p, every edge that exists in the neighborhood of p in 
the collinearity graph is somehow recognizable in Res(p). In our case, this can be 
phrased as follows, where I (G) stands for the collinearity graph of G: 





(LR) (Local Recognizability) Every 3-clique of I (G) is contained in at least one 
max of G. 


According to (LR), only two kinds of 3-cliques exist in T (G): a 3-clique can be 
either contained in a plane or not. In the first case that 3-clique belongs to exactly 
seven maxes while in the second case it belongs to exactly one max (at least one by 
(LR) and at most one by (IP)). 

Properties (TR) and (LR) are indeed the hypotheses assumed in [12, 13, 15, 16, 
24, 28]. Clearly, each of (TR) and (LR) is preserved when taking universal covers 
(but (TR) is not preserved when taking 2-covers). Property (TR) forces finiteness. 
Indeed: 


Proposition 2.7. [f G satisfies (TR) then T (G) has diameter at most 4. 


Proof. Assume firstly that G satisfies both (TR) and (LR). Then the previous 
statement is the main result of Ivanov and Pasini [13] when ¢ = 2 and it is a 
by-product of the classification theorems of Ivanov and Wiedorn [15] and Ivanov, 
Pasechnik and Shpectorov [16] when £ = 1 andt = 4 (see Theorems 4.2 and 4.3 of 
Sect. 4 and the information given on G(3' Fiz2) and G(B) in Sect. 3). 

Suppose now that G satisfies (TR) but not (LR). Let p be a point of G and 
let I (p) be its neighborhood in T(G). By (TR), every collinear pair and every 
symplectic pair of points of the F4-building Res(p) contributes an edge of T (p). 
(See Sect. 10 for the definition of symplectic and special pairs of points of an 
F,4-building.) However, since now (LR) fails to hold in G, additional edges of T (p) 
are contributed by special pairs of points of Res(p) or pairs of points of Res(p) at 
distance 3 in Res(p). It is not difficult to prove that this forces diam(I"(G)) < 2. pe 
leave the details of this proof for the reader. 
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Problem 2.8. The situation where G satisfies (TR) but not (LR) has not been 
investigated in the literature, but it is worth of consideration. What can we say on G 
in that case? Can we prove the following conjecture? 


Conjecture 2.9. If G satisfies (TR) and is simply connected, then it also satis- 
fies (LR). 


Problem 2.10. Let G be a simply connected flag-transitive c.F4(2,t)-geometry 
satisfying (TR) and let G be its universal 2-cover. Is it true that G is always a proper 
2-cover of G? (Note that, as G is assumed to be: simply connected, G is a proper 
2-cover of G if and only if (TR) does not hold in G.) Is G always infinite? 

For instance, the geometry G (27° F4(2)) (to be defined in the next section) admits 
a proper 2-cover (see Sect.5.3), but we do not know if it is 2-simply connected. 
Perhaps it isn’t. More flag-transitive c. F4(2, t)-geometries where (TR) fails to hold 
will be discussed in Sect. 5.3, but we do not know so much on their universal 
2-covers. 


3 The Examples 


We shall now describe the known flag-transitive c.F4(2,¢)-geometries that satisfy 
(TR) and (LR), sticking to the constructions offered in [12, 15, 16]. Throughout this 
section F is an F4(2,t)-building and ®(F) is the graph with the points of F as 
vertices, two points being adjacent in (F) when they are either collinear or form 
a symplectic pair (see Sect. 10). 


3.1 Preliminaries 


All examples considered in [12, 15, 16] are constructed as follows. A graph I” is 
considered that is locally ®(F). The graph T is related to a group G which acts 
transitively on the set of directed edges of J” and such that the stabilizer Ga of 
a in G of a vertex a of I acts as a flag-transitive subgroup F of Aut( F) on the 
neighborhood T (a) of a. The vertices and the edges of I” are taken as points and 
lines respectively of the geometry G that we are going to define. For every vertex a 
of I”, the subgraphs of T (a) corresponding to lines, planes and symps of F in the 
isomorphism (Gy, T (a)) = (F, &(F)), joined with {a}, are taken as planes, spaces 
and maxes of G on a. This definition is consistent. Indeed, in each of the cases to 
consider the pair (G, I”) satisfies the following: 


(C) (Consistency Condition) For every edge {a,b} of I’, for every class ¥ of 
subgraphs of I (a) corresponding to the set of lines, planes or symps of F, and 
every X € X containing b, there is an element g € G that maps a to b and X 


to (X \ {b}) U {a}. 


On a Class of c. Fy-Geometries 201 


Planes, spaces and maxes of G can also be recovered from I" as follows. The maxes 
of G are maximal cliques of J’, but not all maximal cliques of I’ are maxes of 
G. Indeed I’ admits maximal cliques of different size. The largest ones have size 
4- (7t +2). These are the maxes of G. Having recognized maxes of G in this way, we 
can recover spaces and planes as intersections of maxes. Indeed, given two maxes 
X and Y of G, either |X ON Y| < 2or|X NY| = 8. If |X N Y| = 8 then X N Y is 
a space. Finally, given three maxes X, Y and Z, either |X N Y N Z| = 8 (whence 
XNYNZ=XNY isaspace)or|X NYNZ|=4or|XNYNZ| < 2. If 
IX AYN Z| =4then X NY N Z isa plane. 

By construction, G belongs to c.F4(2,t) and G acts flag-transitively on it. 
Clearly, I” is the collinearity graph of G. Moreover, G satisfies the following: 


(«) Three distinct points of G form a clique in I if and only if there is max of G 
that contains them all. 


This property is just the conjuction of properties (TR) and (SR) considered in 
Sect. 2. 

We shall now go into details, explaining which group G and which graph I” are 
to be chosen. We shall firstly consider the cases of t = 1 and £ = 4, keeping the 
case of t = 2 for last. Our exposition is based on Ivanov and Wiedorn [15] for 
t = l andt = 4, Ivanov, Pasechnik and Shpectorov [16] for all cases and Ivanov 
and Pasechnik [12] for t = 2. 


3.2 G(Fiz2) and G(3 Fiz) (t = 1) 


Let (Fizz) be the graph with the 2D-involutions of Aut(Fiz2) = Fiz2:2 as 
vertices, two such involutions being adjacent if and only if they commute. (Note 
that these involutions are outer automorphisms of Fiz.) The graph T (Fiz2) is 
locally ®(F), where F is the F4(2, 1)-building. Moreover, Fiz is transitive on the 
set of directed edges of T (Fi22) and the pair (Fiz, '(Fiz2)) satisfies condition 
(C). Thus, a geometry G(Fin2) exists, belonging to c.F4(2,1), satisfying (TR) 
and (SR) and admitting Fiz) as a flag-transitive automorphism group. Actually, 
Aut(G(Fiz2)) = Aut( Fig) = Fiz:2. 

This geometry is not simply connected. Its universal cover is a 3-fold cover 
G(3 Fiz) with Aut(G(3' Fiz2)) = 3° Fizg:2. Accordingly, (Fiz) admits a 3-fold 
cover I (3 Fiz2) which lives in 3° Fiz2:2. The geometry G(3' F i22) arises from it. 

The geometry G(3° Fiz2) is simply connected. This is a by-product of Theorem 
4.2 of Sect. 4, but it also follows from Proposition 2.7 and the fact that "(3° Fiz2) 
has diameter equal to 4. 
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3.3 G(B) (t =4) 


Let I(B) be the Baby Monster graph, namely the graph on the set of {3, 4}- 
transposition in the Baby Monster group B in which two such transpositions 
are adjacent if their product is a central involution in B, namely an involution 
centralized by a Sylow 2-subgroup of B. The graph T (B) is locally # (F), where F 
is the F4(2, 4)-building. Moreover, B acts transitively on the set of directed edges 
of I (B) and the pair (B, I (B)) satisfies condition (C). Thus, a geometry G(B) 
exists, belonging to c. F4(2, 4), satisfying (TR) and (SR) and admitting B as a flag- 
transitive automorphism group. Indeed Aut(G(B)) = B. 

The geometry G(B) is simply connected. This is a by-product of Theorem 4.3 of 
Sect. 4. It also follows from Proposition 2.7, recalling that l (B) has diameter equal 
to 3. 


3.4 G(2°°F4(2)), G(E6(2)), GC E6(2)) and G(37 E¢(2)) (t = 2) 


Let G be any of the groups 27°: Fy(2), E6(2), 7E6(2) or 3:7 E6(2), where 276: Fy(2) 
is the extension of the Chevalley group F4(2) by its 26-dimensional GF(2)-module. 
In any case, G admits a maximal subgroup F œ F,(2). Let V be the set 
of cosets of F (left cosets, to fix ideas). The transitive action of G on V by 
left translation admits several subdegrees but, in any case, one of them is equal 
to 69615, which is the number of points of the F,(2)-building. Let E be the 
orbital of G on V corresponding to that subdegree, E the set of unordered pairs 
corresponding to members of E and I” the graph with V as the set of vertices and 
E as the set of edges. Then I” is locally ®(F), where F is the F4(2)-building. 
Moreover, (G, I”) satisfies condition (C). Thus, we obtain geometries G(2° F,(2)), 
G(E6(2)), GC E6(2)) and G(3?E6(2)) belonging to c.F4(2,2), satisfying (TR) 
and (SR) and admitting 27°: Fy(2), E6(2), ?E6(2) and 3E6(2) respectively as 
flag-transitive automorphism groups. Actually Aut(G(2° F,(2))) = 27°:F4(2) but 
Aut(G(E6(2))) = Eo(2):2, Aut(G?E6(2))) = 7 £6(2):2 and Aut(G(3? E6(2))) = 
3? Fe(2):2. 

The graph I has diameter 4, 3, 2 or 4 according to whether G is 27° F4(2), 
E6(2), 7E6(2) or 3°7E6(2). Hence, G(27° F4(2)), G(E6(2)) and G(3°?E6(2)) are 
simply connected, by Proposition 2.7. The geometry G(?E¢(2)) is a quotient of 
G(3E6(2)). 

The geometries G(2”° F(2)) and G (E6(2)) can also be produced by constructions 
of more geometrical nature. Indeed, as proved in [13], G(2”° F4(2)) is nothing but the 
affine extension of the 26-dimensional projective embedding of the F4(2)-building 
F (see Sect. 6.3 for the definition of affine extensions). In Sect. 5, we will obtain 
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G(E¢(2)) as a special case of a construction which works for any building of type 
Es. On the other hand, the graph-theoretic constructions given at the beginning of 
this subsection and in Remark 3.2 (see below) are so far the only ones available for 


G(?E6(2)). 


Problem 3.1. Find a different, more geometric construction for G(? E6(2)). (Com- 
pare Problem 5.8.) 


Remark 3.2. Both G( Fizz) and G(? E¢(2)) are subgeometries of G(B), namely the 
elements of G (F i22) and G(? E¢(2)) are elements of G(B), with the same types as in 
G(B), and the incidence relations of G (F i22) and G CE 6(2)) are suitable refinements 
of the incidence relation inherited from G(B). To see this, we must recall a few 
properties of l’ (B). There are two types of pairs of vertices {a,b} at distance 2 in 
T (B), according to whether ab has order 3 or 4. Let {a, b} be a pair of vertices of 
T (B) at distance 2 with (ab)? = 1 and let T3(a, b) be the subgraph induced by 
T (B) on the set of vertices at distance 3 from either of a and b. Then D(a, b) = 
I'(Fiz). We can now recover G(Fiz2) inside G(B). The points and the lines of 
G(Fiz2) are the vertices and the edges of T3(a, b). The 4-elements of G(Fiz2) are 
provided by the 4-elements x of G(B) with P(x) N D(a, b) of maximal size, while 
the 2- and 3-elements of G(Fiz2) are the 2- and 3-elements y of G(B) incident to a 
4-element as above and such that P(y) C D(a, b). 

Turning to G(? E6(2)), its collinearity graph is isomorphic to the graph I3(a) 
induced by I(B) on the set of vertices at distance 3 from a given vertex a. The 
geometry G E6(2)) can be recovered from I°3(a) like G(Fiz2) from I°3(a, b). 


4 The Classification 


Theorem 4.1. Let G be a flag-transitive c.F4(2,t)-geometry satisfying both prop- 
erties (TR) and (LR). Then G is one of the geometries described in Sect. 3. 


As explained in the introduction, different results are collected in this theorem, one 
for each of the cases t = 1, t = 4 and t = 2. We shall discuss them one by one. 





4.1 The Case oft =1 


Theorem 4.2 (Ivanov and Wiedorn [15]). G(Fin) and its cover G(3 Fin) 
are the only flag-transitive c.F4(2,1)-geometries that satisfy both properties 
(TR) and (LR). 


Sketch of the proof. Let G be a flag-transitive c.F4(2, 1)-geometry satisfying (TR) 
and (LR). Ivanov and Wiedorn firstly investigate the graphs defined on the set of 
1-elements and the set of 2-elements of G by taking “being parallel inside the same 
{0, 1, 2}-residue” as the adjacency relations. The connected components of these 
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two graphs are the classes of the equivalence relations called A; and A2 in Sect. 8.2. 
Condition (RS) of Sect. 8.1 and its type 2 analogue hold. So, we can consider the 
geometry at infinity G°°?, which is also flag-transitive. Ivanov and Wiedorn prove 
that G°? belongs to the following diagram: 


1 2 3 3) 4 
(C3 ce ) e e o | o 
2 2 2 1 


If we find out which group Aut(G°°?) is, then we are done. Indeed, Aut(G°°?) = 
Aut(G) by Proposition 8.4. 

Thus, we turn from G to G®. One can prove that (IP) holds in all residues of 
G® of rank 3. Hence, the {1, 2, 3}+residues of G® are polar spaces, isomorphic 
to the S6(2)-polar space. So, G°°? is the dual of a c-extended dual polar space. 
Flag-transitive c-extended dual polar spaces have been classified by Ivanov [10], 
[11]. We can exploit that classification to finish (but I warn that this is not the way 
that Ivanov and Wiedorn choose in [15]). In view of that, we must determine the 
isomorphism type of the {2, 3, 4}-residues of G°°?. As (IP) holds in these residues, 
they are dually isomorphic to standard quotients of affine polar spaces (Proposition 
7.3). Having stated this, a range of possibilities still remains for those residues. In 
order to select the right one from it, we ask shrinkings for help. The classes of A, 
which provide the 1-elements of G®, are the point-sets of the shrinkings of G. 
Hence, the stabilizer in Aut(G) of a shrinking of G is the same as the stabilizer in 
Aut(G®”) of a 1-element of G°°?. Let Shr(G) be a shrinking of G. Then Shr(G) is 
flag-transitive with diagram and orders as follows: 


1 C 2 3 4 
(c . Cy ) e—________@—____e~~__ o 
1 2 1 1 


The {2, 3, 4}-residues of Shr(G) are isomorphic to the {2, 3, 4}-residues of G. The 
latters are C3-buildings. It is well known that every C3-building with orders 1, 1, 2 is 
isomorphic to the geometry of vertices, edges and 3-cliques of a complete 3-partite 
graph with all classes of size 3. Denoted this geometry by K, let K* be its dual. 
Thus, the {2, 3, 4}-residues of Shr(G) are isomorphic to K*. On the other hand, the 
{0, 1,2, 3}-residues of G are isomorphic to the minimal standard quotient of the 
affine polar space obtained from the OF (2)-polar space by removing an O7(2)- 
hyperplane (Lemma 2.5). Hence, the {1, 2, 3}-residues of Shr(G) are isomorphic to 
the minimal standard quotient of the affine polar space obtained from the OF (2)- 
polar space by removing an O5(2)-hyperplane (compare Example 8.2). It follows 
that the collinearity graph of Shr(G) is locally the distance 1-or-2 graph of the 
collinearity graph of *. We can now apply a result of Cuypers [6] to recover Shr(G) 
as a subgeometry of the F4(2, 1)-building with Aut(Shr(G)) = U4(2):2 (see also 
[16, Propsition 5.2]). 

By the above, the stabilizer of a l-element of G2 in Aut(G®) acts as 
U4(2):2 = PSO; (2) in the residue of thatelement. This makes it clear that 
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the {2,3,4}-residues of G°? are dually isomorphic to the affine polar space 
obtained by removing an O; (2)-hyperplane from the O7(2)-polar space. By Ivanov 
[10, Proposition 2.5], Aut(G™) is either Fiz9:2 or 3° Finy:2. 

However, as I have said before, the argument used by Ivanov and Wiedorn in [15] 
is different from the above. It is worth to give a shortened exposition of it, too. 

The dual G°:?* of G? belongs to the following diagram, which is the same as 
that of G°?, but switched. The types 1, 2, 3, 4 of Gr2* correspond to the types 4, 
3, 2, 1 of ge, 


1 G 2 3 4 
(c : C; ) e —— eo eoe 
1 2 2 2 


The {1,2,3}-residues of G%:>* are the duals of the {2,3, 4}-residues of G°?. 
According to what we have previously said on the latter, the {1, 2, 3}-residues of 
G®?-* are isomorphic to the affine polar space obtained by a removing an O; (2)- 
hyperplane from the O7(2)-polar space. 

The geometry G®?* admits shrinkings. Let Shr(G~*) be one of them. 
The isomorphism type of the {1,2,3}-residues of G°?* forces Shr(G%?*) to 
belong to the following diagram, where P stands for the Petersen graph (compare 
Example 8.2): 


(P3) 


e ° 
1 2 2 





So, Shr(G°°?*) is a flag-transitive P3-geometry. Flag-transitive P,-geometries are 
classified (see Ivanov and Shpectorov [14]). Only two flag-transitive P3-geometries 
exist. They arise from M27 and 3°M»9, respectively. Shr(G®%*) is isomorphic to 
one of these two geometries. In order to finish, Ivanov and Wiedorn must combine 
the previous information on shrinkings with the investigation of another geometry 
B such that Aut(B) = Aut(G®?*). The construction of B by Ivanov and Wiedorn 
is beautiful but its details are too complicated for I can summarize them here. 
I only mention that they consider a graph B having the shrinkings of G~** as the 
vertices, two shrinkings being adjacent in B precisely when they contain 2-elements 
supported by the same 2-element of G~*. The shrinkings of G~* are taken 
as 3-elements of B, like if we constructed the dual of a geometry at infinity. The 
2- and 1-elements of B are certain 3-cliques and certain subgraphs of B. Since the 
shrinkings of G°°>* are P3-geometries for M27 or 3’ Mz, the stabilizer in Aut(B) 
of a 3-element x of B induces on Resg(x) a group isomorphic to M22, M22:2, 3° Ma2 
or 3° Mp2:2. With this information at hand, Ivanov and Wiedorn can prove that $ is 
a truncation of a flag-transitive c.C3-geometry B with diagram and orders as below: 


0 C 1 2 3 
(c.C3) e 
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We obtain B from B by removing all 0-elements of B. Flag-transitive 
c.C3-geometries with orders as above have been characterized since long ago 
(Buekenhout and Hubaut [3]; see also Del Fra et al. [8]). In view of that characteri- 
zation, Aut(B) is isomorphic to either Fiz2:2 or 3° Fiz2:2. Ivanov and Wiedorn also 
prove that Aut(B) = Aut(G®). Hence, Aut(G) is either Fiz2:2 or 3° Fing:2. Oo 





4.2 The Case oft =4 


Theorem 4.3 (Ivanov et al. [16]). G(B) is the unique flag-transitive c.F4(2, 4)- 
geometry satisfying (TR) and (LR). 


Sketch of the proof. Let G be a flag-transitive c. F4(2, 4)-geometry satisfying (TR) 
and (LR). In this case, the geometry at infinity G°°? is harder to understand than G 
itself. No insight into G can be got from it. On the other hand, shrinkings can be of 
some help. Every shrinking Shr(G) of G is a flag-transitive c-extended dual polar 
space with orders as follows: 


1 C 2 3 4 
(c C3 ) e______@——@__________ @ 
1 2 4 4 


Its {2, 3, 4}-residues are isomorphic to the dual of the U¢(2)-polar space while its 
{1, 2, 3}-residues are isomorphic to the minimal standard quotient of the affine polar 
space obtained by removing an O7(2)-hyperplane from the O, (2)-polar space (see 
Example 8.2). Hence, the collinearity graph of Shr(G) is locally the distance 1-or-2 
graph of the dual of the U¢(2)-polar space. One can now exploit the classification 
of flag-transitive c-extended dual polar spaces by Ivanov [10], [11] or a result by 
Cuypers [6] to determine the isomorphism type of Shr(G). It turns out that Shr(G) is 
isomorphic to a well known geometry admitting the Conway group Coz as its full 
automorphism group [16, Proposition 5.2]. 

The isomorphism type of Shr(G) is thus determined, but a lot of work still 
remains to do in order to finish the proof. At this stage, the authors of [16] turn 
to a thorough investigation of the collinearity graph I” of G, focusing on the 
common neighborhood T (x, y) of two vertices x and y at distance 2 and the second 
neighborhood I(x) of a vertex x. In particular, they prove that, for every vertex 
y € D(x), there is exactly one vertex y’ € I (x) different from y and such 
that (x,y) = I(x, y’). Let xy be the permutation of I" that fixes all vertices 
of I” \ I(x) and switches all pairs {y, y’} C D(x) with r(x, y) = T(x, y’). The 
authors of [16] prove that 7, is an automorphism of I~ (hence, it also induces an 
automorphism of G). Some amount of work is needed to prove this claim. We will 
not go into the details of that proof. We only mention that the information previously 
obtained on Shr(G) is also exploited in it. 

If x and z are adjacent vertices of I” then m(x) = x, whence m, induces 
an automorphism of the neighborhood I(x) of x. In fact, the family {77-}-er(x) 
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generates a copy of 7 £¢(2). So far, we know that the graph T is locally ®(F), where 
F is the F4(2, 4)-building, and it admits an automorphism group G such that, for 
every vertex x, the stabilizer G, of x in G induces on T (x) an action containing 
? F6(2). By a result of Ivanov [9], G is the Baby Monster group B and F = F'(B) 
(the Baby Monster graph). O 





4.3 The Case of t =2 


As said in the introduction, this case turned out to be the most difficult one. Till a 
short time ago, we only knew the following. 


Theorem 4.4 (Wiedorn [28]). Besides G(27° F4(2)), G(E6(2)) and G(3 E¢(2)), 
at most four simply connected flag-transitive c.F4(2,2)-geometries exist that 
satisfy (TR). 


Sketch of the proof: Let G be a group acting flag-transitively on a c.F4(2,2)- 
geometry G satisfying (TR) and fori = 0,1,2,3,4 let G; be the stabilizer in G 
of the i-element a; of a given chamber c = {a;}4_, of G. Let A = (G;)}_, be 
the amalgam of the subgroups Go, G1, G2, G3, G4 with intersections as in G. Then 
G is simply connected if and only if G is the universal completion of A (see [19, 
Theorem 12.28]). So, we must determine all possibilities for the amalgam A. 

Henceforth, for an element x € G we denote by Gx the stabilizer of x in G and 
by Kx the kernel of the action of Gx on Res(x) and we put Gx := Gy / Kx. We also 
put Gy, := Gx N Gy. If x has type # 0, 4, we denote by K+ and K7 the kernels of 
the actions of Gx on Rest (x) and Res” (x) respectively. In the previous paragraph 
we wrote G; for Ga, . Accordingly, we write K; for Kaj, Gi,; for Ga; aj and so on. 

Clearly, Go & F4(2), Gi = 2x S6(2) and G4 & 26:S6(2) (recall that, by Lemma 
2.5, Res(a4) is the affine extension of the S¢(2)-polar space embedded in V (6, 2)). 
Moreover, G> is isomorphic to either S4x L3(2) or Ag x L3(2) and G3 is isomorphic 
to either (23:L3(2)) x S3 or (23:L3(2)) x 3. However, G) must fit with G3. Hence, 
G2 = S4 x L3(2) and G32 > (23:L3(2)) x S3. 

Wiedorn firstly proves that |Ko| < 2 and that if |Ko| = 2 then Go = 
Ko x Go. Hence, Go, = Ko x 2!+6+8:S6(2). We must now describe Gi. Clearly 
[Gi : Goi] = 2. Hence G; = Go, - (t) for an element t switching the two points 
of the line a; and such that t? € Go,1. Modulo multiplying t be a suitable element 
of Go ı we can assume that t € Ky. We can do more, choosing T € Ke in such a 
way that it moves as little as possible of Go,;. Wiedorn proves that if we can choose 
t € Cg(Go,1) (which can be only if Ko = 1) then G = G(2?° F,(4)). 

Let G # G(2”°F,(4)). Hence, t Z Cg(Go,1). Let Gi, = 21t6+8:S6(2) be the 
commutator subgroup of Go. Wiedorn proves that we can choose t in such a 
way that it centralizes a subgroup C, < Gj, containing O2(G) ,) and such that 
C,/02(Go,) = (0P (2) (where OF (2) stands for the commutator subgroup of 
PGO* (6, 2), as in [5]). With the above constraints, once C, has been chosen, the 
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element t is uniquely determined modulo multiplication by elements of Z (Go) = 
Ko x (z), where z is the unique involution of Z(G) ,). Wiedorn also proves that t 
has order either 2 or 4 and if t has order 4 then t? = z. It is worth giving t a name. 
We call it the switch element of G1. 

At this stage we have got at most four isomorphism types AY for the amalgam 
A := (Go, G1), where e € {1,2} is the size of Ko and y € {2, 4} is the order o (t) 
of the switch element t. However, when € = 2 we can replace t with tk, where 
k is the unique involution of Ko. If o(t) = 2 then o(tauk) = 4 and if o(t) = 4 
then o(tk) = 2. Thus, three possibilities exist for A™® , namely AY, An and AL. 
where * can be read as 2 or 4, as we like. 

Turning to the rank 3 amalgam A® = (Go, G1, G2), Wiedorn proves that each 
of the amalgams AL and A can be extended in exactly one way to a realization 
of A®), which we will denote by AS and AP, , respectively. On the other hand, 
AP, can be extended in at most to ways. We denote these two extensions by the 


symbols AY, and AY? „. We warn that no explicit description of AY) , and AY? 


2,%,0 2,%*,0 24%, O 2,%*,0 
is given in [28]. Wiedorn only gives an indirect argument which implies that at most 


two ways exist to extend AL. 


Next, Wiedorn proves that for every choice of (e, n,0) = (1,2, *), (1,4, *), 
(2,*, ©) or (2, x, 0) the amalgam A® a can be extended in a unique way to a rank 


4 amalgam Ay Finally, again by an indirect argument, she proves that for every 


choice of (e, n, 0) there are at most two ways to extend APs to arank 5 amalgam 


A = (Go, G1, G2, G3, G4). We denote those two extensions by the symbols AÊ g s 
and A aa 


So far, at most eight possibilities exist for A = (Go, G1, G2, G3, G4), corre- 
sponding to the eight quadruples (1,2, x, ©), (1,2, *,0), (1,4, x, ©), (1,4, *, ©), 
(2, *, ©, >), (2, *, 9,0), (2, *,0, ©) and (2, *, 0,0). However, it might happen that 
two of these possibilities are mutually isomorphic or that one of them does not admit 
any completion. Moreover, if for some choice of 6,¢,7,¢’ the amalgam A a 


embodies Aaji then these two amalgams define the same geometry. 
Each of G(E6(2)) and G(3°?E6(2)) gives rise to an amalgam AP a as well 
as an amalgam A i since E¢(2):2 and 3 E6(2):2 also acts on G(E6(2)) and 


G (3? E¢(2)), respectively. So, at most four possibilities remain for At ee that do 
not correspond to any of the known examples. 





Lately, Ivanov and I have made some attempts to improve the previous theorem, 
but unsuccessfully. Eventually, G. Stroth decided to try in his turn, and he has 
succeded. 


Theorem 4.5 (Stroth [24]). Only three simply connected flag-transitive c. 
F,(2,2)-geometries exist that satisfy (TR), namely G(27°F4(2)), G(E6(2)) and 
G (3°? E6(2)). 
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Sketch of the proof. Stroth’s proof starts from Wiedorn’s analysis, discussed above. 
Wiedorn [28] neither gives a detailed description of O2(G4) nor explains how the 
switch element t acts in Res(a4). Stroth [24] fills these two gaps. By elementary 
group theory (but very skillfully exploited) and with the help of some detailed 
information on generators of F4(2), he proves the following: 


Claim I. Let Ko = 1. Then O2(G4) is extraspecial of order 27! and it contains the 
switch element t (equivalently, t acts as an affine translation on Res(a4)). In fact 
we can say more, namely O2(G4) = ria with O2(G4)/Z(O2(G4)) S A3V as an 
S6(2)-module, V = V(6, 2) being the 6-dimensional natural module for S¢(2). 


Claim 2. Let |Ko| = 2. Then O2(G4) admits a normal subgroup E of index 2 with 
E extraspecial of order 27! as in Claim 1 and O2(G4) = E - Ko. Moreover, the 
switch element t can be chosen in such a way that t € E (hence it acts as an affine 
translation in Res(a4)). We also have K4 = Ko x (K4 N E) and Kyn E = 2t6ts 


Let Ko = 1. By Claim 1, t is an involution. Indeed t? € Z(Ox(Go1)) but 


Z(O2(Go1)) Æ Z(O2(G4)) = Z(O2(Go,4)). This observation is sufficient to rule 
4) 


Dat only survive, which 


out either of the amalgams AP ç: Thus, the amalgams A, 
lead to E6(2) and 3°? E¢(2) respectively. 
Turning to the case of Ko Æ 1, we can now go on in two different ways. With the 


help of Claim 2 we can prove that each of the amalgams A. o.t contains an A E 


As the latter arises from either E¢(2) or 3°? E6(2), only two of the amalgams AS a ¢ 
survive and they must arise from either E6(2):2 or 3°? E6(2):2. 

Otherwise, one can go a bit deeper into the analysis of Aras This is the 
way chosen by Stroth [24]. By exploiting some information on generators of the 
subgroups Go; (i = 1,2,3,4) he shows that only one amalgam Ane exists that 


can be extended (actually in two ways) to a rank 5 amalgam A as with O2(G4) 


as in Claim 2. So, only two amalgams A o.t exist when Ko Æ 1, and we get the 
same conclusion as above. Oo 





By Theorem 4.5 we immediately obtain the following: 


Theorem 4.6. Only four flag-transitive c.F4(2,2)-geometries exist that satisfy 
(TR), namely G (2% F4(2)), G(E6(2)), G(3? E6(2)) and its quotient GÊ E¢(2)). 


Remark 4.7. In an earlier version of [24], Stroth gives a slightly different proof of 
Theorem 4.5, based on complete descriptions of the amalgams A? o ¿ in terms of 
generators and relations. He considers a set of generators of G formed by a suitable 
set U of involutions generating a Sylow 2-subgroup S of F4(2), four involutions 
r1,12,13,74 generating a copy W of the Weyl group of F4(2), and the switching 
element t itself. The involutions r1, r2, r3, r4 form a Coxeter system of type F4(2) 
and are chosen in such a way that (S, W) is a BN-pair and the panel stabilized by 
ri has type i. Moreover, for every i = 1,2,3,4 the set U contains exactly one 
element u; such that (r; uj)? = 1. The element t is assumed to centralize r3, r4 and 
a subset U, of U such that (U;, r3, r4) = 2'+6+8: OF (2), as in Wiedorn [28]. It also 
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centralizes r modulo the unique involution z of Z (G6 ,). Moreover, t? = 1 when 
Ko 4 1, as allowed by Wiedorn [28]. Put s = t”. Stroth proves that one of the 
followings must hold, for a certain (uniquely determined) element u € U: 


(a) Ko = 1, t? = 1, [s, t] = 1 ands” = st; 

(Lb) Ko = 1, t? = z, $? = u, |s, t] = 1 and ™ = stuz; 
M.a) |Ko| = 2, [s,t] = 1 ands” = st; 

d.b) |Ko| = 2, [s, t] = uz, s“ = stku, where Ko = (k). 


Cases (I.a) and (I.b) correspond to Any and AD, respectively, while (I.a) and 


(II.b) lead to AY?) , and AY? 


2,*,O° 


Let A? correspond to (II.a), to fix ideas. Going 


2.,%,0 
on with his detailed analysis, Stroth eventually proves that neither AD, nor A P 


can be extended to a rank 5 amalgam as we want. The conclusion of Theorem 4.5 
follows. 


Remark 4.8. We have mentioned shrinkings in the proofs of Theorems 4.2 and 
4.3, but no use of them is made in the proofs of Theorems 4.4 and 4.5. However, 
shrinkings can also be considered in the case of t = 2. Indeed, let G be a flag- 
transitive c. F4(2, 2)-geometry G satisfying (TR) and (LR). By arguments similar to 
those used in the proofs of Theorems 4.2 and 4.3 one can prove that the shrinkings 
of G are isomorphic to the affine extension of the dual of the O7(2)-polar space 
embedded in V(8,2) via the spin embedding (see also Ivanov, Pasechnik and 
Shpectorov [16, Proposition 5.2]). One can also prove that property (RS) of Sect. 8 
as well as its type 2 analogue hold in G. Hence, a geometry at infinity can also be 
defined, either as in Sect. 8 or in other ways (see [22]). Perhaps shrinkings and a 
suitable geometry at infinity could be exploited to give another proof of Theorem 
4.6, but this does not seem to be so easy to do. 


Remark 4.9. Wiedorn assumes property (LR) in [28] but she never uses it in her 
investigation. Stroth neither uses it in [24]. Hence, I have not mentioned (LR) 
in Theorems 4.4—4.6. Actually, I cannot see how (LR) could be exploited when 
working with amalgams. This is one of the reasons that make me believe that simple 
connectedness implies (LR), as suggested in Conjecture 2.9. On the contrary, the 
proofs of Theorems 4.2 and 4.3 given in [15] and [16] do use (LR), although this 
may be not so evident from my shortened exposition of those proofs. 


Problem 4.10. Can we drop (LR) from the hypotheses of Theorems 4.2 and 4.3? 


5 A Geometric Construction of G (E6(2)) and More 
A f. F4-Geometries 


The main goal of this section is to produce a family of A f.F4-geometries which 
contains G(E6(2)) as its smallest member. We shall firstly recall a construction 
of buildings of type Eę and Fy as geometries embedded in vector spaces of 
dimension 27 and 26, respectively. After that, we will construct our family of A f. F4- 
geometries. In the last part of this section we will discuss a few more families 
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of Af. F4-geometries, which can be created as affine extensions from projective 
embeddings of F4-buildings. 


5.1 Preliminaries on Buildings of Type Es and F4 


The material of this subsection is taken from Chap. 18 of Buekenhout and Cohen [2]. 
We will omit many details and all proofs. The reader can find them in the above 
quoted chapter of [2] (also in Cohen and Cooperstein [4]). 

Given a field F, let M = Ms3(IF) be the algebra of (3 x 3)-matrices over F 
and let V = M x M x M (a 27-dimensional vector space over F). For a vector 
x = (X,, X2, X3) of V, put 


f(x) = det(X1) + det(X2) + det(X3) — tr(X1 X2 X3), (1) 
xË? = (adj(X1) — X2X3, adj(X3) — Xı X2, adj(X2) — X3X1), (2) 


where for a matrix X € M we denote by det(X) and tr(X) its determninat and its 
trace and adj(X) is the adjugate matrix of X, namely the transpose of the cofactor 
matrix. Thus, we have defined a cubic form f on V and a mapping (Ë : V > V. 
A symmetric bilinear form ¢ can also be defined on V by putting 


P(x, y) = (Xi + X2¥3 + X3Y¥2) (3) 
for any two vectors x = (X1, X2, X3) and y = (Y1, Yo, Y3) of V. We have 
fat =f SOIE WxyeV). A 
Also, x## = f(x)x for every x € V. Hence, x! = 0 implies f(x) = 0 (but the 
converse is false in general). A commutative (but non-associative) operation x can 
also be defined, as follows: 
xx yr= (x+y) -xt — y’. (5) 


We are now ready to construct the /¢(F)-building, denoted by € throughout the rest 
of this section. We choose types as follows: 


(E6) e e 
1 2 





WwW @———_e 


© © 
4 6 
The elements of type 1, 2 and 3 will be called points, lines and planes respectively. 
The points of € are the points (x) of PG(V) such that x? = 0. Denoted the set 
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of points of E by P(E), the lines and the planes of E are the lines and the planes 
of PG(V) entirely contained in P(E). Note that two points (x) and (y) of E are 
collinear in € if and only if x x y = 0. 

The set P(E) spans PG(V). Thus, we have produced a projective embedding 
of the point-line-plane system €; 7.3 of E in PG(V), which sends points, lines and 
planes of E to points, lines and planes of PG(V ). It remains to recover the remaining 
elements of E as subspaces or subgeometries of PG(V). 

The geometry €;,3 admits two families of maximal singular subspaces (see 
Sect. 6.4). One of those two families is formed by 4-dimensional projective spaces. 
These are the 4-elements of €. The other family consists of 5-dimensional projective 
spaces. These are the 5-elements of €. 

We shall now define the elements of type 6, called symps. For every point 
(x) € P(E), let a(x) be the projective subspace of PG(V) corresponding to the 
subspace {x x y}yey of V (clearly, the choice of the representative x of (x) is 
irrelevant in this definition). The points and the lines of € contained in o (x) form the 
point-line system of a Ds(F)-building, say S(x). The planes of S(x) are the planes 
of E contained in o(x). One of the two families of maximal singular subspaces 
of S(x) consists of the 4-elements of € contained in o(x). The other family is 
formed by the intersections o(x) N y for y a 5-element of E such that y N a(x) 
has projective dimension 4. (The reader should notice that we are taking the liberty 
not to distinguish between an element of E of type 4 or 5 and the subspace of PG(V ) 
that corresponds to it.) 

The incidence relation is defined via inclusion except when an element of type 
5 is involved together with an element of type 4 or 6. Let y be an element of 
type 5. If z is a 4-element then y and z are incident if and only if they intersect 
in a 3-dimensional subspace of PG(V). If z = S(x) is an element of type 6, then y 
and z are incident if and only if y N o(x) is 3-dimensional. 

The group Aut(/) of all invertible linear mappings of V that preserve f acts 
flag-transitively on € with kernel Zo isomorphic to the group of cubic roots of 1 
in F. The quotient Aut( f )/ Zo is the Chevalley group of adjoint type E,(F). Let Z 
be the group of scalar transformations of V. The product Z - Aut( f) is a subgroup 
of the group of all linear transformations of V that preserve f modulo a scalar. 
Clearly Z N Aut( f) = Zo and (Z - Aut(f))/Z = Aut(f)/Zo. Hence Aut( f) 
and Z - Aut( f ) induce the same group on €. 

Note that, in general, the elements of Aut( f) neither preserve @ nor commute 
with the mapping (.)" or the operation x. However, if g € Aut(/) then xË = 0 if 
and only if g(x) = 0. 

So far, we have constructed € together with a 27-dimensional projective embed- 
ding £ : E — V. We shall now turn to the F4(F)-building, denoted by F in the 
sequel. 

The mapping sending a point x of € to S(x) can be extended to a polarity of €, 
which we will also denote by the symbol o. Referring the reader to [2, Chap. 18] for 
details, we only say that this polarity permutes a point x with S(x) and sends every 
element y of E of type 2, 3 or 4 to Nye p(yyo (x), where P(y) is the set of points of 
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y. If y is a S-element then o (y) = Uxen(yyo(z), where z(y) stands for the set of 
planes contained in y. A point x of E is o-absolute if and only if x € o(x), a line 
x is o-absolute if and only if x C o(x), a 4- or 6-element x is o-absolute if and 
only if o(x) is contained in x, a plane or a 5-element x is o-absolute if and only if 
x = o (x) (if and only if all points of x are o-absolute). 

The building F is formed by the o-absolute elements of € of type 1, 2, 3 and 5. 
If we like, we can also regard o-absolute elements of type 1 or 2 as o-absolute flags 
of type {1, 6} and {2, 4}. We keep the types 1, 2 and 3 for o-absolute elements of E€ 
of type 1, 2 or 3 when we regard them as elements of F but we take 4 as the type of 
a o-absolute 5-element of E when we regard it as an element of F. 


2 3 4(=5in€) 


(F4) e e oeo o 


The {1,2,3}-residues of F are isomorphic to polar spaces of symplectic type 
while {2, 3, 4}-residues are dually isomorphic to polar spaces of orthogonal type. 
In Dynkin notation, 


1 2 3 4 


( F; 4) e ————— e [—eoe o 


Another description of F is possible. Let ı := (Z, O, O), where J is the identity 
3 x 3-matrix while O stands for the null matrix. Then f() = 1. As proved in 
[2, Chap. 18], a vector x € V represents a o-absolute point of € if and only if 
o(t,x) = 0. Hence, the points (1-elements) of F are the points of € contained in the 
hyperplane H, of V represented by the equation ¢ (+, x) = 0. The o-absolute lines 
and the o-absolute planes of € are contained in H,, but not all lines and planes of E 
contained in H, are o-absolute. The o-absolute points, lines and planes incident to a 
given o-absolute 5-element x of € form a polar space of symplectic type, naturally 
embedded in the 5-dimensional projective space x. The stabilizer Aut( f), of ı in 
Aut( f ) induces on F a flag-transitive group of automorphisms, isomorphic to the 
Chevalley group of adjoint type F4(F). 

Note that we have defined F as a poset together with a 26-dimensional projective 
embedding e : F — H,, induced by the 27-dimensional projective embedding 
e: E — V. If x is a symp of F (namely a 4-element of F) and ex is the embedding 
of Resz (x) induced by e, then x is a 6-dimensional subspace of H, and e, embeds 
Res#(x) in that subspace as a polar space of symplectic type. 

The building € admits projective embeddings different from e. Every Weyl 
module provides one of them. For instance, with the 5- and 3-elements of € chosen 
as points and lines, we can embed € in a 78-dimensional vector space W. Let us 
denote this 78-dimensional embedding by «*. As the 4- and 3-elements of F arise 
from 5- and 3-elements of E, the embedding £* induces a projective embedding e* 
of the dual F* of F in the subspace W’ of W spanned by the image e*(F*) of F* 
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via €*. The embedding e* : F* — W’ arises from the 52-dimensional Weyl module 
associated to the root corresponding to the right hand node of the Dynkin diagram: 


| 


( F, 4) o_________e—_.<—~-@ o 


Hence dim(W’) = 52. Let x be a symp of F* (namely a point of F) and let e* be 
the embedding induced by e* on Res¢«(x). Then ež embeds Ress» (x) as a polar 
space of orthogonal type in a 7-dimensional subspace of W”. 

When either char(F) ~ 2 or char(F) = 2 but F is non-perfect, the posets 
F and F* are not isomorphic. Indeed the {1, 2, 3}-residues of F are symplectic 
polar spaces, associated to PSp(6, F), while {4, 3, 2}-residues are orthogonal polar 
spaces associated to P2 (7, F). It is well known that a PSp(6, F)-polar space and a 
P2 (7, F)-polar space are isomorphic if and only if F is perfect of characteristic 2. 
On the other hand, let F be perfect of characteristic 2. In this case Aut(¥) admits 
a diagram automorphism, namely F = F*. Therefore, when char(F) = 2 and F 
is perfect, the embedding e is not its own linear hull. Indeed let ë be the absolutely 
universal embedding of F, which exists whatever F is (Kasikova and Shult [17]). 
Since now F = F*, both e and e* are projective embeddings of F, hence each of 
them is a morphic image of é. 


5.2 A Construction for G (E6(2)) 


We keep the notation of the previous subsection. For every k € F \ {0}, the group 
Aut(/) is transitive on the set VY; of vectors x € V such that f(x) = k (see 
Buekenhout and Cohen [2, Chap. 18]). 

Put G := Z- Aut(f) and F? := {t?},ep. The orbits of G on V \ {0} are joins 
Vk := UVee | s € F? \ {0} of orbits of Aut( f). Clearly, Vg = Vp if and only if 
h-'k € F? \ {0}. Moreover, Vy U {0} is the union of 1-dimensional linear subspaces 
of V (points of PG(V)). We denote by Px the set of points of PG(V) contained in 
Vi, U {0}. 

Let ı = (I, O, O), as in Sect. 5.1. Then (1) € Pı. As in Sect. 5.1, H, is the 
hyperplane of V orthogonal to ı with respect to ¢, but we take the liberty to use the 
symbol H, also for the corresponding hyperplane of PG(V). 

Recalling the construction of F as a subgeometry of H,, we define R((t)) as the 
collection of all projective subspaces of PG(V) that contain (1) and meet H, in an 
element of F. 


Lemma 5.1. Let X € R((t)). Then: 


(i) X\ (XN A,) CPi. 
(ii) Let p € X N Pı. Then there exists an element g € G such that g(X) = X and 
g((t)) = p. (Compare condition (C) of Sect. 3.) 
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Proof. Let x be a non-zero vector of H, with x? = 0. Then f(x) = 0. Note 
also that 12 = 1. Hence, (4) of Sect.5.1 forces f(t + tx) = f() = 1 for all 
t € F. Therefore, all projective lines, planes and 3-spaces of R(()) are contained in 
Pı U H,. Moreover, all points of PG(V) contained in a 4-element of F are points 
of F. Hence, the 4-elements of R((t)) are joins of lines of R((z)). By the above, 
they are contained in P; U H,. Claim (i) is proved. 

Turning to (ii), let X € R((t)) and p € X N Pı. Let L = (, p). Then L € 
R((t)), by (i). We shall firstly prove that there exists an element gz € G such that 
gL(L) = Land gz ((1)) = p. Let v := (E12, O, O) € V, where 


010 
E2:=| 000 
000 


Then v € H, and vË = 0, namely v represents a point of F. Without loss, we may 
assume that L = (1, v) and p = (1+ v). It is easy to see that, for every choice of three 
non-singular matrices A, B, C € M with the same determinant, the mapping g4,8,c 
sending every vector x = (X1, X2, X3) € V to (AXıB7!, BX,C™',CX3A7!) 
belongs to Aut( f ). Put 


ars 
A:=|0a0 | fora,b #0, B := A—aE;2 
Ot b 


and let C be any (3 x 3)-matrix with det(C) = a?b. Then g4,g,c sends to 1 + v 
and fixes v. If X = L then (ii) is proved. Let L C X. As R((t)) = F and the 
stabilizer G, of (1) in G induces a flag-transitive group on F, G, also acts flag- 
transitively on R((t)). Hence, there exists an element gy € G, such that gy (L) = L 
and gy (X) = Sab (X). The element g := g4,g,c gx has the properties required 
in (ii). 

Let now p € P; and let g € G map (1) onto p. Define R(p) := g(R((t))). Since 
the stabilizer of ı in Aut( f ) yields an automorphism group of F, this definition does 
not depend on the choice of g. 

We now define an incidence structure G having Pı U U pep, R(p) as the set of 
elements and inclusion as the incidence relation. Types are defined as follows: the 
points of P; are the 0-elements of G. If Y € R(p) fora point p € Pı and Y = g(X) 
for an element X € R((1)) and an element g € G sending (1) to p, then the type of 
the element X N H, of F is taken as the type t(Y) of Y. 

Recall that, according to the conventions stated in the introduction of this paper, 
only residually connected structures deserve to be called geometries. 


Lemma 5.2. The structure G is residually connected (whence it is a geometry). 
Moreover: 


(1) Resg(p) = R(p) = F for every point p € P). 
(2) If X is an element of G with type 0 < t(X) < 4 then Resg(X) is the set of 
points and subspaces of the affine space X \ (X N H,). 
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(3) If X is a 4-element of G then Resg(X) is isomorphic to the affine extension of 
the Sp(6, F)-symplectic polar space, embedded in V(6,F). 


Proof. We firstly prove that G is connected. As the group G acts transitively on P}, 
it transitively permutes the connected component of G. Let X be the component of G 
containing (1) and Gx the stabilizer of ¥ in G. The stabilizer G, of (1) is contained 
in Gy. However, Gx is larger than G,, by (ii) of Lemma 5.1. On the other hand, G, 
is maximal in G, since the Chevalley group F4(F) is a maximal subgroup of E¢(F). 
It follows that Gy = G, namely VY = G, since G acts transitively on the set of 
components of G. The connectedness of G is proved. The residual connectedness of 
the residues of the elements of G follows from claims (1)—(3). So, it only remains to 
prove these claims. 

Let Y = gı (X) for X € R((v)) and gı € G. Let p € P| MY. Then gj '(p) € X. 
By (ii) of Lemma 5.1, an element g2 € G exists such that g2(X) = X and g2((1)) = 
gi (p). Hence Y = gigo(X) and p = gıg2((1)). Claim (1) is proved. Claim (2) 
follows from (i) of Lemma 5.1 and claim (1). Finally, (3) follows from (2) and the 
fact that, if X is a 4-element of R((z)), all points of X N H, belong to F. Oo 


Theorem 5.3. The geometry G belongs to the following diagram: 


Af 1 2 3 4 


(Af. F4) e e eo o 





(Easy, by Lemma 5.2.) 


Theorem 5.4. The group G acts flag-transitively on G with Z as the kernel of that 
action. 


Proof. Let c be a given chamber of G containing (1) as the 0-element and let d be any 
other chamber of G. We must prove that g (d) = c for a suitable element g € G/Z. 
As G/Z is transitive on the point-set P; of G, there are elements of G/Z that map 
the 0-element of d onto (1). So, we may assume that (c) is the O0-element of d too. 
The stabilizer G, of (1) in G acts flag-transitively on F and Resg((t)) = F. Hence, 
there exists an element g € G, such that g(d) = c. E 


Corollary 5.5. Let F = GF(2). Then G = G(E¢(2)). 


Proof. In this case Z = 1. Hence, G = G/Z = E6(2). The group F¢(2) contains 
just one conjugacy class ® of subgroups isomorphic to F4(2). Note that the polarity 
o of E exploited to define the Fy-building F centralizes the member of @ that 
stabilizes F. The {0, 1, 2, 3}-residues of G are just as in G (E6(2)), by (3) of Lemma 
5.2 (see also Lemma 2.5). The conclusion is now obvious. Oo 








Remark 5.6. Let G be the group of linear transformations of V that preserve f 
modulo a scalar. In general, G is larger than G. If so, then G fuses the orbits of 
G on PG(V) in larger orbits. Let P: be the G-orbit containing P, and define an 
incidence structure G on it in the same way as G on P1. Then G is the disjoint union 
of copies of G, one copy for each of the orbits of G fused in Pi. 
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Problem 5.7. As noticed in Sect. 3.4, the geometry G(E6(2)) is simply connected. 
Is G simply connected whatever F is? 


Problem 5.8. Suppose that F is a quadratic extension of a field Fo. Is it possible to 
modify the construction of G in such a way as to obtain an A f. Fy-geometry for the 
twisted group 2 E6(Fo) with Fy-residues isomorphic to the F4(F)-building? 


5.3 More Af. F4-Geometries 


Affine Extensions of Buildings of Type F'4(F) Let F be the F,(F)-building, with 
points and lines chosen as in Sect.5.1, let F* be its dual and e : F —> H, and 
e* : F* — W’ the 26- and 52-dimensional embeddings considered in Sect. 5.1. 
The affine extensions Exe (F) and Exe* (F*) are flag-transitive Af F4-geometries. 
Take {0, 1,2,3, 4} as the type-set for both Exe (F) and Exe* (F*), with 0 standing 
for points and the types 4, 3, 2 and 1 of F* replaced by 1, 2, 3 and 4: 


Af 1 2 3 4 


(Af. F4) e e eo o 





The {1, 2,3, 4}-residues of Exe (F) are isomorphic to the affine extension of the 
Sp(6, F)-polar space, naturally embedded in V (6, F). This extension is isomorphic 
to the minimal standard quotient of the affine polar space obtained by removing 
a singular hyperplane from the Sp(8,F)-polar space. On the other hand, the 
{1, 2,3, 4}+residues of Exe» (F*) are isomorphic to the affine extension of the 
O (7, F)-polar space. This extension is isomorphic to the affine polar space obtained 
by removing a singular hyperplane from the O (9, F)-polar space. 

If char(F) = 2 and F is perfect then F = F* and the embedding e is a morphic 
image of e*. Consequently, Exe* (F*) is a 2-cover of Exe (F) (see the comments at 
the end of Sect. 5.1). 

In particular, let F = GF(2). Then Exe (F) = G (26 F4(2)). The latter is simply 
connected (Sect. 3.4) but it is not 2-simply connected, since Ex,« (F*) is a proper 
2-cover of it. Clearly, property (TR) of Sect. 2 fails to hold in Exe* (F*). 


Problem 5.9. Determine the universal 2-cover of G(27°F,(2)). This is the same 
as determining the universal representation group of the point-line geometry of the 
F'4(2)-building (see Proposition 6.2). 


Problem 5.10. Are Exe (F) and Ex,«(#*) simply connected for any choice of the 
field F? What about their universal 2-covers? (Compare Propositions 6.1 and 6.2.) 


More Affine Extensions Let F be the metasymplectic space of the D4(F)- 
building. It is well known that F admits a projective embedding e of vector 
dimension 27 or 28, according to whether char(F) is 2 or different from 2.In any 
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case, Ex,(F) is a flag-transitive Af F4-geometry. If F = GF(2) then Exe (F) has 
the same orders as G(Fiz2) and G(3' Fiz2), but it has nothing to do with either of 
them. Needless to say, (TR) fails to hold in Ex, (F). 

Suppose now that F is a quadratic extension of a subfield Fo and let € be the 
E¢(F)-building. It is well known that € contains a subgeometry Fiw isomorphic to 
the F4-building of twisted type ? E6 (Fo). Regarding Fw as a poset with set of types 
{1, 2, 3, 4} as we have done for F, the {1, 2, 3}-residues of Fiw are isomorphic to the 
polar space associated to PSU(6, F) while {4, 3, 2}-residues are isomorphic to the 
O~ (8, Fo)-polar space. The 27-dimensional embedding £ of € induces a projective 
embedding ew of Fiw. The extension Exe,, (Fw) is a flag-transitive A f. Fy-geometry. 


Problem 5.11. The 78-dimensional embedding e* : € — W induces a representa- 
tion of the dual F, of Fiw in a subspace S of W. The lines of Fiw are mapped by 
e* into lines of PG(S), but not onto them. Can we find a Baer subgeometry So of 
PG(S) such that ež, induces a projective embedding eğ : Fă, > So? 

If So existed, then Exe% (F;,,) would be an A f. F4-geometry with point-residues 
isomorphic to F . In particular, for F = GF(4) the extension Exe% (F;,) would 


have the same orders as G(B), but (TR) would not hold in it. 


6 Representations, Projective Embeddings, Affine Extensions 
and Hyperplane Complements 


As said in the introduction, this and the subsequent sections are appendices where 
we concisely expose various notions, constructions and results to which we have 
referred in Sects. 2—5. We start with representations and extensions. 

Throughout this section G is a geometry with a string-shaped diagram of rank 
n > 2 over the set of types {1,2, ...,2}. We stick to all conventions stated in 
Sect. 1.2 for geometries of this kind. We do not assume (IP) on G, but we assume 
that (IP) holds in the point-line system Gj; 2 of G, as it is customary in the literature 
on embeddings and hyperplanes. 

Leaving geometries with non-string diagrams out of our exposition is not really 
restrictive. Indeed, when considering embeddings or hyperplanes of a geometry 
belonging to a non-string diagram, we actually deal with its Grassmann geometry 
with respect to a given type [19, Chap. 5]. The diagram of a Grassmann geometry is 
indeed string-shaped. 


6.1 Representations and Extensions 


Following [20], we choose a very general setting for our definitions. Later we shall 
turn to the definitions usually given in the literature. 
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Given a group R, let S(R) be its subgroup lattice. A complete representation of 
G in R (a representation of G in R, for short) is a mapping p : G > S(R) satisfying 
all the following: 


R1) (p(P)) pero) = R; 

(R2) (p(p))perœ) = p(x) for every x € G and p(p) # 1 for every point p € 
P(G); 

(R3) p(p)N p(q) = 1 for any two distinct points p,q € P (G). 


Note that, regarded G and S (R) as posets, (R2) implies that p is a morphism from 
G to S(R). Henceforth we write p : G —> R as a shortening of the phrase “p is a 
representation of G in R”. 

Given a representation p : G — R, the extension Ex,(G) of G via p (called 
“expansion” in [19-21]) is the geometry over the set of types {0, 1, ..., n} defined 
as follows: the elements of R are the 0-elements of Ex, (G) while fori = 1,2, ...,n 
the elements of Exp (G) of type i are the pairs (ap(x), x) where x is an i -element of 
G,a € Randap(x), called the support of (ap(x), x), is a coset of the subgroup p(x) 
of R. Incidence is defined as follows: a 0-element a and an i-element (bp(x), x) are 
incident if and only if a € bp(x); two elements (ap(x),x) and (bp(y), y) with 
1 < t(x) < t(y) < n are incident if and only if x < y inG and ap(x) C bp(y). 
The residual connectedness of Ex,(G) follows from (R1) and (R2). The diagram 
of Ex,(G) is still string-shaped. The residues of the 0-elements of Ex,(G) are 
isomorphic to G. 

The {0, 1}-residues of Ex,(G) are partial linear spaces, by (R3). In order to say 
more on them we need to know more on the mappings induced by p on the lines of G. 
For instance, given / € L(G), suppose that p(/) is abelian and (o(p), p(g)) = p() 
for any two points p,q € P(/). Then the lower residue of p(/) in Ex,(G) is a net. 
If, moreover, p(l) = Upepriyp(p), then that residue is an affine plane. 

When (IP) holds in G and p satisfies the following: 


(R4) for every choice of p € P(G) and x € G, if o(p) < p(x) then p € P(x), 


then p induces an isomorphism from the poset G to the poset induced by S(R) on 
P(G) = {p(x)}xeg. In this case, the elements of Ex,(G) of type > 0 bijectively 
correspond to their supports, whence we can simplify the definition of Ex,(G) by 
taking cosets ap(x) instead of pairs (ap(x),x) as elements and inclusion as the 
incidence relation. 

Given two representations pı : G —> R, and pœ : G —> R3, a morphism from 
pı to p is a homomorphism f : R; — R, such that, for every x € G, f induces 
an isomorphism from pı(x) to p2(x). Note that f is surjective, by (R1). Every 
morphism from p; to p2 induces a covering from Ex, (G) to Exp, (G). Moreover, let 
R be the universal completion of the amalgam A, (G) := {p(x)}xeg, where we only 
take a record of the inclusions p(x) < p(y) for x < y. Let p be the representation 
of Gin R naturally induced by p, namely p(x) = p(x) for every x € G, with p(x) 
being now regarded as a subgroup of R. The canonical projection f : R => Ris 
a morphism from / to p and, for every morphism of representations f : p’ > p 
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there is unique morphism g : 6 — p' such that f = f o g. This property uniquely 
determines ð up to isomorphism. The following also holds (see [20]): 


Proposition 6.1. The extension Ex;(G) is the universal cover of Exp (G). 


We call p the hull of p, also the abstract hull of p when we need to distinguish it 
from linear hulls, to be defined later. 

A representation p : G —> R is said to be abelian if R is abelian. If p is abelian 
then we can also consider its abelian hull, defining it as the composition of p with 
the canonical projection of R onto the abelianization R / R’ of R. 

With G and R as above, a point-line representation of G in R is a (complete) 
representation € : Gj. — R. Point-line representations may also be called 
representations for short, when there is no danger of confusion with complete 
representations. If e is a point-line representation of G, we take the liberty of writing 
e : G — R instead of e : G2 —> R, provided that no ambiguity arises. 

Lete : G — R bea point-line representation of G. We can extend e to a complete 
representation pe : G —> R by setting pe(x) := (e(p)) pepixy), according to (R2). 
We call pe the completion of e. Clearly, if f : € —> e is a morphism of point- 
line representations then f induces a morphism from the completion pz of ë to the 
completion pe of e. So, if e is its own hull then pe is its own hull as well, but the 
converse fails to hold in general. Consequently, if p. and pz are the hull of pe and 
the completion of the hull ë of e respectively, then Exp; (G) is a 2-cover of Ext>(G). 
Nevertheless, Ext% (G) is simply connected by Proposition 6.1. Note that Ex,;(Q) is 
also simply connected (but possibly not 2-simply connected), because pz is its own 
hull. By combining Proposition 6.1 with [18, Theorem 1] we can say something 
more. 


Proposition 6.2. Let e be a point-line representation of G. Suppose that G has rank 
n > 3 and that G as well as all of its residues of rank at least 3 are simply connected. 
Let ë be the hull of e. Then Exg(G\,2) is a truncation of the universal 2-cover of 
Ex, (G). If moreover G satisfies (IP) then Exp; (G) is the universal 2-cover of Exe (G). 


6.2 GF(2)-Representations 


Suppose that all lines of G have exactly three points. A GF(2)-representation of G 
is a point-line representation e : G — R such that 


(R5) e(p) has order 2 for every point p € P(G) and e(/) is elementary abelian of 
order 2? for every line / € L(G). 


We refer the reader to Ivanov and Shpectorov [14, Chap. 2] for properties of these 
representations. We only make a few remarks here. 

Let e : G — R be a GF(2)-representation and let pe be its completion. Then the 
{0, 1}-residues of Ex,, (G) are affine planes of order 2. 
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In view of (R5), the amalgam Ai 2(G) := Ac(Gii2) = {e(x)}xeg 2 is completely 
determined by Gj; 2 itself, with no need of any further information on e. Hence, 
all GF(2)-representations of G have the same hull, which is called the universal 
representation of G. The universal completion of A;,2(G) is called the (universal) 
representation group of G. When R is abelian, the abelian hull of e is called the 
(universal) representation module of G. 


Remark 6.3. We warn the reader that, in the literature, it is customary to consider 
the amalgam A; 2(G) and its universal completion even if G admits no GF(2)- 
representation, as when the universal completion of A;,.(G) collapses to 1, for 
instance. However, in this paper, we never meet situations like these. 


6.3 Projective Embeddings and Affine Extensions 


Let V be a vector space over a field F and let e : G — V be a point-line 
representation of G in the additive group of V. We say that e is a projective 
embedding (defined over F) if it satisfies the followings: 


(E1) e(p) is 1-dimensional vector subspace of V for every point p € P(G); 
(E2) for every line / € L(G), e(l) is a 2-dimensional subspace of V and e(l) = 


Uperae(P). 


In view of the above, a projective embedding e : G —> V can also be regarded as a 
mapping from G to the set of points and lines of PG(V ). Accordingly, we also write 
e : G — PG(V) instead of e : G —> V. 

Let pe be the completion of e. The extension Exp, (G) (also denoted by Exte (G) 
for short) is called the affine extension of G via e. The {0, 1}-residues of Ex,, (G) are 
affine planes. 

Given two projective embeddings e; : G — PG(V,) and e2 : G > PG(V2) 
defined over the same field F, a (projective) morphism from e; to e is a semilinear 
mapping f : Vj —> V2 such that f o e} = e2. Clearly, morphisms of projective 
embeddings are also morphisms of representations as defined in Sect. 6.1. 

A linear analogue of the abstract hull ë of e can also be defined. The elements 
of the amalgam A, (Gj) are F-vector spaces. Let V be the largest F-vector space 
in which A,(Gj,2) can be embedded. Then the mapping ê : G > V defined by 
the clause ê(x) = e(x) for x € G2 but with e(x) regarded as a subspace of F, 
is a projective embedding of G in V and the canonical projection f :V > Vis 
a morphism from é to e. The pair (é, 7 ) satisfies the following universal property: 
for every morphism of projective embeddings f : e’ — e there is unique projective 
morphism g : ê — e’ such that f = fog. We call é the (linear) hull of e. Clearly, ê 
is also a point-line representation of G. Hence a morphism of representations exists 
from the abstract hull é of e to ê. 
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The category of projective embeddings of a geometry G often admits an initial 
object, called the absolutely universal embedding of G (see Kasikova and Shult [17]. 
In general, that object is not initial in the category of point-line representations of G. 


Remark 6.4. Suppose that all lines of G have precisely three points and that G 
admits a projective embedding. Then the projective embeddings of G are just 
the abelian GF(2)-representations of G. The universal representation module of G 
affords the absolutely universal embedding of G. 


6.4 Subspaces, Hyperplanes and Their Complements 


A (proper) subspace of G is a (proper) subset S of P(G) such that every line of G 
either is fully contained in S' or it meets S in at most one point. A subspace S is said 
to be totally singular (also just singular, for short) if all of its points are pairwise 
collinear. 

A proper subspace of G meeting every line of G non-trivially is a hyperplane of G. 
Given a hyperplane H of G, the complement G \ H of H inG is the substructure of 
G formed by the points exterior to H and the elements x € G such that P(x) Z H, 
with the incidence relation and the type function inherited from G. 

In general, G \ H is not residually connected (not even connected). However, in 
many interesting cases G \ H is residually connected. Let this be the case. Then 
G \ H is a geometry. The residues of the points of G \ H are the same as in G. 
If x is an element of G \ H of type t(x) > 2, then H N P(x) is a hyperplane of 
Resg (x) and Resg\ y (x) is the complement of P(x) N H in Resg (x). For instance, 
if Resg (x) is a projective geometry then Res, y (x) is an affine geometry. 

If G admits a projective embedding e : G —> PG(V), then for every projective hy- 
perplane U of PG(V) the preimage e~!(U MNe(P(G))) is a hyperplane of G. In many 
embeddable geometries (as classical polar spaces, for instance) all hyperplanes arise 
in this way, provided that e is its own linear hull. 


7 Affine Polar Spaces and Their Quotients 


7.1 Affine Polar Spaces 


Let P be a non-degenerate polar space of finite rank n > 2. We assume that all lines 
of P have at least three points. Let H be a hyperplane of P. Its complement P \ H 
is residually connected. When n > 3 it belongs to the following diagram: 


Af 


(Af. C =} ) e © Overs e eo 
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When all lines of P have exactly 3 points, the diagram of P \ H can also be drawn 
as follows: 


C 
e e—— 


x x see © 
(c.Cn-1) 1 2 2 2 2 t 





We call P \ H an affine polar space of rank n (affine generalized quadrangle when 
n = 2). The next proposition is well known (and easy to prove): 


Proposition 7.1. Property (IP) holds in every affine polar space. 
The following is also well known (see [19, Proposition 12.50]). 
Proposition 7.2. Affine polar spaces of rank n > 2 are simply connected. 


Let H be a hyperplane of P. The polar space P induces a possibly degenerate polar 
space H on H, of rank n or n — 1. The polar space H is degenerate if and only if 
H = p+ fora given point p of P (where L stands for the collinearity relation of P, 
as usual). In this case, the hyperplane H is said to be singular with p as its deepest 
point (but we warn the reader that a singular hyperplane is not a singular subspace 
in the sense of Sect. 6.4). 

In many cases (in all cases when P is finite), the isomorphism type of uniquely 
determines H up to automorphisms of P. Hence, it also determines P \ H up to 
isomorphisms. In these cases, a symbol denoting the isomorphism type of can 
be used to recall what H is. For instance, if H is isomorphic to the polar space 
associated to the symplectic group S¢(2) then we say that H is of S¢(2)-type or that 
it is an S¢(2)-hyperplane. 


7.2 Standard Quotients of Affine Polar Spaces 


In general, an affine polar space admits several quotients. Those that satisfy (IP) 
are called standard quotients in [7]. They can be described as follows. Given P 
and H as above, let @y be the equivalence relation on the set of points of P \ H 
defined as follows: two points a and b of P \ H correspond in Oy if and only if 
at N H = bt N H. Then Oy can be extended in a natural way to an equivalence 
relation on the set of elements of P \ H of any type and we can consider the quotient 
(P\H)/Ox of P\H by the relation Oy thus extended. This quotient is the minimal 
standard quotient of P \ H. Any other standard quotient of P \ H can be obtained 
as (P \ H)/@ for a refinement © of Oy (see [7]). The following is the main result 
of Cuypers and Pasini [7]: 


Proposition 7.3. Every geometry belonging to the diagram Af.C,-1 (n > 3) and 
satisfying (IP) is a standard quotient of an affine polar space. 


In all cases we are aware of, the stabilizer of H in Aut(P) acts flag-transitively 
on P \ H. It also induces a flag-transitive group on the minimal standard quotient 
(P \ H)/@ux. Perhaps this is true in any case. Anyway, it is always true when P 
is finite. 


224 A. Pasini 


The collinearity graph of an affine polar space has diameter at most 3 
(sometimes 2) while minimal standard quotients of affine polar spaces have 
diameter at most 2 (sometimes just 1). Clearly, a standard quotient of an affine 
polar space is minimal if and only if its collinearity graph has diameter at most 
2. So, if an affine polar space has diameter 2, then it does not admit any proper 
standard quotient. 


Example 7.4. Let Q be the Os(2)-generalized quadrangle and H a hyperplane of 
Q. Then H can be either singular or an ovoid or a (3 x 3)-grid. If H is singular then 
Q \ H is the vertex-edge system of the cube. If H is an ovoid, then Q \ H is the 
Petersen graph. If H is a grid then P \ H is a dual grid. If H is non-singular then 
Q \ H admits no proper quotient. If H is singular then Q \ H admits a 2-fold 
quotient, isomorphic to the affine plane of order 2. 


7.3 Minimal Standard Quotients as Affine Extensions or Tangent 
Geometries 


Given a projective embedding e : Po — PG(V) of a polar space Po, suppose that 
for any two non-collinear points x and y of Po the set e({x, y}+) spans a line 
of PG(V). Then the affine extension Ex,(Po) is a minimal standard quotient of an 
affine polar space. Indeed, let P be a polar space with point-residues isomorphic to 
Po and let H = p+ for a point p of P. Then Exe (Po) = (P \ H)/@ux. 

We now turn to tangent geometries. An abstract definition of tangent geometries 
is stated in [7], according to which tangent geometries of polar spaces and minimal 
standard quotients of affine polar spaces are ultimately the same thing, but we are 
not interest in that definition here. A more concrete although slightly less general 
definition is also given in [7], which we shall now recall. 

Let H be a hyperplane of P and let H be the polar space induced by P on H. 
Lete : H — V be a projective embedding of H. For instance, e can be induced 
by an embedding of P, but this is not essential for the sequel. Assume that all 
non-singular hyperplanes of H arise from e as explained in the final paragraph of 
Sect. 6.4. According to this assumption, for every non-singular hyperplane K of H, 
(e(K))}+ is a non-singular point of PG(V) and (e(K))+e+e = (e(K)), where Le is 
the orthogonality relation associated to e(H) in V. We call (e(K))+ the pole of K. 
Thus, the non-singular hyperplanes of H bijectively correspond to their poles. Let 
Teo (H) be the set of the poles of the non-singular hyperplanes of H. For i > 0 let 
Tei (H) be the set of the i-dimensional subspaces X of PG(V) such that X meets 
the image e(#) of H in an (i — 1)-dimensional projective subspace contained in 
Xe and X \ e(H) © Te.o(H). Clearly, Tei (H) = Ø if i is too large. Let m be the 
largest i such that 7e; (H) A Ø. Then Te(H) := U? oTe i (H) equipped with the 
natural incidence relation (namely inclusion) is an incidence structure over the set 
of types {0, 1, ...,7}. In general, Te(H) is not connected. However, its connected 
components are residually connected. We call them projective tangent geometries 
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of H at e, also tangent geometries of H for short. As proved in [7], the quotient 
(P \ H)/@zx is isomorphic to one of these tangent geometries. The other tangent 
geometries of at e, if any, are also isomorphic to minimal standard quotients of 
affine polar spaces, but they might arise from polar spaces quite different from P. 


8 Shrinkings and Geometries at Infinity 
8.1 Shrinkings 


The earliest explicit mention of shrinkings can be found in a paper by Stroth and 
Wiedorn [25], but that idea is implicit in other papers too (e.g., Ivanov [10], Ivanov 
and Wiedorn [15], Ivanov, Pasechnik and Shpectorov [16]). That construction has 
been later generalized by Pasini and Wiedorn [22]. Less ambitious expositions, 
closer to the setting of [25], are given in [21, 26]. In the sequel we place ourselves 
at a level of generality intermediate between [25] and [22]. 

Let G be a geometry of rank n + 1 with string-shaped diagram and 0, 1, ..., as 
types, elements of type 0, 1 and 2 being called points, lines and planes respectively. 
We assume that the lower residues of the planes of G are affine planes. 

Let A be the binary relation on the line-set L(G) of G defined as follows: two 
lines l,m € L(G) correspond in A if and only if they are parallel in the lower 
residue of a plane of G. Let A be the transitive closure of A. Similarly, given an 
element x € G of type t(x) > 1, let L(x) be the set of lines of G incident with 
x and let Ay be defined on L(x) by declaring that (l,m) € Ay precisely when / 
and m are parallel in a {0, 1}-residue of Res” (x). Let A, be the transitive closure 
of ix. The relation Ax is a possibly proper refinement of the relation induced by A 
on L(x). In particular, when t(x) = 2 then Ax is the usual parallelism of the affine 
plane Res (x), but it can happen that A induces the trivial relation on L(x). 

Let C be one of the equivalence classes of A. We define a geometry Shr(C) 
with {1,2, ...,} as the set of types and C as the set of 1-elements. For every i = 
2,3, ...,, the i-elements of Shr(C) are the pairs (Cx, x) where x is an i-element of 
G, which we call the support of (Cx, x), and Cx is a class of Ax such that Cy CC. 
A l-element / € C is incident with (Cx, x) if and only if / € Cy. Two elements 
(C,, x) and (Cy, y) of type i and j respectively, with 2 < i < j, are incident in 
Shr(C) if and only if their supports x and y are incident in G and Cy C Cy. We call 
Shr(C) a shrinking of G. 

For every l-element / € C of Shr(C), the residue of / in Shr(C) is isomorphic 
to the upper residue of / in G. For every type k = 2,3, ...,n, the {1,2, ..., k}- 
residues of Shr(C) are shrinkings of {0, 1,2, ..., k }-residues of G. In particular, the 
{1, 2}-residues of Shr(C ) are shrinkings of the {0, 1, 2}-residues of G. 


226 A. Pasini 


If G satisfies (IP) then (IP) also holds in Shr(C). In many cases the following 
also holds: 


(RS) (Residual Stability of Parallelism.) For every element x € G with type 
t(x) > 2, the relation A induces A, on L(x). 


If (RS) holds, then the class Cy is uniquely determined by x and C. So, we can 
replace the elements of Shr(C ) with their supports (with the convention that a line 
l € C is its own support), thus regarding Shr(C) as a subgeometry of G. 

In general, the isomorphism type of a shrinking Shr(C) depends on the choice 
of the class C, but when Aut(G) acts transitively on L(G) then all shrinkings of G 
are mutually isomorphic. In this case, it is customary to call Shr(C) the shrinking 
of G, denoting it by the symbol Shr(G). Clearly, if G is flag-transitive then Shr(G) is 
flag-transitive. 


Example 8.1. The shrinkings of a (k + 1)-dimensional affine geometry are k- 
dimensional affine geometries. So, if the {0, 1, ...,k}-residues of G are affine 
geometries then the {1, 2, ...,k}-+residues of Shr(C) are still affine geometries. 


Example 8.2. The shrinkings of an affine polar space of rank n + 1 > 3 are affine 
polar spaces of rank n (Pasini and Wiedorn [22, Proposition 8.1]). More generally, 
the shrinkings of a (minimal) standard quotient of an affine polar space of rank n + 1 
are (minimal) standard quotients of affine polar spaces of rank n. 

For instance, let P be the O7(2)-polar space and put G := P\ H, for a hyperplane 
H of P. The hyperplane H can be singular or isomorphic to either the O¢ (2)- 
quadrangle or the OF (2)-polar space. If H is singular then Shr(G) is the cube- 
graph, if H is the Oç (2)-quadrangle then Shr(G) is the Petersen graph and if H 
is the og (2)-polar space then Shr(G) is a dual grid (compare Example 7.4). In the 
first case G admits a 2-fold quotient, the shrinkings of which are affine planes of 
order 2. 


Example 8.3. Let e be a projective embedding of a geometry Go with string- 
shaped diagram. Suppose that e admits completion and let G = Ex,(Go) be its 
affine extension. Then G admits shrinkings and its shrinkings are extensions of the 
representations induced by e on the point-residues of Go. 


8.2 Geometries at Infinity 


Different definitions of geometries at infinity can be given, suited to different 
situations (see Pasini and Wiedorn [22]). We will consider only one of them here. 
With G as in the previous subsection, suppose that for a type k > 1 the 
{0, 1, ..., k}-residues of G are (k + 1)-dimensional affine geometries. Suppose that 
G satisfies condition (RS) of the previous subsection, so that the shrinkings of G are 
subgeometries of G. With A defined as in the previous subsection, put A; := A and, 
fori = 2, ...,k, let A; be the transitive closure of the relation “being parallel inside 
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the same {0, 1, ...,i}-residue,” defined on the set of i-elements of G. Suppose that 
A; satisfies a condition analogous to (RS). (We leave the precise statement of this 
condition for the reader.) 

Then we can define a geometry G°* over the set of types {1,2, ...,n}, which 
we call the geometry at infinity of G of level k. Fori = 1,2, ...,k, the i-elements 
of G%* are the classes of A; while, fori > k, the i-elements of G~* are just the 
same as in G. In particular, the 1-elements of G°* bijectively correspond to the 
shrinkings of G. The incidence relation is defined as follows. Two elements X and 
Y of G®* of type i, j < k are declared to be incident if a member of X is incident 
in G with a member of Y. Two elements x and y of G°% of type i,j > k are 
incident in G%* if and only if they are incident as elements of G. An element X of 
type i < k is incident with an element y of type j > k if and only if y is incident 
in G with at least one member of X. 

If k = n then G is an affine geometry and G°% is its projective geometry at 
infinity. When k < n the {1,2, ...,k}-residues of G°% are projective geometries. 
If, moreover, k < n — 1 then the {k + 2, ...,n}-residues of G°* are the same as 
in G and, for every element x of type j > k, Reso (x) is the geometry at infinity 
of Resg (x) of level k. (Note that property (RS) as well as its analogues for type 
2,3, ...,k are preserved when taking lower residues.) 


Proposition 8.4. Let k < n and suppose that no two distinct elements of G 
are incident with the same set of n-elements (as when (IP) holds, for instance). 
Then Aut(G®*) = Aut(G). Moreover, if Aut(G) acts flag-transitively on G then 
Aut(G®*) is also flag-transitive. 


Proof. The latter claim is obvious. The first claim follows from the fact that, since 
k < n, G and G®* have the same n-elements and, since no two elements of G 
are incident with the same set of n-elements, the action of Aut(G) on G is uniquely 
determined by its action on the set of n-elements. E 





Unfortunately, Proposition 8.4 is seldom of great help. Indeed, in general, G°°* 
is far more difficult to investigate than G itself, due to the fact that rather odd 
geometries can occur as residues of G°* of type {k,k + 1} or {k + 1,k + 2}. 
However, in a few lucky cases G°°* turns out to be a well known object. In those 
lucky cases we Ge can help us to better understand G. 


9 A Lemma on Flag-Transitive F4-Geometries 


Let F be an F4-geometry with finite orders s, s, t,t, where s > 1. 


1 2 3 4 
S S t t 


The next lemma has been exploited in Sect. 2. 
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Lemma 9.1. If F is flag-transitive then F is a building, except possibly when t = 1 
and s > 2. 


Proof. Suppose t > 1. Then, by Yoshiara [29], either all C3-residues of F are 
buildings or s = t = 2 and one of these residues is isomorphic to the flat C3- 
geometry for the alternating group A7. The latter case is impossible by Aschbacher 
[1]. Hence, all C3-residues ¢ of F are buildings. By Tits [27], F is covered by a 
building F. However, r, Aut(F ) does not admit any normal subgroup that can define 
a proper quotient of F. Hence F = F. 

Let t = 1. Then the {1, 2, 3}-residues of F are buildings [19, Theorem 14.13]. 
On the other hand, {2, 3, 4}-residues arise from suitable sets of latin squares as 
explained by Rees [23]. It follows from Rees’s description that when s = 2 these 
residues are either buildings or flat quotients of buildings. In this case all C3-residues 
of F are covered by buildings and we obtain the conclusion as in the previous 
paragraph. Oo 





Remark 9.2. As far as I know, the case of t = 1 and s > 2 is still open. 


10 The Graph ®(F) of an F4-Building F 


Let F be a building of type Fy and let T (F) be its collinearity graph. We recall that 
I (F) has diameter equal to 3 and there are two kinds of pairs of points at distance 
2 in it, namely symplectic pairs and special pairs. A pair {x, y} of points at distance 
two in I (F) is said to be symplectic if there are at least two points collinear with 
both x and y. If only one point exists collinear with both x and y then {x, y} isa 
special pair. Equivalently, {x, y} is symplectic or special according to whether it is 
contained in a symp or not. 

The following graph, which we denote by ®(F), has been exploited in Sect. 3 to 
define c. F4(2, t)-geometries. The points of F are the vertices of (F), two points 
being adjacent in ®(F) when they either are collinear or form a symplectic pair. It 
is not so difficult to prove that ®(F) has diameter equal to 2. 

Clearly, the symps of F are maximal cliques of (F), but not all maximal cliques 
of ®(F) arise from symps. Nevertheless, when F admits finite orders then we can 
recover I (F) from ®(F). Indeed, let F be an F4(s, t)-building, s,t < oo. Fora 
vertex x of &(F), let P(x) be the set of vertices adjacent to x in (F), with the 
convention that x ¢ (x). Let {x, y} be an edge of (F). If x and y are collinear 
points of F then 


P(x) N PO) = 820? 444+ D0 Hst +t) Hs]. 
If {x, y} is a symplectic pair then 


| D(x) N G(y)| = Pt + DE + 1) + (7t + IDG? +541) -2 
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The previous two numbers are never equal. Hence, r (F) can be recovered from 


@ 


(F). As the whole of F can be recovered from I (F), we can also recover F 


from }(F). 
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Buildings and Kac-Moody Groups 


Bertrand Rémy 


Abstract This survey paper provides an overview of some aspects of the theory of 
buildings in connection with geometric and analytic group theory. 


Subject Classifications: AMS classification (2000): 20E42, 51E24, 20F32, 20F67, 
20F69, 22F, 22F10, 22F50 


Keywords Buildings * Geometric and analytic group theory * Kac-Moody 
groups 


1 Introduction 


1. The general goal of this survey paper is to introduce a class of metric spaces with 
remarkable symmetry properties (buildings), and a class of finitely generated 
groups acting on some of them (Kac-Moody groups). Then — and mostly — we 
mention what the viewpoint of geometric group theory enabled one to prove in 
the very recent years. More precisely, we deal with the following topics — see the 
structure of the paper at the end of the introduction to find the exact places. 


— Simplicity: Kac-Moody groups provide a wide class of infinite finitely gener- 
ated, often finitely presented and Kazhdan, simple groups (Caprace—Rémy). 

— Rigidity: these groups enjoy strong rigidity properties, e.g., of the type “higher- 
rank vs hyperbolic spaces” (Caprace—Rémy). 
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— Amenability: though these groups are not themselves amenable, they admit 
amenable actions on explicit compact spaces provided by boundaries of 
buildings (Caprace—Lécureux, Lécureux). 

— Quasi-morphisms: the existence of some non-standard quasi-homomorphisms 
is understood in terms of the geometry of the buildings and the transitivity of 
the action (Caprace—Fujiwara). 

— Quasi-isometry: Kac-Moody lattices provide infinitely many quasi-isometry 
classes of finitely presented simple groups (Caprace—-Rémy). 


This subject still has some motivating and fast developments; it follows a 
general trend according to which more and more analytic topics turn out to be 
relevant to geometric group theory. Therefore, in the core of the text, we mostly 
focus on analytic statements. Other very interesting results are alluded to below, 
in the second and third parts of the introduction; some of them are also described 
in more detail in [26]. 


2. We see the present paper as a kind of continuation of the previous survey paper 
on the topic, written slightly less than 10 years ago [58]. This is why this part of 
the introduction is dedicated to outline recent progress on some of the questions 
mentioned there (in the 5th section). 

We will provide later some details on the way Kac-Moody theory provides 
finitely generated groups having a discrete action on the product of two (twinned) 
buildings. Let A be such a group, with associated buildings X_ and X+. The 
buildings X+ are locally finite, so the compact-open topology on the groups 
Aut(X+) is locally compact. The A-action on a single factor X+ has infinite 
stabilizers (therefore it is not discrete), and its kernel is the finite center Z(A). We 














denote by A the closure of the image of A in Aut(X+). It was proved in [60] 








that the locally compact group A is locally pro-p, for p a well-defined prime 
number (equal to the characteristic of the finite ground field of A). By analogy 
with Lie groups over local fields of positive characteristic, some questions about 


A were addressed in (58, 5.5.2]. 





— Decomposition into abstractly simple factors. One of these questions is the 
decomposition of these groups into direct products of abstractly simple groups 
[58, Question 5.5.7] (the weaker result of a decomposition into topologically 
simple factors had been proved in [56]). It turns out that thanks to a clever 
combination of Tits’ simplicity criterion for BN-pairs [11] and arguments from 
pro-p groups, Carbone et al. [21] could prove this result for a large class of 
Kac-Moody groups (those for which one, or equivalently any, cell-stabilizer is 
topologically finitely generated). This proves the decomposition for instance 
when the generalized Cartan matrix defining A is 2-spherical (i.e., any two 
canonical reflections in the Weyl group generate a finite group). 

— Non-linearity for compact open subgroups. One other question was to decide 





whether some compact open subgroups in A’ are not linear (over any field) 
under suitable conditions on the geometry of the buildings [58, Question 


Buildings and Kac-Moody Groups 233 


5.5.6]. Strictly speaking, this question is not answered but it is related to a 
more interesting result on the Golod-Shafarevich property due to Ershov [31]; 
this result involves the pro-p completions of cell-stabilizers in Kac-Moody 
lattices A — see below. 

— Generalized arithmeticity. Given the inclusion of a lattice I” in a locally 
compact group G, one says that I” is arithmetic in G if its commensurator 
inG 

Commg(I’) = {g € G : T N gg has finite index both in I” and 
in gg '} is dense in G (recall that classically, according to a well-known 
criterion due to G. Margulis, a lattice in a semisimple Lie group is arithmetic 
if and only if its commensurator is dense in the ambient group [73, 6.2]). 
Facet stabilizers in Kac-Moody lattices provide interesting exotic examples 
of arithmetic non-uniform lattices in full tree automorphism groups [4], but it 
seems that the more general question asked in [58, Question 5.5.4] is still open. 

— Non-linearity for discrete subgroups. Let I” denote the stabilizer in A of some 
cell in Xe (where € = +). Then I’ gives rise to a lattice for the building X_, of 
opposite sign. The subgroup I” is much smaller than A; its closure in Aut(X,) 
is an open virtually pro-p subgroup, contained as a finite index subgroup 
of a suitable maximal compact subgroup of A. The question of deciding 
under which conditions I” cannot be a group of matrices over any field [58, 
Question 5.5.5] is still open. Note that the only linearity to be disproved is 
over fields of characteristic p [53], but it may happen that I” is linear since for 
suitable choices of generalized Cartan matrices and ground fields defining A, 
we can have l ~ SL,(F,[¢]) (for arbitrary integer n > 2 and prime power 
q). Note that according to Caprace, Gramlich and Miihlherr there is another 
class of very interesting lattices (for a single building) arising in this context, 
namely centralizers of suitable involutions of A; see for instance [33,35] for 
an introduction to these lattices. 


Note also that the (non-)linearity question for A is now solved by the answer 
to the simplicity question: according to Mal’cev, a linear finitely generated group 
— like A — is always residually finite [43], i.e. the intersection of its finite index 
(normal) subgroups is trivial; in particular, it cannot be simple if it is infinite. 
One difficulty, among others, for the linearity problem of the subgroups I" is 
the fact that these groups are usually not finitely generated (see [3] for sufficient 
conditions, though). 


3. Of course, most nice recent results on Kac-Moody groups (discrete and com- 
pleted versions) were not proved after the questions mentioned in [58]! Here are 
some of them. 


— Harmonic analysis. First, the analogy between the groups A and reductive 
Lie groups over local fields suggests the possibility of generalizing some 
results about non-commutative harmonic analysis on Lie groups. This leads to 
the question of proving the existence of a Gelfand pair with respect to a suitable 
maximal compact subgroup [62], the next step being the explicit computation 
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of the corresponding spherical functions [42]. One striking result in this vein 
again reveals that the geometry of the buildings is crucial: Lécureux proved 
that whenever a building is not Euclidean, sufficiently transitive automorphism 
(i.e., sufficiently interesting) groups cannot have any Gelfand pair with 
respect to any maximal compact subgroup [41]. This means that convolution, 
restricted to any (Hecke) algebra of compactly supported functions bi-invariant 
under any compact subgroup, is never a commutative law. Actually, since 
maximal compact subgroups in this context are open, the Hecke algebras here 
are well-understood algebraic objects defined by relations closely related to 
infinite root systems; the resulting combinatorial problem is eventually solved 
by geometric arguments similar to those shortly described in Sect. 4.1. 

The Golod-Shafarevich condition and property (T). Roughly speaking, a 
pro-p group is said to have the Golod—Shafarevich property if it (admits a 
presentation which) has few relations with respect to the number of generators. 
This condition can be made technically very precise, and was initially designed 
to prove that some (Galois) groups are infinite. It turns out that this condition 
implies the largeness of the pro-p group under consideration in many more 
ways — we refer to [31, Introduction] for a nice and very efficient introduction 
to the subject. By passing to pro-p completions, the Golod—Shafarevich 
condition is relevant to the study of discrete groups. As already mentioned, to 
data needed to define a finitely generated Kac-Moody group are a generalized 
Cartan matrix and a finite field (see Sect. 2.3). If p denotes the characteristic 
of the latter ground field, then the rich combinatorial structure of A enables 
one to study the pro-p completion F~ of a facet stabilizer I” as above (note 
that such a I” is residually finite: sufficiently many finite index subgroups are 
given for instance by pointwise stabilizers of combinatorial balls around the 
facet). After works by Lubotzky and Sarnak, some conjectures were made by 
Lubotzky and Zelmanov about the incompatibility between property (T) or (t) 
and being Golod—Shafarevich [72]. The main result of [31] disproves some 
of these intuitions and says that for every sufficiently large prime number p, 
there exists a finitely generated group having property (T) and which is Golod— 
Shafarevich with respect to p. This is proved by using Kac-Moody theory, and 
in particular the pro-p completions F of facet stabilizers. 

Connection with the general theory of totally disconnected groups. In a 
somewhat different direction, Willis started to develop a thorough study of 
arbitrary locally compact totally disconnected groups [70]. The main tool he 
uses to perform this study is the space of all compact open subgroups of the 
given group, which is non-empty (and big) by the assumption of being totally 
disconnected [12, II, Cor. 1, p.36]. The latter space is endowed with a natural 
metric which allows one to use some arguments of dynamical nature. This 
theory applies of course to groups defined as closed automorphism groups of 
locally finite cell complexes, and to algebraic groups over non-Archimedean 
local fields. One of its outcomes is to attach some invariants of the topological 
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group structure to any totally disconnected locally compact group; one of them 
is a notion of rank, namely the flat rank, which coincides with the usual notion 
of rational rank when the group is obtained as the rational points of a reductive 
algebraic group over a non-archimedean local field. When the building is not 
Euclidean, which excludes any algebraic group consideration, the flat rank can 
still be related to another notion of rank in connection with maximal flat (i.e., 
Euclidean) subspaces in the building; see [16,24]. Another connection between 
Kac-Moody groups and this theory is the study of contraction groups, which 
are so to speak dynamical generalizations of unipotent radicals of parabolic 
subgroups in the algebraic group case; it is proved in [15] that whenever 
the buildings are not Euclidean, contraction groups are not closed, which is 
another avatar, in addition to the dichotomy “simplicity vs linearity”, of the 
dichotomy between Euclidean and non-Euclidean buildings. 

— Decomposition of abstract homomorphisms. The last question that was solved 
and which can be mentioned in this introduction is purely of algebraic nature. 
The intuition leading to it is not the analogy with non-Archimedean Lie groups, 
but is the very starting point of the construction of Kac-Moody groups by 
Tits, namely to introduce infinite-dimensional analogues of Chevalley group 
schemes [67]. Having this (initial) motivation in mind, one can ask whether 
there is, as in the finite-dimensional case, a well understood factorization for 
abstract group homomorphisms between groups of rational points over fields 
of Kac-Moody functors. The strongest results in this direction were obtained 
by Caprace [20]. 


1.1 Structure of the Paper 


In Sect. 1, we recall some basic definitions in building theory and explain how 
the algebraic machinery of Kac-Moody theory provides examples endowed with 
interesting group actions. In Sect. 2, we present some recent results in connection 
with quotients and actions, namely we study the problems of simplicity and rigidity 
for Kac-Moody lattices. In Sect. 3, we investigate some more topics from analytic 
and metric group theory, namely amenability (for actions), existence of (exotic) 
quasi-characters and distortion. 


1.2 Conventions 


In this paper, letters like A and I” denote discrete groups, letters like G and H 
denote non-discrete topological groups (assumed to be locally compact) and letters 
like X and Y denote metric spaces (most of the time assumed to be complete). 
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2 Buildings and Kac-Moody Groups 


In this section, we briefly provide the material in Kac-Moody and building theory 
needed to understand the problems investigated in the sequel. The general reference 
for building theory is [1]; for Kac-Moody groups it is [54]. 


2.1 (Simplicial) Buildings 


In what follows, we only deal with the simplicial point of view on buildings. This 
is because we are mostly interested here in new phenomena (with respect to the 
classical theory of Lie groups) which occur mainly while studying groups acting on 
non-affine buildings. Non-simplicial buildings are mostly interesting (so far) when 
they are of Euclidean type (via the Bruhat-Tits theory of reductive groups over non- 
discretely valued fields [59], or appearing as asymptotic cones of symmetric spaces 
or Bruhat—Tits buildings [39]). 
First, let us recall the following preliminary notions [11]. 


— A Coxeter group, say W, is a group admitting a presentation: W=(seS | 
(st)@st=1) where M = [M,,]s,t¢S is a Coxeter matrix (i.e., symmetric with 
1’s on the diagonal and other entries in N+ 2 U {o0}). 

— For any Coxeter system (W, S) there is a natural simplicial complex X on the 
maximal simplices of which W acts simply transitively: X is called the Coxeter 
complex of (W, S). 


We can go the other way round; namely, let us use a theorem of Poincaré’s 
[45, IV.H.11] starting with a suitable tesselation and providing a Coxeter group 
(the initial tesselation is eventually a geometric realization of the alluded to above 
Coxeter complex): 


Example 2.1. Start with a Euclidean or hyperbolic periodic tiling whose dihedral 
angles are integral submultiples of 7. Then the group generated by the reflections 
in the codimension | faces of the fundamental tile is a discrete subgroup of the full 
isometry group; in fact, it is a Coxeter group and the initial tiling realizes its Coxeter 
complex. 


The reason why we introduced Coxeter complexes is that they are so to speak 
“slices” in buildings, as the following definition shows. We freely use the above 
notation W and X (Coxeter complex). 


Definition 2.2. A building of type (W,S) is a cellular complex, covered by 
subcomplexes all isomorphic to X, called the apartments, such that: 


(i) Any two simplices, called the facets, are contained in a suitable apartment; 
(ii) Given any two apartments A and A’, there is a cellular isomorphism A ~ A’ 
fixing AN A’. 


The group W is called the Wey! group of the building. 
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When W is a Euclidean reflection group [11, V Sect. 3], one says that the building 
is affine or, equivalently, Euclidean. 


Example 2.3. A tree with all vertices of valency > 2 (resp. a product of such trees) 
is a building with W equal to the infinite dihedral group Doo (resp. with W equal to 
a product of Doo’s). 


The above examples of trees are elementary, but they are the only ones with 
infinite Weyl group which can be reasonably drawn. Note that it is enough 
to consider these examples to see a difficulty in producing interesting group- 
theoretic situations from the theory of buildings: it may very well happen that the 
automorphism group of a building be trivial (take a tree in which any two distinct 
vertices have distinct valencies). It is precisely one feature of Kac-Moody theory to 
give rise to buildings automatically endowed with a highly transitive group action. 


2.2 Analogies with Lie Groups and Exotic Examples 


What are buildings good for? They were first designed to provide a uniform 
approach to simple algebraic groups whatever the ground field is, but it turned out 
that Chevalley’s scheme-theoretic approach became more popular. Still, thanks to 
buildings, the idea to attach a suitable geometry to simple groups of Lie type was 
pushed far beyond the classical example of the interplay between simple real Lie 
groups and symmetric spaces — we refer to [26] for more details on these historical 
points. 

Eventually, as the examples below show, there is no rule in general on what 
comes first, the building or the group: spherical (resp. Euclidean) buildings are 
used to better understand (isotropic) algebraic groups over arbitrary (resp. non- 
Archimedean local) fields, but in some recent approaches, buildings were designed 
first in order to provide automorphism groups for which the analogy with reductive 
Lie group makes sense and is often very fruitful. 


Example 2.4. Pick (the rational points of) a simple algebraic group over a non- 
Archimedean local field, e.g. SL, (Qp). Then the group acts on a Euclidean building 
in a suitable way: the action is strongly transitive, that is transitive on the inclusions 
of a chamber (= maximal facet) in an apartment; this is one of the main results of 
Bruhat-Tits theory — see [18] and [19]. 


Which other buildings (with an interesting group action) can be exhibited? This 
question is natural. Actually, there exist lots of interesting examples which are 
not relevant to Borel—Tits or Bruhat-Tits theory. We will see that some of these 
buildings have apartments which are periodic tilings of real hyperbolic spaces; here 
is a list of selected results concerning such hyperbolic buildings. 


238 B. Rémy 


— According to Haglund and Paulin, for some of these hyperbolic buildings the full 
isometry group is a locally compact, totally disconnected, uncountable abstractly 
simple group [38]. 

— According to Bourdon, some of them are characterized by any group acting 
discretely and cocompactly: this is a strong rigidity result “à la Mostow” [13]. 

— The latter result can be pushed further: according to Bourdon and Pajot, any quasi- 
isometry from a right-angled Fuchsian building to itself is at finite distance from 
a true isometry of the latter space — see [14,71]. 


All of these statements strongly support the analogy between exotic buildings 
and symmetric spaces, between Lie groups and full automorphism groups of these 
new geometries. 


2.3 Kac-Moody Groups and Kac-Moody Buildings 


The previously mentioned examples were studied from a geometric (more precisely: 
metric) viewpoint. We turn now to Kac-Moody theory, which can be seen as an 
algebraic machinery to produce (as a first step) groups with good combinatorial 
properties — refinements of Tits systems —, and (as a second step) — by formal and 
now standard arguments — buildings automatically endowed with strongly transitive 
group actions. Let us briefly sum up the situation and refer to [54] for details and 
constructions of twisted variants. 


— Kac-Moody groups (in the “minimal” version we are interested in, see [68]) were 
constructed by Tits [67] in order to generalize, as group functors, (split) reductive 
algebraic group schemes initally due to Chevalley and Demazure. 

— They are defined by a presentation generalizing the generators and relations of 
SL, (using elementary unipotent matrices) [64]. 

— The defining datum for a Kac-Moody group is: a field K and a generalized Cartan 
matrix, i.e., an integral matrix A = [As st]stes such that Ass = 2 forall s € S 
and Ass < 0 for s Æ t, with Ass = 0 if and only if A; s = 0. 

— Unfortunately, they have not yet been endowed with any structure from algebraic 
geometry, which would/will be, by the way, infinite-dimensional. 

— Nevertheless, they share many combinatorial properties with groups of points of 
Chevalley-Demazure group schemes: they have a (twin) BN -pair structure [67, 
Sects. 5 and 6]. 


Example 2.5. The standard example of such a group is A = G(K[r, t~')) for Ga 
simple (isotropic) matrix group over a field K. 


Still, we will see that the groups from this example are not the most interesting 
ones for the purposes mentioned in the first part of the introduction: they have an 
obvious matrix interpretation, and as such are residually finite groups. Note that the 
associated buildings are Bruhat-Tits buildings, hence are Euclidean. 
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The geometric counterpart to the above BN -pair combinatorics is the following. 


Fact 2.6 (i) Any Kac-Moody group A naturally acts on the product X_ x X+ of 
two isomorphic buildings X+. 

(ii) The explicit rule for W deduces |M;1|s1es from A = [As st]s tes. More precisely, 
we have Msı = 2, 3, 4, 6 or œ according to whether Ag+ + Ars is 0, 1, 2, 3 or 
is > 4, respectively. 





Reference. This is [67, Sects.5 and 6] for the group-theoretic part, and the 
geometric side is explained in [54, Sects. 1 and 2]. E 

Reading backwards [As:]sres > [Msstlstes, we can produce buildings 
(with nice group actions) provided the Weyl group has its Coxeter exponents in 
{2; 3; 4; 6; œo}. This is the only condition on the shape of apartments — see [55, 
Sect. 2] for the application to hyperbolic buildings 





— The case of affine buildings corresponds exactly to the previous examples 
A= G(K[r, al | with a concrete matrix interpretation. We say then that the 
generalized Cartan matrix A and the corresponding Kac-Moody group A are of 
affine type. 

— When W is a Fuchsian group, e.g. when W is generated by a right-angled 
hyperbolic polygon or by a regular triangle of angle 7 or %, then Xx carries 

a negatively curved metric. 





These are only examples; the general case is a mixture. 
Let us finally mention the basic results saying that over a finite ground field, 
Kac-Moody groups are relevant to geometric group theory. 


Fact 2.7 (i) Any Kac-Moody group A over any finite field is finitely generated. 
(ii) The associated buildings X+, for a suitable non-positively curved realization, 
are locally finite. 


Reference. More technically: according to Davis, any building admits a realization 
carrying a CAT(0) metric [29], and this realization is locally finite if and only if the 
ground field if finite. Oo 





3 Simplicity and Rigidity 


In this section, we are interested in the algebraic question of simplicity for the 
finitely generated groups obtained by taking Kac-Moody groups over finite fields. 
It turns out that in this case — where we have a nice geometric action — there is a 
simple answer to this basic question in group theory (it can be formulated in terms 
of the geometry of the buildings). The question of rigidity of group actions is less 
algebraic, but we review it here in order to explain the general idea to combine 
simplicity, non-positive curvature and representation-theoretic properties. 
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3.1 Covolume 


From now on, we denote by A a Kac-Moody group defined by a generalized Cartan 
matrix, say A = [As;]ses, and a finite field F}; the associated buildings are denoted 
by X+. The full automorphism groups Aut(X+) are thus locally compact for the 
compact open topology; therefore Aut(X+) admits Haar measures [10]. Using the 
A-actions on X+ arising from the combinatorial structure of a twin BN-pair, we can 
see A as a (diagonally embedded) subgroup of Aut(X_) x Aut(X+). The starting 
point to combine Kac-Moody groups and geometric group theory is the following 
result, which establishes an analogy between Kac-Moody groups over finite fields 
and arithmetic groups in positive characteristics [53]. 














Theorem 3.1. Assume the Weyl group W of A is infinite and denote by W(t) = 
yew t£™ its growth series. If WG) < œ, then A is a lattice of X+ x X_; it is 
never cocompact. 





Reference. This is the result settled in [23] or in the note [52]. Oo 


Remark 3.2. 1. When the Kac-Moody group is affine, i.e. when A = 
G(F, It, al the condition WG) < oo is empty since the virtually abelian 
group W has polynomial growth: it is a Euclidean reflection group. In this case, 
this is in fact a well-known consequence of a deeper result: Harder’s reduction 
theory in positive characteristic [37]. 

2. The diagonal A-action on X+ x X- is always discrete and the real number WG) 


is merely the covolume (2a) 


A for a natural normalization jz of the 
Haar measure on Aut(X_) x Aut(X+). 


Concerning computation of covolume, some natural questions are in order. For 
instance, one consists in fixing a building and checking whether the infimum 
of the normalized covolumes is > 0; one can also try to decide whether this 
infimum is reached. This is an adaptation, in a new situation of locally compact 
groups admitting lattices, of very classical questions and results going back to 
Siegel, one of the most important achievements being strong finiteness results due 
to Prasad [50]. In the new situation allowed by considering suitable non-affine 
buildings and their automorphism groups, some partial results are already available. 
For instance, Thomas exhibited, for right-angled Fuchsian buildings, an infinite 
increasing sequence of lattices [66]; she also showed that in some cases the sets of 
covolumes are unrestricted with respect to the classical “Lie” situation (in particular 
when super-rigidity holds) [65]. 


3.2 Simplicity 


We keep the previous notation. The fact that a finitely generated Kac-Moody group 
such as A can be seen as a lattice of some reasonable geometry is the starting point 
to prove the following simplicity result. 
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Theorem 3.3. Let A be a Kac-Moody group defined over the finite field F}. Assume 
that the Weyl group W is infinite and irreducible, and that WG) < œ. Then A is 
simple (modulo its finite center) whenever the buildings X+ are not Euclidean and 
A is generated by its root subgroups. 





Reference. This statement is contained in [27] — see in particular Sect.4 of 
[loc. cit.]. Oo 





What follows in this subsection is dedicated to explaining the general two-step 
strategy of the proof, but let us first make some comments on the statement itself 
and some extensions of it. 


Remark 3.4. 1. Here is a rough but striking geometric reformulation of the above 
statement: whenever A (with irreducible Weyl group) has no obvious matrix 
interpretation — because it is not affine — it is a simple finitely generated group; 
moreover there is a geometric (Coxeter-theoretic) explanation for this. 

2. There exist infinitely many generalized Cartan matrices A such that A is a finitely 
presented, Kazhdan, simple group for any q > 1. 


Point 2 above is proved by combining the previous simplicity theorem together 
with: 


(i) (Cohomological) finiteness results due to Abramenko and Miihlherr, e.g. 
[3] and [2]. 

Gi) Dymara and Januszkiewicz’s criterion for property (T) for automorphism 
groups of buildings [30]. 


We can now turn to roughly sketching the proof of the simplicity theorem. It owes 
a lot to Burger—Mozes’ recent construction of finitely presented torsion-free simple 
groups. The latter groups appear as cocompact lattices in products of two trees 
(here, it is good to have in mind that trees are 1-dimensional buildings!). 

The general idea in [8] is first to see the discrete groups under consideration as 
analogues of lattices in Lie groups in order to rule out infinite quotients, and finally 
to exploit decisive differences with the classical Lie group case in order to rule out 
finite quotients too. 


— The analogy part is motivated by Margulis’ normal subgroup theorem, which says 
that a normal subgroup in a higher-rank lattice must have finite index [73, Sect. 8]. 
The point is to obtain a generalization of this result without relying on any 
algebraic group structure on the ambient topological group given by the full 
automorphism group of the geometry (product of trees or, more generally, of 
buildings). 

— The difference part is more specific to the situation. In the case of products of 
trees, it relies on the possibility of proving some non-residual finiteness criteria 
involving transitivity conditions on the local actions (around each vertex) for 
the projection of the lattice on each of the two trees. This part was eventually 
improved by the possibility to embed explicitly well-known non-residually finite 
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groups into suitable cocompact lattices of products of trees. This enabled Rattaggi 
to reduce a lot the size of the presentation of some simple groups as constructed 
by Burger and Mozes [51]. 


Remark 3.5. A group all of whose quotients are finite is called just infinite; 
according to Wilson, such a finitely generated group either is residually finite 
(examples are given by linear groups) or contains a finite index subgroup which 
is a direct product of finitely many isomorphic simple groups. 


We refer to [6, Th. 5.6 p. 59] for a more refined version of Wilson’s alternative 
involving the so-called branch groups (“Grigorchuk’s trichotomy’’). 

Here is a slightly more precise summary of the proof of simplicity in the Kac- 
Moody case, with relevant references. 


1. The analogy part follows Margulis’ strategy for the normal subgroup property: 
any normal subgroup of a irreducible Kac-Moody lattice has finite index or 
is finite and central (i.e. an irreducible center-free Kac-Moody lattice is just 
infinite). Actually, the crucial point to prove this is to use a criterion due 
to Shalom [63] (resp. Bader and Shalom [17]) to prove property (T) (resp. 
amenability) for the quotient group A/N, endowed with the discrete topology, 
where N < A is the normal subgroup under consideration (recall that a group 
which is both Kazhdan and amenable is compact). The paper [63] considers 
cocompact irreducible lattices in direct products, but Shalom notes himself that 
the cocompactness assumption can relaxed to a weaker integrability condition in- 
volving the induction cocycle; the latter integrability condition is checked in [57]. 

2. What can go wrong from being just infinite to being simple? Consider the affine 
(linear) example A = G(F,[t,¢~']); it has a lot of finite quotients (given for 
instance by the congruence kernels). This is where non-affineness of the Weyl 
group has to be used crucially. Indeed, a strengthening of Tits’ alternative for 
Coxeter groups (due to Margulis-Noskov—Vinberg, see [48] and [49]) implies 
that non-affine Coxeter groups are “weakly hyperbolic” in the sense that there 
exist lots of triples of roots with empty pairwise intersections. This is what has 
to be combined together with a trick on infinite root systems and some defining 
relations for Kac-Moody groups, in order to rule out finite quotients for A [27, 
Sect. 4]. 


3.3 Rigidity 


Why Care About Kazhdan’s Property (T) for Simple Groups? A well-known 
general principle is that there is a deep connection between the representation theory 
of a locally compact group and its intrinsic topological group structure. Property 
(T) illustrates this perfectly: one of its features is that it has many equivalent 
formulations among which are definitions by representation-theoretic means. 

What we explain below may not be the strongest way to combine Kazhdan’s 
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property (T), simplicity and non-positive curvature for metric spaces acted upon, 
but it provides a reasonable motivation to investigate further rigidity questions in 
such situations. 

Here are the main steps of the argument. 


Residual Finiteness and Compactness First let us recall that a finitely generated 
group is residually finite (i.e. the intersection of its finite index subgroups is trivial) 
if, and only if, it embeds abstractly in a compact group. One implication is easy 
since residual finiteness amounts to saying that the natural homomorphism from 
the group to its profinite completion is injective. For the other direction, the trick is 
to use the Peter-Weyl theorem decomposing representations of compact groups — 
this is where the previous general principle is used (it is a variant of the way to 
use Peter—-Weyl’s theorem to understand general compact groups [69, Chap. V]). In 
our situation, where we are most interested in finitely generated groups, we can 
conclude that a finitely generated simple group I” has trivial homomorphic image 
to any compact group. 


Geometric Consequence for Cell Complexes Therefore, if sucha I” acts on a locally 
finite cell complex with a global fixed point, the action is actually trivial; indeed, by 
definition of the compact open topology on the automorphism group of a complex, 
the stabilizer of a point is (open and) compact. 


Non-Positive Curvature The situation is better if we make some assumption on the 
curvature properties (in a singular sense) of the metric space acted upon. Indeed, 
Bruhat-Tits fixed point theorem says that a bounded subset in a complete non- 
positively curved space has a barycenter which is uniquely characterized by purely 
metric properties [18, Sect. 3.2]; this can be applied to bounded orbits of isometric 
group actions. In our situation, this implies that if I” (simple) acts non-trivially on a 
CAT(0) locally finite space, then any of its orbits is unbounded. 


Negative Curvature Recall that the CAT(0) property for a geodesic metric space 
is that all geodesic triangles be at least as thin as in the Euclidean plane [7, II.1]. 
The similar comparison with the real hyperbolic plane HA instead of R? leads to the 
notion of a CAT(—1)-space. Now let Y be a proper CAT(—1)-space with Isom(Y ) 
acting cocompactly (the properness assumption here means that closed metric balls 
are compact and the cocompactness assumption is a variant of requiring bounded 
geometry). Then according to Burger—Mozes, the stabilizer of any E € dooY is 
amenable, so any non-trivial action of a finitely generated Kazhdan simple group 
I on Y has no global fixed point in the compactification Y U ðY (recall that 
“Kazhdan + amenable” implies “compact’”). 


Super-Rigidity By convention in this paper, the terminology super-rigid applies to 
group actions on non-positively curved spaces (or spaces derived from them). It 
means that if a discrete group has a “nice” action on a specific geometry, then it 
cannot have a non-degenerate action on a space which doesn’t look like the initial 
geometry (“nice” means for instance that the action of the discrete group enables one 
to see it as a lattice of the full isometry group of the geometry). A well-known result 
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by Margulis [44, VII.5] says that higher-rank lattices in semisimple Lie groups are 
super-rigid; this means that the lattice actions on the symmetric spaces associated to 
the ambient Lie groups are super-rigid with respect to actions on symmetric spaces 
(or Bruhat-Tits buildings) of other type. 


Example 3.6. There are many results disproving the existence of actions of higher- 
rank lattices, e.g. SL, (Z) forn = 3, on the circle (which can be seen as the boundary 
at infinity of HR = SL,(R)/SO(2), the Poincaré plane). 


We refer to Ghys’ paper [34] for a general report about group actions on the 
circle. 

Let us go back to our specific topic: what makes a Kac-Moody lattice be of 
higher-rank? For non-affine buildings, Kazhdan’s property (T) and the existence 
of flats of dimension >2 in the buildings are independent conditions (this is a 
difference with the classical case of non-Archimedean simple Lie groups). Once 
these two conditions are fulfilled, we can draw strong consequences on actions on 
some hyperbolic spaces in the sense of Gromov [7, Sect. III.H.1]. 


Theorem 3.7. Let A be a simple Kac-Moody lattice and let Y be a proper 
CAT(—1)-space with cocompact isometry group. If the buildings X+ of A contain 
flat subspaces of dimension =2 and if A is Kazhdan, then the group A has no 
nontrivial action by isometries on Y. 








Reference. This statement is contained in [27, Sect. 7]. o 


The intuition behind this result is of course that the abstract group structure of 
A encodes a substantial part of the geometry of the buildings, so that there is not 
“enough room” in a hyperbolic space to be compatible with existence of higher- 
dimensional flats in the buildings of A. One crucial ingredient for the proof is a 
general super-rigidity result due to Monod and Shalom [47]. 


4 Amenability, Quasi-Homomorphisms and Quasi-Isometry 


This section is finally dedicated to reviewing some more advanced topics in 
geometric group theory, such as the existence of non-standard quasi-characters, 
or the beginnings of the (still widely open) quasi-isometric classification of Kac- 
Moody lattices. We start be mentioning another vein of very interesting results, 
relevant to an analytic approach to geometric group theory, namely the study of 
amenability properties for actions of building lattices. 


4.1 Amenability 


We first report on Caprace and Lécureux’s work on the classification of amenable 
subgroups in automorphism groups of buildings, and then mention Lécureux’s work 
on amenability of group actions on suitably compactified buildings. 
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Compactifications and Amenable Subgroups Once again, the beginning of the 
story is the situation of semisimple real Lie groups and their associated symmetric 
spaces. Given a simple real Lie group G, like SL, (R), families of compactifications 
of the symmetric space X = G/K (where K is a maximal compact subgroup) 
were defined in different ways — and for different puposes — by Furstenberg 
[32] and Satake [61] in the 1960s. These families depend on the choice of a 
conjugacy class of parabolic subgroups, and for the same choice of conjugacy 
class, they were eventually shown to be isomorphic. We are here interested in 
the fact that, given G, the maximal Satake—Furstenberg compactification of X 
provides a geometric (virtual) parametrization of maximal amenable subgroups 
in G: according to Moore, any point stabilizer in G is an amenable subgroup; 
conversely, any amenable subgroup of G has a finite index subgroup stabilizing 
a point in the maximal compactification X [46]. This result was extended later 
to the case of non-Archimedean simple Lie groups acting on their Bruhat—Tits 
buildings [36]. 

In view of the analogy described in Sect. 2.2, it is then natural (though not 
obvious at all!) to try to prove the following statement. 


Theorem 4.1. Any locally finite building X admits a compactification providing 
the same “classification” for amenable subgroups in G = Isom(X ) as above. 





Reference. This is one of the main results of [25]. Oo 


The main difficulty is actually to define suitably the compactification, which is 
done by a clever use of projections onto residues in buildings; this idea enables 
Caprace—Lécureux to obtain an embedding of the set of residues of a given building 
to a space of maps between sets of residues, the latter space being compact whenever 
the building is locally compact. Note that this compactification is not the one given 
by asymptotic classes of geodesic rays [7, Sects. II.8 and II.H.3]; it is related to 
the combinatorics of infinite root systems. Caprace and Lécureux also define a 
compactification by using the (compact) Chabauty topology [10] on the space of 
closed subgroups of a given locally compact group, and relate it to the previous one. 


From Amenable Groups to Amenable Actions Roughly speaking, a G-action on 
a space S is called amenable if there is a sequence of maps {un : S > M!(G)}n>0 
(where M! (G) denotes the space of the probability measures on G) such that 


Him lAa (gX) — 8xHn(x) |= 0 
uniformly on compact subsets of G x S. In other words, there exists a sequence of 
maps S — M!(G) which is “asymptotically” equivariant. 
In the situation of the previous theorem, the group G = Isom(X) itself is not 
amenable in general, but we have the following. 


Theorem 4.2. For any building X, any proper action by a locally compact group 
on the above compactification X is amenable. 





Reference. This is the main result of [40]. Oo 
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The main idea is to use the non-positive curvature techniques already shown 
to be useful in the study of the strong Tits alternative and the weak hyperbolicity 
of Coxeter groups as mentioned at the end of Sect. 3.2. This enables Lécureux to 
embed an apartement (Coxeter complex) into a product of trees and then to define 
the desired family of measures. 


Remark 4.3. Admitting an amenable action on a compact space is an important 
property in analytic group theory: for instance, it is related to the Novikov 
conjecture; it also provides theoretical resolutions in bounded cohomology and 
boundary maps in rigidity theory (which, by the way, might be useful in the study 
of the linearity of certain building lattices). 


4.2 Quasi-Homomorphisms 


In this subsection, we mention quickly some results by Caprace and Fujiwara about 
quasi-characters of automorphism groups of buildings (again seen as analogues of 
semisimple Lie groups). 


(i) A quasi-character for a group G is by definition a map f : G > R such that 
sup | f(gh) — f(g) — f(A) |< œ. 


g heG 


(ii) The set of all quasi-characters of G is denoted by QH(G). 
(iii) The set of non-trivial quasi-characters is by definition 


QH(G) 
Hom(G, R) 6 £% (G) 





QH(G) = 


Quasi-homomorphisms are related to rigidity questions; according to Burger and 
Monod, higher-rank lattices in Lie groups don’t have non-trivial quasi-characters 
[9]. As we saw for rigidity questions in Sect. 3.3, it is not clear what to require to 
consider that a building is of higher rank. The next result shows that many buildings 
are not of higher-rank with respect to quasi-homomorphims. 


Theorem 4.4. Let (W, S) be an infinite, irreducible, non-affine Coxeter system and 
let X be a building of type (W, S). Let G be a group acting on X by automorphisms 
so that at least one of the following conditions is satisfied: 


(i) The G-action on X is Weyl-transitive. 
(ii) For some apartment A C X, the stabilizer Stabg(A) acts cocompactly on A. 


Then QH(G) is infinite-dimensional. 





Reference. This is the main result of [22]. m 
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The main idea is to combine Coxeter-theoretic ideas together with a criterion 
due to Bestvina and Fujiwara [5]; the key notion is that of a rank-one isometry in a 
CAT(0)-space (that is, an isometry with certain contraction properties). 

Combined with Kac-Moody theory, this implies that, up to isomorphism, there 
exist infinitely many finitely presented simple groups of strictly positive stable 
commutator length. 


4.3 Quasi-Isometry 


Let G be a locally compact group admitting a finitely generated lattice I". This 
implies that G admits a compact generating subset, say X; we denote by as the 


word metric associated with 3. Similarly, we fix a finite generating set X for J” and 
denote by dy the associated word metric. The lattice I" is called undistorted in G if 
dy is quasi-isometric to the restriction of ds to I’. This amounts to saying that the 
inclusion of I” in G is a quasi-isometric embedding from (T, dy) to (G, d=). 


Theorem 4.5. Any Kac-Moody lattice A < Aut(X+) x Aut(X_) is undistorted. 





Reference. This is the main result of [28]. Oo 


Again, combined with simplicity results from Kac-Moody theory, this implies 
that there exist infinitely many pairwise non-quasi-isometric finitely presented 
simple groups. 

The above result uses the metric and combinatorial shape of the apartments in 
a rough way; in particular, it is far from solving the question of quasi-isometric 
classification of Kac-Moody lattices. 
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F,(27"t") of the centre of a Sylow 2-subgroup of ? F4 (27”+!), 


Subject Classifications: 20E, 20G 


Keywords Suzuki groups ° Ree groups 


1 Introduction 


A. Let X denote one of the finite Chevalley groups B2(q), G2(q) and F4(q), where 
q = p,m > 3. Throughout, p is understood to be 3 if X = G2(q) and 2 otherwise. 
When m is odd, X admits an automorphism o of order two (composition of the 
graph and the field automorphisms of X) such that the set X* of the o-fixed points 
in X is a simple group: the Suzuki group 7B2(q) if X = Bo(q), the Ree group 
2G2(q) if X = G»(q) and the Ree group *F4(q) if X = F,(q). Our notation, 
taken mostly from [5, 6, 8], is described in Sects. 1.C and 3.A. For A C X, we 
denote by A* the set {a € A : o(a) = a}. The equations and the automorphisms 
of F} discussed in this paper and stated below occur in an effort to characterize 
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the normalizer Ny+ (Z (S)) in X* of the centre Z(S) of a Sylow p-subgroup S 
of XF to prove the uniqueness of X* as a subgroup of X up to conjugacy in X. 
Conjugacy is well-known if X = B, (q), for X = G; (q) it is proved by Kleidmann 
and Magliore (see [4]); and it is perhaps well-known for X = F; (q). A proof for the 
case X = F; (q) was in fact outlined to me independently by Professors Peter Sin 
and Kay Magaard. However, our approach here is to use some common features of 
the groups B2 (q) , G2 (q) and F; (q), where q in each case throughoutis as specified 
above: the structure of S (Proposition 1.3) and the action by conjugation of Lt on 
the unipotent radical R = O,(P) of the parabolic subgroup P = Ny(Z(U)) of 
X. Here, U € Syl, (X) and L is ao-invariant complement of R in P. See Lemma 
2.2 for a description of the o-invariant subgroups P, S, R and L of X. A main 
step here is the determination of: (1) the automorphisms 0 mentioned in (B) below 
(Propositions 1.1 and 1.2, and [2]); and (2) the L*-invariant subgroups of O p(P) 
(see Proposition 3.8 for the case X = F,(q)). A consequence of (ii) useful for 
the case X = F; (q) is that if M is an L*-invariant subgroup of O p(P) such that 
Z(M) Æ Z(U) and the exponent of M and that of OAP are equal, then M 
is conjugate to O,(P)*. Richardson, et al. [7] have studied the structure of the 
unipotent radical of parabolic subgroups as a module over its Levi-factor for some 
groups of Lie type with abelian unipotent radical. 


B. We now state the equations and the field automorphisms mentioned in the title. 
For a field K, K* denotes K\{0}. 
(B2) 0 is an automorphism of Fz» such that for all à, y € F%, with à + u £ 


OFA, 





(a! © ty) 2) (a” Lepa 1) 0 (1) 


and 


= + ay _ (728-1 4 Taa il (2) 


holds. 
(G2) 0 is an automorphism of F3m such that for all A, y € F%, with à + u 4 


OF Ap, 





(28 Ly p” 1) (A? 30 4 u? 38) Zo (3) 
and 
(120-1 di ey _ g 4 pa (4) 


holds. 
(Fy) @ is a field automorphism of Fy such that there exists z; € Fj,,7 = 
1,2, 3,4, such that, z}z)z3z4 Æ 0 and, for all k = 1,2,3,..., the following hold: 


zi = zz)? (5) 


—1 20 —1_-1 20 
ZZ 2324 = (2273) Or = 242223 Z4 = (2223) (6) 
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(1+ (aa a'u) (+ (235) “(1+ 2) 


= (1+ (agy!zytea)")?- 1 + (cozy!) ")? -A + eza)? (7) 


a+- (+ (2z37)") “d+ (az “+ (azz) 
= (1+ 2H)? + er + (52)? aa a a 
(8) 


We prove in Sects.4.1 and 4.2 that the only automorphisms satisfying the 
conditions in (* Bz) and (G2) are the Tits automorphisms: 


Proposition 1.1. Let K be a field of characteristic 2 and 0 be an automorphism of 
K such that (1) and (2) of ? Bz) hold. Then, 267 = Identity ¢ {0,20}. 


Proposition 1.2. Let K be a field of characteristic 3 and 0 be an automorphism of 
K such that (3) and (4) of (?G2) hold. Then, 30° = Identity ¢ {0,30}. 


Professor Bombieri has determined the set of all 5-tuples (0; z1, Z2, 23, z4) 
satisfying the conditions in (?F4) for a field of characteristic 2 [2]. I am indebted 
to him for his interest in this problem. 


C. Notation: Keeping the notation used in Sect. 1.A, we describe the rest of the 
notation used in this paper [5,6]. See also Sect. 3.A. I suggest that, instead of reading 
this section, the reader look up the notation as and when required. 


(i) Let X denote a root system for X, A a system of simple roots in X and X+ 
the set of all positive roots in X with respect to A. Let {e1,--- , en} be an 
orthonormal basis of the Euclidean space R”. We write the inner product in R” 
as (—, —) and choose the root system X for X as : {+e, +e, +e; te2} C R? 
if X = B2(q4); {+(e; — ej), Ee; — ej — eg): i < j,{i, j,k} = {1,2,3}} © 
(e1 +e, +e3)+ C R? if X = G(q); and {+e;, (+e; + e2 + e3 + e4)/2, 
Łe; Łej:l<i<j <4 c Rt if X = F4(q). We choose the fundamental 
system of roots A in X to be: {e2,e; — e2} if X = Bo(q), {a = e1 — e2, b = 
—2e; +e2 +63} if X = Go(q) and {a; = e2 — e3, Q2 = e3 — €4, 3 = €4,04 = 
(ei —e2 —e3 —e4)/2} if X = F(q). When confusion is unlikely, we abbreviate 
+e;, te; +e; and (+e; ez +e; + e4)/2as ti, ti + j and +1 +234 
respectively. Let s = Yyeanga (respectively £ = Xucs Nad), Na, Na E N, 
be the root of highest weight among the short (respectively, long) roots in X. 
Thus, if X = B(q), then (s, £) = (e1,e1 + e2),(N2, Mi-2) = (2,1) and 
(n2,ni—2) = (1, 1);if X = Go(q), then (s, £) = (2a+b, 3a+2b), (Na, Nb) = 
(3,2) and (na, np) = (2,1); and if X = F4(q), then (s,£) = (e),e; + e2), 
(N2~-3, N3—4, N4, Ni-2-3-4) = (2,3, 4,2) and (m2~3, 3-4, n4, M1-2-3-4) = 
(1, 2,3, 2). 

(ii) For r,s € X, define r(s) = 2(r,5)/(s,s). Extend this linearly in r and s 
to define a(6) for a, 6 € ZX. Let w, be the permutation of X of order 2 
taking s € X tos —s(r)r. Forr € X andz € F% := F,\{O}, let Xr: 
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€ Homz(Zx, F% ) denote the map taking u € ZY to ZO) H, = (rg 12 € 
F>) ~ F* and H = X,esH, C Homg(ZS,F*). Clearly, H ~ (F*)!4!. Let 
W = (Ww, : r € X), the Weyl group of X, and Wo denote the longest element 
of W. Then, Wo(r) = —r for eachr € X. 

Let ø, : SL(2,F,) —> X be the group homomorphism taking (55) to x; hod 


and (! 0) to x(t), t € F}. Let w, = Qr (e W): Then, X, = {x,(t) : 


Fy} > (Fy, +), U := Meent+ Xr € Syl (X) and W = (w, : r € &) is the 
Weyl group of X. 

In a product Tyeayq of a set of elements or subgroups Ya indexed by a 
subset A of X+, the elements of A are always written in the increasing order 
with respect to the partial order ‘<’ on X defined by A. With this convention, 
foru € U anda € X", we define ug € Fy by u = Tye s+ Xa (Ug). Further, 


a 


for any function f from A to Fy, we denote by f x A the element u of U with 
= f (a). 


Let h : H, — X be the homomorphism such that A(Xr:) = Qr (( 0 2.)) 


for all z € FX. Then, H, := h(H,) ~ FX, (ŒA ~)H := Mes H, < X 
and X = UHWU. Forr,s € X,% € Homz(Zx, F% ), t €e F, and w € 
W, the following hold: A(x, (©) hD! = x, (Xt), wh(xy)w™! = h(x!) 
where y! (s) = y(w !(s)), and w, x(t) w7! = xy,(5)(Mrst) where n.s € 
{1,—1}, ns depends only on X and is as in [6], p. 442. 

The Ree-Tits Automorphism o of X: Let 6 € Aut(F,) be such that p8? = 
Identity on F,. Let W € Endz(ZX) be the map taking e; to e; + e;41 for 
i € {1,3} and e; to e;_; —e; fori € {2,4} if X = B: (q) or Fy (q); and taking 
a to b and b to 3a if X = G2 (q). Let ~ denote the permutation of X of order 
2 defined by W(r) = A(r) F, where A(r) = 1 ifr € X is a short root and 
A(r) = p ifr isa long root. Then, A(r) A(r) = p. The involution o in Aut(X) 
of interest in this paper is defined by setting x, (t)? = x;(t**) for all r € X 
and t € Fy. It satisfies w? = w; and h(y)° = h(x), where y € H is defined 
by Xr) = xO) = x0”. 

Additional notation for F; (q): For distinct i, j € {1,2,3,4}, define X; j = 
(Ze; + Ze;) N X and xt o A Ry) = (X, ire 
Xi j) of X and its abeo Ui; = (Xr: r € X; u Wij = (w: r€ aa) 
and H;; = (h(x) € H : x(er) = 1 fort € a 2,3,4}\{7, 7}). Note that 
Fi2(q) = Bo(q) = F3.4(g) and Fi3(q) = Ai (q) x Ai (q4) = Fo4(q). We 
write W; j = (wi,w;) < W. Let w; j denote the element of W; ; which takes 
€;,t € {1,2,3, 4}, to —e; or e, according as t € {i, j} or not. Let w;,; denote 
the element of W; ; corresponding to wy, ;. 

For y € H, we write h(x(e1), x(e2), x(e3), x(e4)) for A(x); for z € We we 
write h (22°), 1) as ht, einige 41.1) as hT (2); A (1, 1,z, 20- 1) 
as h3, (z); and h (1,1,z, ue 1) as hz, (z). For i € {1,3}, let Hti = 
hh) : z € F>} and Hoy = {hp : z € Fš}. Note that 
H = Hı2H34 and Hiii = A; H HZ ¡+1 Our notation in group theory is 
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standard. In particular, C, denotes the cyclic group of order n. For x, y € X 
and A C X, we write x’ = y~'xy, AX = x7! Ax and [x, y] = x7!y7!xy. 


For an abelian group A, A* denotes the set of its nontrivial elements. 


D. This paper is a part of an effort to identify minimum information about the 
structure and the embedding of a group of Lie type (here , X+) which is sufficient 
to determine the possibilities of its embedding, up to conjugacy, as a maximal 
subgroup in a group of Lie type of larger dimension (here, X). The next two 
propositions motivate the Hypothesis A in Theorem 1.5 and the hypothesis of 
Proposition 5.2 which characterize Ny+(Z(S)) as a subgroup of X, the main 
step in proving the uniqueness of the embedding of X* in X. 


Proposition 1.3. (a) The centre Z(U) of U is X,X¢ and that of U* is (X; Xo". 
(b) For u = ITyey+Xa(Ua) € U with Ug € Fq, 


a 


|Al—-1 n 
uP = Xs (acs (—Uuq) i. Xe (Macs (—uq)**) : 


|A|—1 


(c) LetuEU beas in(b) andi, u EF Then, u? = X5(A) x(u) if, and only 
if, (uz, u2) = (A™'u, X u!) if X = Ba(q), (ua, ub) = (A? pe", —A u?) 
if X=Gr(q) and (u23, U3—4, U4, U1—2—3—4) = (UAT! xT! yp X?, px}, 
(A?! yt)! with arbitrary x,y € F, if X= F,(q). In particular, 
{fur T : uEU}={1} U XŠŽXŽ and fur” ue Ut}=Z(U*). Further, 
the exponents of U and U* are equal and to p!^l. 

(d) The subgroup HiH; (respectively (Hi H;)™) of H (respectively H*) nor- 
malizes U (respectively Ut) and acts regularly on XX (respectively 


Z(U*)\{1)). 


A long, but a routine, calculations using Lemma 2.1 yield (a) and (b). (c) is a 
direct consequence of (b). Relations at the end of Sect. 1.C.iii yield (d). 

















Proposition 1.4. Let D be a subgroup of X isomorphic to XY and S € Syl;(D). 
Then: (a) |S| = gle tl2; (b) Z(S) = fp x € S} ~ (Fy, +); (c) S contains 
a subgroup of order |R*| which is normalized by a subgroup K ~ L* of D. 


For D = X*, (a) is well-known (see [5, 6, 8]); (b) follows from Proposition 
1.3 (b). For (c), see Lemma 2.2. In (c), |R*t| = q?,q3or q!® according as 
X = By (qg),G2(q) or F, (q). The properties (a), (b), (c) above determine S up 
to conjugacy in X (Proposition 5.2). 

We collect in Hypothesis (A) below information about the structure of Xt and 
its embedding in X to prove the uniqueness of Xt in X up to conjugacy. 

Let D be a subgroup of X. 


Hypothesis (A) on D: D contains subgroups S and T such that (A;)—(A7) stated 
below hold: 

(Ai) [S| = gi2""2, T = M x N < Np(S), M ~ Cy-1, and N ~ Cg if 
X = F,(q) and 1 if X € {B2(4), G2(4)5 

(A2) |S: B(S)| = ql4l/? (A3) Z(S) = {xP sx E S} 
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(A4) The action of M on Z(S)* by conjugation is regular (in particular, 


|Z(S)| = 4) 
(As) N = Cr(z) for some z € Z(S)*. Further, the action of N by conjugation 
on the set {s®(S) : s € S and spr! = z} is regular. 


(A6) In the case X = Fy(q), Cp(M) contains a subgroup Q of order q? and 
an involution y € Np(N) such that: (i) Z(Q) = {a? : a € Q} and is of order q, 
(ii) N acts transitively on Z(Q)\{1} and (iii) Q is a Sylow 2— subgroup of K = 
(Q, N, y). : 

Set K = (K,T) if X = F4(q) and K = T if X € {B2(q), Gr(q)}. 

(A7) K normalizes a subgroup of S of order | Rt] and SK is a subgroup of X. 


Remark. X* < X satisfies (A): take S = UT for all X; M = H* and N = (1) 
if X € {B (4), G2 (q)} and M = Hy, N = Hy, Q = Us, Y = w34, and so 
K = Fj, (q) and K = Fj; (4) Hi, if X = F; (q). 

We now state the main theorem of this paper and prove it in Sect. 4.3. It is a step 
towards a characterization of Xt in X, up to conjugacy, using the structure of Xt 
and its embedding in X. 


Theorem 1.5. Let D, S and T be subgroups of X such that (A,)—(As) of hypoth- 
esis (A) hold. 


(a) There exists g € X and an automorphism 0 of Fy such that S£ C U and 
TE Cd. 
(b) Assume further that S C U and T C H. Then, 


(i) Z (S) = {xs (t°) xı (t): t € F} = (w=)! : h € T} for some 
uE sS. 
(ii) Z (S)% = ® (S)? and SE = Useru' ® (S£) 


(c) Let X = F4(q), h(x) € TE and x(e;) = zii = 1,2,3,4. Then the 5-tuple 
(0; 21, z2, 23, 24) satisfies the conditions stated in (* F4) of Sect. 1.A. 

(d) Let X € {Bx(q), G2(q)}. Then, p0? = Identity and S£ = Ut, TE = H* and 
so (ST)® = P*. Further, if D = X*, then DE = X*. 


See part (D) of the proof of Theorem 1.5 in Sect. 4.3 for the reasons to consider 
the automorphisms of IF, satisfying the conditions stated in (7 Bz) and G2). In 
Sect. 3, we point out the similarity between the group U = R with operators Ht 
in the case X = B, (2”"*') and the subgroup R of U with operators F; (27"+') 
in the case X = F,(2?"*!), with conjugation action in both the cases. Our effort in 
this section is largely to explain the comment: the F;1,(q)-module structure of R is 
‘obtained’ by replacing each root subgroup Xa, œ € Dios of U in B,(q), a H+- 
module, by the unique indecomposable 5-dimensional F,*,-module. We end with 
some remarks in Sect. 5. 
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Lemma 2.1. (Chevalley’s commutator relations for X [6, p. 443], [5, p. 404]) Let 
X € {Bo(q), Go(q), Fa(q)}s r,s € Xt; t,u € Fy and the characteristic of F} as 
specified in Sect. 1.A. Then, |x; (t) , Xs (u)] = 1 with the following exceptions: 


(a) If X = G(q), then 


(i) [Xa (t) , xp (W)] = Xa+ (~tu) X20-45 (—t7u) X3a+p (tU) X30-42n (t3u’); 
(ii) [Xa (t) , Xa+b (U)] = X2a+b (tu); and 
(iii) [Xp (t) , X3a+p (U)] = X3a-425 (tu) 


(b) If X € {B2(q), Fa(q)}, then |x, (t), xs (u)] equals X,+s(tu) ifr +s € 3+ and 
r,s,r +s are all of equal length; and X;+.5(tu)X2y+45(t7u) ifà(r) = 1, à(s) = 2 
andr +s € XF. 


Lemma 2.2. (a) The subgroup P = Ny (XıXs) of X is parabolic and o- 
invariant. Further, P admits a o-invariant complement L of R = O, (P). If 
X = B: (q) or Go (q), then P = UH, R = U and L = H. If X = F,(q), then 
P = UH W;4U = Cy (X1X142) Hi2, R = HM,es+\4aXr and L = F34 Hi2. 
(b) For eachz € XX XÝ, Cy (z) = Cx (XıXs) = U if X € {B2(4), G2(4)} and 
UH34W34U = O(P) ™ F34 if X = F(q). For 1 4 z € (XeXs)*, Cy+(2) = 
Cy+((XeXs)+) = (Cx). 
(c) Nx ((X1Xs)") = Cx (X1 Xs) H and Ny+((X1X3)") = Cx+ (XeXs)*)H*. 
(d) (i) If X = B,(2?"*!), then Ut = a (F,) £ F,), where a (F,) = {a(t) : 
t € Fj} and B (F,) = {B(t) : t e Fy}; and, fort € Fy, a(t) = 
x2(t°)x1~-2(t)x1 (tT!) and B(t) = x1 (t)x142(t). 
(ii) If X = G(32""!), then Ut = a(F,)B(F,)y (Fy), where a(F,) = {a(t) : 
t € Fj}, etc. and, fort € Fy, a(t) = xa(t?)xo (t)xXa+o (tft!) x244 (tt), 
B(t) = Xa+ (t’)X3a+b(t) and y(t) = x2a+b(tf)X3a +29 (t). 
In both the cases (i) and (ii), H+ = {h(y) € H : x(1)® = x(s)}. 


—~ 





(See [1,8].) The next lemma is verified by explicit calculations using Lemma 2.1. 


Lemma 2.3. Let X and X be of type G2. Let u,v € U andu’ € U be defined by 
u = u' - X2q+b(—U2a+b) * X3a+2b(—U3a42b). Then 


(a) uv = Xa (Ua F Va) “Xb (up F vp) * Xa+b (Ua+b + Va+b + UbVa)* X3a+b (U3a+b + 
V3a+b — UbV3) ` X2a+b(VŽUp — Ua+bVa)* X3a+2b{—V2U? — Vp (U3a+b — V2Up)}. 

(b) (W)? = Xa(—ua) + Xb(—Up) ` Xa+b(—Ua+b + Uab): X3a+b(—U3a+b — Upu) 
X2a+b(UZUbp — Ualta+b) * X3a+2b(—U3a+bUb), 

(c) B= (W)? = Xza+p (~u) + X3a +2 (U3 U7), 

(d) (W)! = Xa(—ua) + Xp(—up) ` Xa+b(—Ua+b + Uap) ‘X3a+b(—U3a+b — U Up): 
X2a+b(—UaUa+b — U2Up) X3a+2b(—U3a+bUp + uZu?), and 

(e) [u, v] = w, v] = Xa+h (Vall = UaVp) 3 X3a+b (U2 Vo = upv?) ý X2a+b(UaVa+b = 


2 2 3.13 DR 
Valat+b +VqUb —UGVb)*X3a+2b UbV3a+b — VbU3a-+b + UaVb (Va — U3) +UZV;, —Vq Uy). 
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3 Structure of R When X = F4 (q) 


A. n of R: We partition X* by its subsets {A (œ) : a € {eo} U Xh 
where A(eọ) = Et and, fora € a 5, A(a) = {a} U {A (Æa)! (æ +r) : r € X34 
with A(r) = A(œ)}. So, A(e;) = {ei} U fe; He; : j € {3,4} fori € {1,2} 
and A(e; + yer) = {e, + yez} U {(e1 + yez + €e3 + te4)/2} with y,€,t € 
{+1,—1}. We set A(@o.) = Xi. Note that A(œ&) = A(@) for each œ € Xiz 
Following [5, p. 406—407], we define the subsets R;, i = 1,--- , 12, of yt by their 
minimal elements r as follows : R1, R4, R5, Re are of the form {r,7,r + F} with 
r = 4,2 — 4,2,2 + 4, respectively; and R2, R3, Rj,7 < i < 12, are of the form 
{7,7} with r = 3 + 4,2-—3,2+3,1-—3,1-—4,1+4+ 4,1 + 3,1, respectively. Note 
that min (R;) < min (Rj) for] <i < j < 12. 

Consider the subgroups U(a) = M, eA@)Xr, & € yb U {eo, eœ}, and R = 
Test U0) of U; and the subgroups V; = (a;(t) : t € Fy) and VO = 


Vi Viie Viz @ = 1,+++,12) of UT, where o; (t) = xs (t°)xs(t)xs+s(t°™') if 
Ri = {s,5,s + 5} and œ; (t) = x,(t°)x;(t) if R; = {s,5} with s € R; being the 
smallest element in R; of length 1 (see [5, p. 407]). The following facts about these 


subgroups are immediate consequences of Chevalley commutator relations (Lemma 
2.1(b)). 


Lemma 3.1. (a) U = R x U(eo), Z(U) = XıXı+2 R = O2(Cryq(Z(U))) = 
Text U(@), Uleo) € Syla(F34(4)) and Ul) € Syh(Fiı2(4)). Further, 


U(a) (a € Si), R' = U(e:)U(e; + e2) and R/R' ~ U(ez) x U(e; — e2) are 
elementary abelian subgroups of orders q>,q'° and q", respectively. 

(b) Ut = VO = Rt aU, Rt = VO, RY = V®, Z (U+) = Ve and 
V’ = Z (Vi) = Vie with (i,k) € {(1,2) , (4,8), (6, 11), (5, 12)}. Further, V; 
is isomorphic to (F4, +) if |R;| = 2 and to a Sylow 2—subgroup of ? B (q) a 
|R;| = 3. 








B. U (a) asaO (5, q) - Module: Throughout Sect. 3.B, the letter œ (respectively, 
B. f. f', g,1,5) denotes an arbitrary element of He > (respectively, of {e2, e1 — eo}, 


FA@ FAP F; 4(q), A(a), A(B)). 


(i) Define B = B+A(B)B and s* = s + n(s, B)B with n(s, 6) = 2 if s = B = 
e1 — e and n(s, B) = 1 otherwise. Note that the map x +> X takes e2 to e; and 
ei — ez to e1 + e2. The map y +> y* takes e2 to e1, €; — e2 to e; + €2, C2 + €; to 
ey +e;,i € {3,4}, and (e; — e2 + e3 + e4)/2 to (e1 + e2 £ e3 + e4)/2. Further, 
A(B)* = A(B*). i 

(ii) Define the following abelian group isomorphisms: ~ from ro to FA Œ by 
F(T) = f(r); Ta from Fio to U(a) by setting Ta( f) to be Trea xr (f(r) 
if A(w) = 1 and as Tea Xr(f (r)*) if A(a) = 2; % from FA? to FA”? 
by (TAFE + 5) = f(s); zg from U(B) to U(B ) by 7g (Xs (ts) = xs* (ts). 


Note that Te, =: m2 is the restriction to U (e2) of the conjugation by w;—2w2 and 
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Ie;—e, =! 1-2 is the restriction to U(e; — e2) of the conjugation by w2wy_2. 
Then, the diagram 





x — Tie 
Ule) -—— FiO a peT => Ulee) 
M2 | Ta | | Ti—2 Tı—2 
T] — T142 
U(e1) — o «++ ner ——> Ulei + er) 
commutes; that is, 707 = ~ 0%, and mgot, = teo7, on FA”. Note 
? vag B BS tB B B q > 


that tz 0 ~ o t}! = o on U (œ) and F34(q) = F34 (q). 


Lemma 3.2. For a € Xh, [Xa, Fa4(Q=1 and [x, ha Ml= [x, F4@) = 


U(a 


) for each x € U(a)\Xq.- 


This lemma is true because it holds for œ = e and the diagram above 
is commutative. Conjugation in F4 (q) by the elements of H B F; 4 (q) imparts 


a 5- 


dimensional indecomposable F; Bz (q)-module structure on U(e1) which is 


unique (and is in fact the natural F} O (5,q)-module). We now transport this 
F; Bz (¢)-module structure to U (œ) for each œ € Jh: 


Gii) 


(iv) 


Consider F i as a vector space over F}. We equip U(a) with a F,- vector 
space structure with the scalar multiplication ‘o’ defined, for z € F andr € 
A (qa), as 

zo x(t) = AOT x) hO = x (Cx OY) = xr(et) or xL 


according as A(@) = 1 or 2. Here, *h(z) € H where 


II 


Ph) = hT, PRO = AOS = hia”) 
Ehf) = AO) = Ch@)"2" = hE). 


Fora € Zi, andz € FX, ChE) = “h(z). So, o € Homr, (U(a), U(@)) 
and tz 0 T o t}! is the restriction of ø to U(a). Also, Tp, Ta and ~ are F,- 
linear maps. Finally, zg is F4- linear because: Te, (respectively e,—¢,) is the 
restriction of the conjugation by w1—2w2 to U(e2) (respectively, by w2w1—2 to 
U(e1-2)); and ?7h(z))""2"2 = "h(z) and (°A ())"™ = = ¥7A(z). 

We define a group homomorphism J, from F3,4 (q) to Aut(U(q@)) by setting, 
for g € F34(q) andr € A (æ), Ia(g)(x,(t)) = x,(t)® or x; (t)8° according as 
A(a) = 1 or 2; and a group homomorphism ¢ from F3,4 (q) to Aut (Fy ) 


by setting a(g) = t,! © Ig(g) © Ta. Since scalar multiplication on U (œ) is 
conjugation by an element of H12, F3, (4) = Fs (4) and [M1 2, F54 (q)] = 
1, it follows that Tą and J,(g) are F,-linear. So, a(g) is also F4-linear. 
Thus, J, and 9x are (in fact indecomposable, but not irreducible) F; F3,4 (¢)- 
representations. 
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(vii) 
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The isomorphisms ty, , 7g and zg in the diagram above are Fy F34 (q)- 
module isomorphisms: in fact, for each g € F34(q), Ty © Palg) = Ta O° 
(t3 0 In(g) Ota) = Ing) © Ta, SO Ta € Homer, ,@) (FI, U (@)): 


A(a 
o Plg) = Plg) o 3 


on Fg (because this is equivalent to o o 
Ia(g) = Talg) ° o on U («)), so~% E Homs F44) (ma ra Te, and 
Te;—e, are restrictions of conjugations by wi-2w2 and w2w1—2 respectively 
and [wow 1-2, F3,4(q)] = 1, so zg o Ig (g) = H (8) o 7g and xg and ry are 
F; F3,4 (q)-module isomorphisms; and, finally, T gogg (g) = Tpoltz'olg (g)o 
Tp) = (e'omp)ola(g)ors = wlo(Fy(g orp )ors E wy oFg(g)o(tpo7p) = 
pze) o Tg on U(B), so Tg € Homr, F44) (PALT); 


For a given œ € Xh let {s;, si}, i € {1,2}, be the two disjoint 2-subsets of 


A(q@) with s; + s} = A(@)a. The F,-valued functions q}, on FA and qa On 


U(q) defined for t € Fjo by 
a(t) = ta + tats + taty; qalt * A@)) = QO ifA@) = 1 
qalt * A(a)) = (ta + tats + tst)” if A(&) = 2 


are nondegenerate quadratic forms. For each a € a and f € {e2,e1 — e2}, 


q, = q4 © T = qa © Ta on Fy”, qh = -o Tg on FA), qa = qz ° o on 


U (a) and gg = qx ° 7g on U (£). Thus, the maps in the previous paragraph 
are isomorphisms of quadratic spaces. 
Finally, for each œ € X ioe the actions Jy and pa leave the quadratic forms 


invariant; that is, for each g € F34(4), da 9° Ie(g) = qa on U(a) 
and qao galg) = quo (t7 © a(g) © Ta) = (Ga? la(g)) O Ta = qa on Fy”. 


Thus, if O( f) denotes the orthogonal group defined by the quadratic form f, 
then Jy (g) € O(qa) and ge(g) E€ O(g!,). Further, if 7 : O(g5) > O(qa) is 
the group isomorphism induced by ta and 72, 1—2 are similarly defined, then 
the ‘triangles’ in the diagram commute. 


T2 , = F T12 

Olqa) «——— Ole) +> Olla) ————— Olqea—e) 
2 92 p2 1—2 1—2 2 

it F34 in F34 i F34 1-2 

h #1 v1 142 9142 N42 

Peg ~~ ‘oo i | a ~ 

1 Pails 


1 f T142 
O(Ge) Olqa) Oe, +65) O(e,+er) 











C. Multiplication in R: From Sect.3.A, U = U (e9)U (e2)U (e; —e2)U 
(e1) U (e1 + e2). So, each x € U can be written uniquely as x (eo) x (e2) x (e1 — e2) 
x (€1) x (e1 + e2) with x(a) € U (œ). We call x(a), the a-component of x. 
Consider the maps 
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À : U (e1 + e2) x U (e1 — e2) > Fy, n: U (e1) x U (e2) > Fy, 
pu: U(e2) x U (e1 — e2) x U (e1 — e2) > Fy 


defined as follows: we take i, j € {3,4},i # j ande,t € {+,—} in the rest of 
Sect. 3.C: 


A(x(e1 + e2), y (e1 — €2)) = Xet X1424634+14 1-2-3143 
n(x (e1), y(e2)) = Xie Xi+ei Y2—ei 
pz(e2), x(e1 — €2), y (e1 — €2)) = Xza (Xa Yor + Yar Xb’); 
where the last summation is over all ordered pairs (a, {a’, b’}) with a € A (e2) \{e2} 
and a’, b’ € A (e1 — e2) \{e, — e2} such that a + a’ + b’ = ey. 


Ifx,y € R and z = xy, then by direct computation using Lemma 2.1.(b), we 
see that, for r € XH\ D$, 


Zr = Xr + Yr + C, + Abe, 5 T Bõeatenr» 


where C = [y (e2), x(e1 — e2)], A = A(x (e1 + e2), y (e1 — e2)) + u(y (e2), x (e1 — 
e2), y(e1 — €2)), B = n(x(e1), y(e2)) and ô is the Kronecker’s delta. Further, C, is 
zeroifr € U(1 — 2) U U(2), 
YoteiXi—2 + Yo-jXioperty + Y24+jXi-z+ei-j ifr = 1+ ei, 
Y2X1—2+63+r4 + Y2+63X1—2—e3+r4 + Y2+r4X1—2+63—r4lf r = 1 + 2 + €3 + 14, 


Y2Gey—en (X (e1 — €2))7? + Xi eY2+eiX1—2—ei+jX1—2—ei—j if r = 1 and 





qe, (y (€2))X1-2 + Mee Vote Y2414X 2 e314 ifr=1+2. 


Thus, for each œ € Di the -component of xy is x(a) - y (æ) - C(æ) - xı (xe A): 
X14+2(6x e1 +e, B). Compare this with the multiplication of elements in Uj 2. 


D. Exponents of U and U; Fori = 0,1,2,--- , define A; = {s € XY : (x”), = 
0 for each x € U} and U; = (X,: s € XĦ\A;) < U. Explicit calculations using 
Lemma 2.1 yield Proposition 3.3 and Corollary 3.4 below. 


Proposition 3.3. (a) Ao = ¢, Ay = A, A2 = A(eo) U A(e2) U A(e; — e2) \ {7,7}, 
where r = (e; — e2 + e3 + e4)/2, A3 = XT \{fe1, e1 + e2} and A, = X for 
all integers n > 4. 

(b) Leti € {0,1,2} andu € U be such that us = 0 for each s € Ai. 








(i) Ifi = 2, then u? = X (urur—r)X14+2(urua+2—F) with r as in (a). 
(ii) Ifi = ], then si xı (U3U2—4UT_2—344)X1 4234+443 4U1-2-344): 
(iii) Ifi = 0, then u? = xı (u2—3U3_4U4U1_2_3—4)X14+2(U3_3U3_4U4UT—2—3—4)- 
In particular, {u® : u € U} = {1} U XXX% and {u : u € UT} = Viz. 
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(c) Let y, z € U. Assume that ys = zs = 0 for each s € Aj. Then, (yz)? " E€ 
XıXı+2 and is obtained by replacing ug by yg + zg for the roots B appearing 
in the expressions in (b) above. Oo 





t 


Corollary 3.4. Let u,v € U,t T {0,1,2,3} and z = u”v”. Then, a = 
art eee 5). where rO, rí ae € F; are obtained as follows: for a € yt, 
let E(a) = üa + Va and, for a formal sum v = Xeg[p] with eg € Zand B € Xt, 


let &(v) denote || E(B). Then, r® = E(v) and r= = toh), where 


= [ei], vO), = = fe; + ez]; v® = [r] + [ei — r], 


fz [F] + fer + e2 — F]; vl = [e3] + [e2 — ea] + 2[r], 


v, = [e3 + e4] + 2[e2 — e4] + 2[(e1 — e2 — e3 + e4)/2]; 


yO = 3[e4] + 2[e3 — e4] + [e2 — e3] + 2[(e1 — e2 — e3 — e4)/2], 


y= = 4Ale4] + 3[e3 — e4] + 2[e2 — e3] + 2[(e1 — e2 — e3 — e4)/2] 


and r is as in Proposition 3.3 above. 


E. Hy Invariant Subgroups of U1,2: For convenience of notation, in the case 
X = B,(q), we take X as the subgroup F\2(q) of Fu(q). Thus, the subgroups 
H,H*,W,U,Ut, Z(U),Z (Ut) of B2(q) correspond to Ay», HP, Win, 
Ui2, Vs, X1X1+42, Vi2, respectively, of Fi2(q). For z € Ei let h, = hy (2). 
Consider the following subgroups of Uj 2 with z € Fz: 


h7! —1 
My = Xı+2, M} = Xı, M} = Vij M? = (Vs) 
Mo = X1-2U{, M} = XU, M] = M?X:Xi42, 


where Vi2 and V; are as defined in Sect. 3.A. Note that M? = Vip = (XıXı+42)", 
M? = v = US and, for z € We {x° Ix € M?} = M? and {x € Uj. : x? € 
M} = M}. 

Let 1 4 a € U2 and z € F>. Clearly, a € X, for some r € X5 if, and only 
if, a, A 0 and as = O for all r,s € Sas r # s. Using Lemma 2.1, we verify that 
ae M? if, and only, if a2 = ay_-. = Oanda, = fos #0; anda € Ms if, and 
only if, a241—2 Æ 0 and a = gas: Further, if a € M7, thena € M? if, and 
only if, a2a)—-2 + zaf, = a. For distinct z,z’ € Fy U {oo}, M? M} = Xi X\42 
and M} N M% = 1. Further, if z,z’ € F% ,z # z’, {t, n} = {0, oo} and e, ô € {0, T}, 
then 


M}? C M, MÉM}, = MSM? = M’ and MÉM = MSM! = MM = U2. 
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These observations yield 


Proposition 3.5. Any nonzero H E - invariant subgroup of U1 2, under conjugation, 
is equal to one of: U12, Xı, Xı42, M}, M., XıXı+2 or is contained in Mi or 
in M}. o 





F. F3}, (4) - Invariant Subgroups of R: Consider the following invariant sub- 
groups of R, invariant under the action of F, Fe; (q) described in Sect. 3 (B iii, iv): 


M? = U(e; + e2), M? = U(e1), M = Uler — e2)R', M} = Uler) R’ 
MÈ = (Rt), Mo = (Rt) and MI = MÌR',z € FX 


Note that MÈ = (Rt) = V®, M? = Rt = V® and M] = VR’. Further, 
for u € F; U {ov}, [x, F34 (Q)] = Me, for each x € M! AX X1+2. See Lemma 
3.2.B for u = 0 and œo. It holds for u € F% because it does for y = 1 and 
[F (4), Hi2] = 1. Straight forward calculations using Lemma 2.1 yield 


Lemma 3.6. Let x € R andz € Fe; Then: 


(a) x€ M? if, and only if, x, = xr = 0 for eachr € A(e2) and x, = eu for 


eachr € A(e,); 
(b) x € MI if, and only if, xX; = 740-268 for eachr € A(e2); and 


(c) Ifx € M1, then x € M? if, and only if, x, +x = [x(e2), x(e1 —e2)]; = 


Z 


2 ([x(e2), x (e1 — e2)] +0? ifr € Ales). 


The following reformulation of Lemma 3.6 is also a pointer to the analogy 
between the subgroup Uj 2 of B2(q) and the subgroup R of F4(q). 


Lemma 3.7. Let x € R andz € F. Then: 


(a') x € M? if, and only if, x(e2) = x(e1 —e2) = 1 and x(e1) = 20 (x (e1 +e2))” 
(b') x € MI if, and only if, x(e2) = y™*®™? o (x(e, — e2))°. 
(c!) Ifx € M], then x € M? if, and only if, 


x(e1) = [x (e2), x(e1 — e2)](e1) + zo(lx (e2), x(e1 — e2)](e1 + e2). 


Proposition 3.8. (i) Any nontrivial F$ (@)-invariant submodule of R' is either 
M? for some z € Fg U {oo} or is contained in X,X 1+ such that it projects 
surjectively onto Xı and X142. 

(ii) Any nontrivial F; -invariant subgroup of R not contained in R' is either one 
of R, Me, MI for some z € F% or is contained in Mj or MZ- o 


Proposition 3.9. For any z € FX, {x° : x € MI} = M°X, X14. and {x° : x € 
MI =M. m 
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4 Proofs 


1. Proof of Proposition 1.1: By (1), neither 6 nor 26 is Identity. We show that, if 
k=fA’ekK: x? = A} = K, then either 6 or 26 is the identity function on K \ k, 
a contradiction to (1). This would prove the proposition. 


(i) AP = 439-1 for each A € K \k. 
Proof. By (2), 





(a1 yp” (428-1 + pet)? = (A291 4 26-1) (41-8 + u™?) So, 


120-28 pee 4 a a — 420 ly! 0 4A! 8 u 1 








Taking u = 1, we see A? (ae + 1) a + ami) = 0. So, (i) follows. Oo 
(ii) fà e K\k,thend+A"¢ K\k. 
Proof. Suppose not. Then, using (i), we get 

pY +4 aT! — GC ae ay — 20 a 4720? = 436-1 at A1730, 


So, (43°? + A3) (43? + 1) = 0 and either 179 = A? or 43? = 1. Since A ¢ k, (i) 
and the definition of k imply that 43° 4 4°. So, 43 = 1 A AandA € Fy C K. 
Since 4% Æ À, it follows that 428 = 17! = 2? and SO, A? = à andà? =A or 
A? = A™!. In either case, (1) is contradicted. So, (ii) holds. O 





(iii) If à € K \k, then à? = à or à” = ì. 


Proof. By (ii), A+A7! ¢ k. Applying (i) to A +A7!, we get (A? +14)(4 +14) = 0 
and (iii) follows. O 





(iv) Either 0 or 20 is the identity map on K \ k. 


Proof. In view of (iii), it is enough to show that K\k does not contain distinct 
elements A and u such that à? = A and 29 = u. Deny. Then, if A + u ¢ k, then, 
(i) applied to A + u yields 


A+A u+ yu?) = 0. 


So either A or u € F2, a contradiction. Now, suppose that A+ € k. Since A? +p? € 
k, we get A*+A? = u+ u?. Applying 20, we get AS+A* = w+p?. So, A? +A € Fy 
and A? + A = 1. Thus, A7~! = A+ 1 and à +A7! = 1 € k, a contradiction to (ii). 
Thus, (iv) and Proposition 1.1 follow. Oo 





2. Proof of Proposition 1.2: By (3), neither 0 nor 36 is Identity. Let A € K and 
À # +1. Adding and subtracting the equations obtained by taking u = 1 and 
u = —1 in (4), we get 


907-1 (42 — 259-1) = 49? — 458 and 130 (A2 — 15871) = 490? — 458 
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If A2 Æ A991, then clearly 43% = A. And A? = A°°- if, and only if, 4°” = 45°. 
This holds if, and only if, 4° = 45° = 43. Thus, 43” = A if A ¢ F3. This clearly 
holds for A € F3 also. Thus 13? = À forall A € K and the Proposition 1.2 follows. 

Oo 





3. Proof of Theorem 1.5: By Sylow’s Theorem, we can assume that S < U. Since 
Z (S) Æ 1, by (A3), S contains an element u of order p!4!. By Proposition 1.3.(b), 
ua # Oforeacha € A and 1 # i = uP! e Z (S) c {1} U XX XZ. 


(A) Replacing S,T and u by S*,T* and u* for an appropriate x in X, we 
may assume that : (i) T < H, (ii) uy = 1 for eacha € A and so, 
i = xs (—1) xe (—1) € Z (S), and Gili) S C U if X € {B2(4), G2(4)}. 


Proof. By Lemma 2.2.(b), Proposition 1.3.(d) and (44), it follows that (U, T) < 
Nyx (Z(S)) = Cy (i) H, where H = {h € HH, : i € Z(S)}. Since H is 
an abelian Hall m- subgroup of X for the set x of prime divisors of q — 1, by 
Wielandt’s Theorem ([3], Satz 5.8, p.2 285), there exists b € Cy (i) such that TEZ H 
if X € {B2 (q) , G2 (q)}; and T? C HH34if X = Fy (q). If X = B: (q) or G2 (q), 
then Cy(i) = U and so S? C U. In all cases, by a further conjugation by an 
element of H (see Lemma 2.2.(b)), we can assume that i € x,(—1)x¢(—1) € Z(S). 

E 


Let M = {hı} for some hı = h(y1) € H.If X = Bo (q) or Gz (q), then M = T 
and N = (1). If X = F(q), let N = (ho) with hz = h(yo) € H. 


(B) F, admits a field automorphism 0 such that: (i) x,()° = x1(s) and (ii) 
Z(S)* =i” = {x,(t*)xe(t) it € a 


Proof. By (A.(ii)) and (44), 
Z(S)* = {hy *ihk = x, (x4 (sxe (O) :k = 1,4—1} © 


We note that 





Xs (ts)xe (te) . Xs (ti) xe (to) = Xs (ts + t!) i xe (te + ty), (10) 
a crucial, albeit trivial, step in our argument. By (9) and (10), the subsets 


{xh (a) : k =1,+-.qg — 1 U {0}, € {£s}, 


of F; are additively closed. Since x% € Homz (zz : Fx), they are multiplicatively 


closed also. So they are subfields of F,. Their equality with F, follows from putting 
together: (9), the assumption that |Z(S)| = q and the fact that, if x;(A)xe(w) € 
Z(S), then A and u both are zero or both are nonzero. Thus, 


(x1(s)) = (x10) = FF. (11) 


Now, the map 6 from F; to itself fixing zero and taking yi (s) to xi (£) respects 
addition (by (10)) and, clearly, multiplication also. Thus, 6 is a field automorphism. 
Now, (i) and (ii) of (B) are clear from (9). Oo 
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|A|-1 


(C) Forz € Z(S), let S, = {x € S : x? = z}. Then, (i) Z(S) C (S) C Sia 
and (ii) S \ Sia is the union of the cosets u”” (S) with u as in (A), m € M 
andn € N. Further, S;g = ®(S). 


Proof. Since the hypothesis of Theorem 1.5 holds for D*, S* and T* for x € X, we 
may assume that S$ C U. For any finite p - group P, Ø(P) = P’ (xP : x € P) ((3], 
Satz 3.14(a), p.272). So, by (43), Z(S) © (S$) C (U). From the commutator 
relations in Lemma 2.1, #(U) = Hae s+\4 Xe. SO Ya = 0 for each y € (U) and 
a € A. Now, by Proposition 1.3.(b), xP" = 1 forx e @(S) and (i) holds. Now, 
(ii) follows because, from A.ii, (Az), (A3) and (44), for each y € S \ Sra, then 

pil" _ im for some m € M. oO 





(D) (a) Let X = Bz (q). Then, forall à, p € FX witha + u #0, 





(a! ae a O(a? e i H0 (12) 
and 
(A18 ppt 8) 20-1 = (20-1 4 u21), (13) 
(b) Let X = Gy (q). Then, for all A, u € FX with à + u # 0, 





(a2 Liu” NO? af ee 30) 40 (14) 


and 
(A291 4 ye 1)2- 30 = (a 30 4 [238/201 (15) 


Proof. Let y be the product of a p'"-root in S of x,(A%)x¢(A) and a p‘*-root in 
S of xs(w")xe(p). If X = By (q), then p = 2, yz = AË + pt and yiz = 
229-1 + 1429-1; and if X = Go(q), then p = 3, ya = —A?°—! =u l and yp = 
=A = yy? 36 (by Proposition 1.3.(c)). Now y? = X,(A° + °)X¢(A + u) by 
([3], Satz 04, p.317) and y? € Z(S) by (A3). Clearly, y? = 1 if, and only if, 
A+ u = 0. Further, y?” Æ 1 if, and only if, yy 4 0 for each a € A (Proposition 1.3 
(b)). So, (12) and (14) hold. If X = By (q), then yı = y2y1-2 and yi42 = yŻyı-2 
and, by (B), y3°-! = y}. Similarly, y2°-? = y}-?° if X = Gə» (q). So, (13) and 
(15) hold. Oo 





Now, (D) and Propositions 1.1 and 1.2 imply 


Œ) If X = By(q), then 267 = Identity ¢ {0,20}. If X = Gy(q), then 
30? = identity ¢ {0,30}. In both these cases, q = p?"*! for some natural 
number n. E 


Recall the definition of a(F,, (F4) < B2 (q) and a (F4, (F4), y(Fy) < G2 (q) 
in Lemma 2.2.(d) and that of Viz < F; (q) in Sect. 3.A. 
(F) (i) If X = B: (q) or G (q) then M =T = H*. 
(ii) Z(S) = B(F,), y (F4), Viz according as X = B2(4), G2(q), F4 (q). 
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Proof. (i) follows from (44) , (B.ii) and (E). (ii) follows now by definition. O 
(G) If X = B, (2?"*'), then S = a(F,) B (F;) = UY. 
Proof. By (C.ii), S is the union of the cosets ®(S), ult &(S), k = 1,--- ,q—1. We 
show that, for each k, 

wi" B(S) N X2X1-2X1 = fA — 2))}, (16) 


where a(t), p(t) are as defined in Lemma 2.2.d(i). Since (S$) = Z (S) = (F) 
(by (C) and (F.i)), (16) would then imply that uw" (S) = a(y*(1 — 2))B(Fy). 
Since F% = (yi (1 — 2)), (G) would follow. 


Since #(S) = A(IF,), the left-side of (16) is a singleton. We write this as tui), 
Let u = x2(1)x1~2(1)x1 (t1) x1+2(t1+2). Then, 
T(u) = x2(1)x1-2(1) x1 (ty + tf). 
We now show that ti + Hee = 1; equivalently, that t(u) = «æ (1). Since yı(1) = 
A+, 
—k 
(GUE = ADA + 7° + Deya = AIDA + tfh and A7) 


(u = [A + ED + ED A EA Da OD 18) 


fork € {1,-++ ,q—1}. Since (uu ") € ui P(S) for some l, (uu), = 1 + x* (2), 
(uut) = 14 yk (1-2) and y € Homz (Zz, Fx), we also have, from (17), that 


Th = (1+ xh QA + EA =D) + (CL HDA H A-D). 
(19) 
Comparing (18) and (19), we get 


ED + AUA- Dh + EOD + xf = 2))tr = x + xa. (20) 


Now, if 71(1 + 2) = A, then yi(1) = A®, y1(2) = Al? and y,(1 — 2) = A791. 
So, from (20), it follows that (fi + tł, — 1)(AKC&-) + 40-9) = 0 for each 
k € {1,---,q — 1}. Since 26? = Identity ¢ {0,20} (by (E)), AF@P-) 4 140-0) 
for some k. So, A(u) = ti + fe = 1. Now, by (17), (t (u"*)) = K(1) and 
cul) = a(x% (1 —2)). o 


We now show that (A.iii) holds for X = F4(q) also: 





(H) Let X = F,(q). Replacing S,T and u by S*, T* and u“ for an appropriate x 
in X, we may assume that: (i) T < H, (ii) uy = 1 for eacha € A and so, 
i = Xs (—1) xe (—1) € Z (S), and (ii) S C U. 


Proof. We continue with the statement of (A) and its notation and proof. If S bgU, 
then the images S? and T? of S and T in Y = Ny(XıXı+2)/R > F4(q)Hı2 
satisfy the conditions (A;) to (As) of the hypothesis (A). So, (A) applied to the 
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group Y yields an element bı € F3,4(q) such that Soh c U3 4 and T C H. Also, 
[bı i] = 1. So, we can assume that S C U, T C RH andi € Z(S). Now, 
conjugating, if necessary, by an element of R, we can ensure that S C U, i € Z(S) 
and T C H hold simultaneously. O 


O If X = Gz (37"*!), then S' = B(F,)y(F,) = (S). 





Proof. Since M = H* (by (F.i)) and M normalizes the nontrivial subgroup 
Z(S) N S’ containing i, (A4) and the definition of y(F,) in Lemma 2.2.d(ii) imply 
that Z(S) = y(F,) © S’. We show that B(F,) € S’. Then, q? = |®(S)| > |S’| > 
|B(F,)v(F,)| = q? (see (A1) and (A2)) and (D would follow. 

We first show that B(F,) N S’ € 1. Let x € S\®(S). If m € S is a cube root 
of x? = y(t) € Z(S)*, then ma = —t?9-!, mp = —t?—*° (Proposition 1.3.(c)). So 
Mg = m? (by (E)). If m and n are distinct cube roots in S of x3, then mg = na and 
Mp = np. So, by Lemma 2.3.(e) and (A4), 


[m,n] =X2a+0 [Ma (Nat+o—Ma+5)] X3a+2b [Mo (N3a+b—M3a+5)] E Z(UU)JNS=Z(S). 
Now, since mg = m$ Æ 0, (B.i) implies that 
— 0 6 
Nath — Ma+b = N3a+b T M3a+b- (21) 


Note that, if k is an integer such that x% (a) = xe (b) = —1, then m~! and m" are 
distinct cube roots of x7? (see Lemma 2.3.(d)). So, by (21) and Lemma 2.3.(d), 


0 3, 6 
Math + MgMpy = M344, — (M Mb). 


; ae 0 
Since Ma = m? and 367 = Identity, it follows that (mms) = MaMp. So, 
Ma+b = M$ 4p + Mamb. (22) 


Since each element of S\®(S) is a cube root of some element of Z (S), (22) holds 
for all elements of S\®(S). 

Now, choose m € S such that 0 4 m, 4 ma(= mp). This is possible because: 
u € S, Ua = up = 1, F% = (x1 (d)), @ is not the identity map on F% and so, we can 


k . A . 
choose m as uv" for an appropriate integer k. Using Lemma 2.3.(e), we have 
1 Æ [u, m] = xy, where x = Xg4.45(Mq — Mp) X3a4+5 (Mp — m3) and 
2 
Y = X20+b (Mats — Mataty + MŽ — mp) 


X3a+2b(M3a+b — MbU3a+b + Mp (m3 = 1) F mi, = m3) 
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Since mg = mê, x € B(F,). Since (22) holds for both m and n, it follows that 
y € y(F,). Since Z(S) = y(F;) € S’, 1 A x € (E)N S’. Let x = £(to). 

By (B.i), 71a + 2b)? = xı(2a + b). So, yı (a)??? = (y1(b)*°)?9-?. Since 
t? = t” fort € F, and (3”+! — 2,3"*! — 1) = 1, it follows that yı (a) = xı (b). 
Further, since (1 + 3”,3™”+! — 1) = 2, (yı (a + b)) = {t° : t € Fy}. Now, since 
M = (h(y1)) normalizes B(F,) N S’ (1), {B(t7to) : t € Fy} E PÆN S. 
Since B(F,) N S” is abelian and any element of F, is a sum of two squares in F}, it 
follows that B(F,) € S’, completing the proof of (I). E 


J) S = a(F,)BUFa)y (Fi) = U+ if X = G (4). 


Proof. The proof of (J) is similar to the proof of (G). By (C.1i), S is the union 
of the cosets (S), ul P(S), k = 1,---,q—1. Fo x € S\@(S), x(S) N 
XaXbXa+bX2a+» is a singleton (by I). We write it as {t(x)} and show that, if k 
€ {1,--- ,q — 1} is given by x? = ih (see (B.i)), then t(x) = a(y1(b)*) and so the 
set x®(S) of the cube roots of x? in S is a(x (b)*) P(S). Since yı (b) = yı (Ba + 
2b)?=®, FX = (%1 (3a + 2b)), t — 1?~-* is a bijection of F* and F* = (%1 (b)), it 
follows that S contains a(F,)B(F,)y(F,) (by (D). Since |S| = 4°, (J) would then 
follow. Thus, to complete the proof, we now show that u®(S) = a(1)®(S). 

By (A.ii), for each k, 





T (UT) = xa (Xk (a)) -xo (XE (b)) + Xato Lat (a + bJua+o — x4? Ga + bus 45] 
xXoa+b [XK (2a + b)ura+ — X$? (Ga + 2b)uf p429 (23) 


Calculating (uu) in two ways as in the proof of (G) and comparing 
(c(uu"i*)) 45, We get 


Ok (a) + X (0) a+b — uf 4p- 1) =0 


for each k. This implies that ua+b — TA = 1. Using this to compare the two 
expressions for (t (uu ))2a+b, we get 
(21 4) — DOE@ — Xi (b) (Uab — Wa42n — 1) = 0 


for each k. This implies that u24+b — ae = 1. Thus, u = a(1)f(1)y(1) and 
u®(S) = a(1)®(S) by (I), as claimed. Oo 


(K) Let X = F(q), h = h(x) € T, x(ei) = ziii = 1,2,3,4 and 0 € Aut (F3) 
be as in (B). Then, zi and 0 satisfy the equations (?F4) stated in Sect. 1.B. 





Proof. Consider u € S (as in (A)). From (H) and Proposition 1.3.(b), (u8)~" = 
X1(Z1)X142(Z122) € Z (S). Now (5) follows from (B.i). 

For k € Zandi = 0,1,2,3,--- , define Aj, = u” (u” y“ € S. By Proposition 
3.3.(d), AZK € Z(S). If AP, = x1 (Af) x12 (A), then, by B.i), 


270 N.S.N. Sastry 
+ 
ag, = ante’. (24) 


Equation (8) is the case i = 0 of (24) in view of Proposition 3.3.(biii) and (d). 
We now prove (6). Since ut € Up, (see Sect.3.D) by Proposition 3.3.(bi), u = 
X1 (U) ueir) X1+2 (U) U eite F), where r = (e1 — e2 + e3 + e4)/2. Also 
u = i = x (1) x142 (1), by (H). So, (u)r Weg = 1 = (UFU ei te-F by 
(B.i). This together with Proposition 3.3.(d) applied to Az x implies that, for each k, 


AS = + OA + zt (e1 =r) and AS EOC H XH) + gÉ Cei +e =F). 


Using (5) and (24), we deduce that (z5!z3z4)* + (z!z3z4)* = gh PO tke + 
geek z, =2k0 for each k € Z. Now, (z!z3z4)* = (zg 12023)*9 or (z7 !z2z22)7*® for 
each k, in view of the remark: for elements À and pu of a field, A+ A~* = u* + u™% 
holds for each k € Z if, and only if, A = u or A = u™!. Equation (6) now follows 
from (5). 

Finally, (7) in Sect. 1.B follows from (24) by calculating both sides of (24) with 
i = 1 using Proposition 3.3.(b(ii), d) and Corollary 3.4. Note that, (u*)y = 1 fora € 
{3,3,2—4, 2 — 4} appearing in Proposition 3.3.b(ii), and so (A, 4)g = 1+ %* (œ). O 
Now, (a) of Theorem 1.5 is proved in (A) and (H), (9) in (B), (10) in (C) and (c) in 


(K). By (G), (J) and (F.i), Ut H+ C X* A D. Since both X* and D are generated 
by U* and Ny(H*), they are equal and (d) of Theorem 1.5 follows. 








5 Remarks 


In the case X = F4(q), the following holds in addition to Theorem 1.5.(a) and (b): 


Theorem 5.1. Let D, S and T be subgroups of F4(q) such that the conditions (A1) 
to (A7) of hypothesis (A) hold. Then, m is odd and F4(q) contains an element x 
such that S* = Ut, M* = Hi5, N* = HS, and K* = Fi, Hi In particular, 
(S, K)" = Ny+(Z(U*)). 


We state another characterization of S and Ny+ (Z (S)): 


Proposition 5.2. Let X € {B2(q), G2(q), Fs(q)} and m be odd. If S and K are 
subgroups of X such that (a),(b),(c) of Proposition 1.4 hold, then, there exists an 
element x € X such that S* € Syl, (X+) and (SKY = Ny+ (Z (S)). 


The following result is crucial to our proofs of Theorem 5.1 and Proposition 5.2 
for X = F4(q) and is perhaps of independent interest. 


Theorem 5.3. Let X = Fi(q) and D e {X,P+ = Nyx(Z(U))},XĖt}. Let 
K < D be isomorphic to ? B, (q). Then, K is conjugate to Fh (q) in D. 
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The proofs of the above statements will appear elsewhere. We remark that 
many crucial results and arguments in this paper are true for an arbitrary field of 
the characteristic specified in Sect. 1.A (for example, Propositions 1.1—1.3, Sect. 3, 
Bombieri’s solution [2]). 
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Oppositeness in Buildings and Simple Modules 
for Finite Groups of Lie Type 


Peter Sin 


Abstract In the building of a finite group of Lie type, we consider the incidence 
relations defined by oppositeness of flags. Such a relation gives rise to a homo- 
morphism of permutation modules (in the defining characteristic) whose image is 
a simple module for the group. The p-rank of the incidence relation is then the 
dimension of this simple module. We give some general reductions towards the 
determination of the character of the simple module. Its highest weight is identified 
and the problem is reduced to the case of a prime field. The reduced problem can be 
approached through the representation theory of algebraic groups and the methods 
are illustrated for some examples. 


Subject Classifications: 20E42, 20C33, 51E24 


Keywords Buildings * Oppositeness * Simple modules * Modular representa- 
tions 


1 Introduction 


Let G be a finite group with a split BN-pair of characteristic p and rank £, and 
let Z = {1,...,€}. The subgroup B of the BN-pair is the semidirect product of a 
normal p-subgroup U with an abelian group T of order prime to p. The Weyl group 
W is a euclidean reflection group in a real vector space V, containing a root system 
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R and if S = {a; | i € I} is a set of simple roots then W is a Coxeter group with 
generators the fundamental reflections w;, i € I, where w; is the reflection in the 
hyperplane perpendicular to the simple root æ; . 

For J C I, let Wy := (w; | i € J) be the associated standard parabolic subgroup 
of W and P; = BW,B the standard parabolic subgroup of G. By a type we simply 
mean a nonempty subset of J. An object of type I \ J, or of cotype J is, by 
definition, a right coset of Py in G. 

The associated building [17] is the simplicial complex in which the simplices 
are the cosets of the standard parabolic subgroups of G, and the face relation is the 
reverse of inclusion. An object of type J \ J is a (| Z \ J | —1)-simplex. 

An example which has an elementary description is the building for G = SL(V) 
of type Ae, where V is an (£ + 1)-dimensional vector space. A k-simplex is a flag 
of k + 1 nontrivial, proper subspaces of V, and its type is the set of dimensions of 
the subspaces in the flag. 

Given two fixed types there are various incidence relations between objects of the 
respective types which are preserved by the action of G. In the above example, if we 
consider in V the complete flags (objects of type /) and the i -dimensional subspaces 
(objects of type {i}), then an incidence relation can be specified by prescribing a 
sequence of £ dimensions for the intersections of an i-dimensional subspace with 
the subspaces in a complete flag. 

An incidence relation R between the sets of objects of cotypes J and K can 
be encoded by an incidence matrix or, more conveniently for our purposes, by an 
incidence map of permutation modules. Let k be a commutative ring with 1. Let Fy 
denote the space of functions from the set P;\G of objects of cotype J to k. Then 
F; is a left kG-module by the rule 


(xf)(Prg) = f(Prex), feFi, gx eG. (1) 


Let p,g denote the characteristic function of the object Pyg € Py ;\G. These 
characteristic functions are permuted transitively by G and form a basis for Fj. 
A G-invariant relation R defines a kG-homomorphism n : Fy —> Fx given by 


n(f(Pxh)= X f(Pig). (2) 


PygRPKh 


The characteristic function of an object of cotype J is sent to the sum of the 
characteristic functions of all objects of cotype K which are incident with it. 
Naturally, we would like to compute invariants of 7. We can ask for its Smith 
Normal Form when k = Z, its rank when k is a field, or its eigenvalues if J = K. 
For greater detail we can also consider the kG-module structure of the image of 7. 
We have described the problem in great generality and, as might be expected, the 
nature and difficulty of a specific instance will depend very much on G, R and k. 
For example, if k is a field then whether or not its characteristic is the same as that 
of G is crucial, because the representation theory of G in its defining characteristic 
is closely related to the representation theory of reductive algebraic groups, while 
the cross-characteristic representation theory of G has a closer connection to its 
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complex character theory and to Brauer’s theory of blocks. This dichotomy can be 
observed in the case of generalized quadrangles by comparing the results in [3,8, 13]. 
In the first two papers, k has characteristic 2, while G has odd characteristic in the 
first and even characteristic in the second. In the third, the group G and k have the 
same odd characteristic. 

In this paper, we restrict ourselves to the case where k is a field of the same 
characteristic as G and turn next to the choice of R. We know from examples 
(e.g., [4]) that the permutation kG-module F; can have many composition factors, 
growing with respect to the Lie rank of G, and also growing for fixed rank and 
fixed characteristic as the size of the field increases. The same may hold for the 
image of 7. Even for rank 2, examples (e.g., [13]) demonstrate that the number of 
composition factors of Imņ can grow without bound. In many cases, one knows 
neither the number of composition factors nor their dimensions, and in these cases 
we have no formula for ranky. There are also examples of two problems which 
seem very similar on the surface, but one turns out to be much harder than the 
other. For example, the problem of computing the rank of the inclusion relation 
of 2-dimensional subspaces in (n — 2)-dimensional subspaces in a vector space of 
dimension n > 5 is unsolved. In contrast, a simple formula is known [14] for the 
rank of the relation of nonzero intersection. It is therefore desirable, for a given R, 
to have some idea a priori of the complexity of the kG-submodule lattice of Imn. 
From this point of view, the oppositeness relations (defined below), which will be 
shown to give simple modules, can be considered to form the starting point of the 
theory. 


2 Oppositeness in Buildings 


Let Rt denote the set of positive roots. The length of an element w € W, denoted 
£(w), is the length of the shortest expression for w as a word in the generators w;. 
This is also equal to the number of positive roots which w transforms to negative 
roots. There is a unique element of maximal length, denoted wo, which sends all 
positive roots to negative roots. 

Notions of oppositeness exist at the level of types and at the level of objects. Two 
types J and K are opposite if {—wo(a;) | i € J} = {a; | j € K}, or, equivalently, 
if {Wow;wo | i € J} = {w; | i € K}. In other words, two types are opposite when 
they are mapped to each other by the symmetry of the Dynkin diagram induced 
by wo. If wo = —1, then every type is opposite itself; this holds for all connected 
root systems except for those of type Ae, De (£ odd) and E¢. Let J and K be fixed 
opposite cotypes. An object P;g of cotype J and an object Pgh of cotype K are 
opposite each other if Pxhg Py = PrwoPy (=> Pgh Cc PywoPkg <> 
Pyg C PrwoPyh). 

The definition of oppositeness is a precise way to formulate the intuitive idea of 
two objects being in “general position.” From now on we shall let J and Ķ be fixed 
opposite cotypes. 
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a4 


Fig. 1 E¢ diagram showing two opposite types 


Example 2.1. Consider a universal Chevalley group G type Ag and J = I \ {i}. 
Then G = SL(V) for an (£ + 1)-dimensional vector space V. The objects of type 
{i} can be identified with i-dimensional subspaces of V and objects of the opposite 
type {€+ 1—7} can be identified with £+ 1—i-dimensional subspaces. A subspace of 
type {i} is opposite one of type {£ + 1 — i } if their intersection is the zero subspace. 
A familar special case is when £ = 3 andi = £+1-—i = 2. If we think projectively, 
the objects are lines in space and the oppositeness relation is skewness. 
More generally, an object of cotype J = {j1,..., jm} is a flag 


Va C Vig Coe C Vin 


of subspaces of V with dimV;, = i;. If Vi D V% D ++ D Vy, is an object of the 
opposite type, then the two flags are opposite iff Vi; N Vi, = {0}, for j = 1,...,m. 


Example 2.2. Let G be of type Be or Ce with £ > 2 or De with £ > 3 and let 
J = I \ {1}. Then J is opposite to itself. In the By case, objects of cotype J 
can be identified with singular points (one-dimensional subspaces) with respect 
to a nondegenerate quadratic form in a finite vector space of dimension 2¢ + 1. 
Two singular points are opposite if and only if they are not orthogonal. Similarly, 
objects of cotype J can be viewed as singular points of a 2¢-dimensional vector 
space with respect to a symplectic symplectic form for type Cz or a quadratic 
form for type Dz, with oppositeness interpreted as non-orthogonality. Two points 
are opposite if and only if they do not lie on a singular line. Thus, the concept 
of oppositeness generalizes the concept of collinearity of singular points in these 
classical geometries. 


Example 2.3. Consider a universal Chevalley group G of type E¢(q). This group 
has a concrete description as the group of linear transformations which preserve a 
certain cubic form on a 27-dimensional vector space V over F}. The geometry of 
this space has been studied in great detail. (See [1, 9, 10].) Consider the objects of 
type | and the opposite type 6. (See Fig. 1.) We can view these, respectively, as the 
singular points and singular (in a dual sense) hyperplanes of V. A singular point (v) 
is opposite a singular hyperplane H if and only v ¢ H. 
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For further examples of oppositeness, we refer the reader to [5]. 

Let A = A; x be the incidence matrix of the oppositeness relation, with rows 
indexed by objects of cotype J (in some order) and columns indexed by objects of 
cotype K. Suppose G is defined over F}, where q is a power of p. Brouwer [5] has 
shown that each eigenvalue of AA’ is a power of g, where A’ is the transpose of A. 

In the following sections, we show that the p-rank of the incidence matrix A is 
the dimension of an irreducible p-modular representation of G. This fact is derived 
as a corollary of a general theorem of Carter and Lusztig [7]. Then we describe 
the simple module in terms of its highest weight and show, using Steinberg’s Tensor 
Product Theorem that, given a root system and choice of opposite types, the p-ranks 
can be computed for all q once they are known in the case q = p. We then discuss 
methods for computing the character of the simple module in some examples. 


3 Some Lemmas on Double Cosets 


Let Vy be the subspace of V spanned by Sy = {œ; |i € J}. Then Ry = RO V} 
is a root system in Vy with simple system Sy and Weyl group Wz. For w € Wj, 
its length as an element of Wy is the same as for W. Let wy be the longest element 
in Wy. 

The following is immediate from the definition of opposite types. 


Lemma 3.1. If wo = w*wy = wxw’ then w* = wi’. oO 


For w € W, we recall that U; = U Nw! woUwow. For w # 1 this group 
is a nontrivial p-group. We also have that given a choice of preimage ny € N 
of w, each element of BwB can be written as a unique product g = bn,,u, with 
b € B andu € U; . Thus, | U; | equals the number of cosets Bg’ in BwB, which 
is equal to q“") in the untwisted case. In the case of twisted groups, the equation 
| U; |= q° is also valid if q is taken to be the level [11, Definition 2.1.9] of the 
Frobenius endomorphism defining G (which is a prime power or, for Suzuki and 
Ree groups, the square root of an odd power of 2 or 3) and £(w) means the length in 
the Weyl group of the untwisted root system. We refer to [11, Theorems 2.3.8 and 
2.4.1] and [6]. We shall use only the obvious fact that U is a nontrivial p-group 
when w # 1.) 


Lemma 3.2 ([5], Proposition 3.1). We have PewoPy = Pgw*P; = Prw*B. 
The number of cosets Px g in Pewo Py is gi"), oO 
Lemma 3.3 (cf. [5], Corollary 3.2). Let w € Wz. Then B(w*w)B C PgwoP;. Let 


x € G. Fora given coset Pgh C Pxwo P x, the number of cosets Bg C Bw*wBx 
such that Bg © Pgh is q0. 
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Proof. The first assertion is true because Prw*wPy = Pgw* Py = PxwoP,. The 
rest follows by counting. The number of cosets Pgh C PxewoPyg is gh") and the 
number of cosets Bg C Bw*wBx is gi") = gh +e), 


4 Permutation Modules on Flags and Their Oppositeness 
Homomorphisms 


Let k be an algebraically closed field of characteristic p. Recall from the Intro- 
duction that F; denotes the space of functions from the set P;\G of objects of 
cotype J to k, with left kG-module structure given by (1). Also, dp,,¢ denotes 
the characteristic function of the object Pyg € P ,\G and these functions form 
a permutation basis of Fz. (The module F; is isomorphic to the kG-permutation 
module on the left cosets of Py in G by the map sending 5p,, to g~' Py.) The 
relation of oppositeness defines the kG-homomorphism 7 : Fy > Fx given by 


n(f(Pxh)= X f(Prg) (3) 


PygSPywoPKh 


and we have 


nr) = XO Sre 


PxhCPKwoPJg 
The following result is essentially a corollary of more general results in [7]. 


Theorem 4.1. The image of ņ is a simple module, uniquely characterized by the 
property that its one-dimensional U -invariant subspace has full stablizer equal to 
P3, which acts trivially on it. 


The next subsections describe some results in [7] and explain how Theorem 4.1 
follows from them. 


4.1 Fundamental Endomorphisms of Fg 
Let F = Fg. For each w € W we define Ty € End; (F) by the formula 


T(f(Bs)= J fg’). 
Bg/CBw-!Bg 
Then 
Ty € Endgg(F), forallwe W. 
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One can show (see [7]) that 
Tww = TyTy if L(ww') = £(w) T ew’). 
Let w € W have reduced expression 


wj oe 


n 


“Wi. 


We consider the partial products w;,, w;,wj,,...Wj;, *** Wj- The positive roots sent 
to negative roots by each partial product are also sent to negative roots by each 
of its successors and each partial product sends exactly one more positive root 
to a negative root than its predecessors. Explicitly, the new positive root sent by 
Wj; °** Wj), to a negative root is wj; ---w,;,_,(7;,). With this in mind, we can define 
the endomorphsim O7, of [7, p.363] for any J subset of 7. 

For any reduced expression 


Wo = W jp Wii 


define 


O; = Twi if Wj Wiaj) £ Vy (4) 
I+ Twi if Wht’ Wii (7j) Ee Vj 


and set 
J — maj mj > ... (Hj. 
Oii = 0;,0;,_, °° Oje 


The definition depends on the choice of reduced expression but it is shown in 
[7] that different expressions give the same endomorphism up to a nonzero scalar 
multiple. 

We can now state the result from which Theorem 4.1 can be deduced. We 
recall that in every simple AG-module the subspace fixed by the subgroup U is 
one-dimensional. Therefore, the full stabilizer in G of this subspace must contain 
Nc(U) = B, so must be equal to some standard parabolic subgroup Pg, Q C T. 
Thus this line is a one-dimensional k Pg-module. 


Theorem 4.2 ([7], Theorem 7.1). The image OM (F) is a simple kG-module. The 
full stablizer of the one-dimensional subspace of U -fixed points in this module is Py 
and the action of Pj on this one-dimensional subspace is trivial. 


(Our space F is the space denoted F, in [7] when y is the trivial character.) 


4.2 Proof of Theorem 4.1 


Let 
Wy = Wi, 1° Wi Wir (5) 
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be a reduced expression for wy. The above expression can be extended to a reduced 
expresion 
Wo = Wig 0° * Win 4 Win °° Wi (6) 


of wo. Thus m =| RF | and k =| R* |. 
Then 
W = Wig Wingi (7) 


is a reduced expression for w*. We choose the special expression (6) for wo to define 
ef a Since wy sends all positive roots in Vy to negative roots and wo sends all 
negative roots to positive roots, it is clear that for the first m partial products the new 
positive root sent to a negative root belongs to Vz, and that the new positive roots 
for the remaining partial products are the elements of R* \ R}, so do not belong to 
V,. Thus we have 


OF = Tw + Tin) A + Ta), (8) 


wo 
Since £(w*w) = €(w*) + €(w) for allw € Wy, we see that OHA is a sum of 
endomorphisms of the form Tw*w, for certain elements w € Wz, with exactly one 


term of this sum equal to Tẹ». 
Let xy : F — Fy be defined by 


(s(f))(Prg) = D> f(Bh) 


BhCP jg 


and zx defined similarly. It is easily checked that wy and zx are kG-module 
homomorphisms and they are surjective since 27(5g) = dp,. 

We can now complete the proof of Theorem 4.1. The main step is to compare 
ny with txT,*y for w € Wj. For f € F, we compute 


InP N(Pee= >) Y f(Bx) 
PyhCPyw*—! Peg BxCPyh 
= DY fx (9) 


BxCPyw*—! Pre 


and 


II 


[7x (Tww(S))] (Pxh) = $O (Tew f)(B8) 


Bgc Pph 


> SY > f(Bx) 


BgSPxh BxCB(w*w)—!Bg 


~~ Dd sx) 


Bgc Pgh BgCB(w*w) Bx 


=g™ So f(Bx), (10) 


BxCPyw*—! Peg 


II 
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where the last equality follows from Lemma 3.3, since Bx C B(w*w)' Bg if and 
only if Bg C Bw*wBx. Thus, we have for each w € Wy a commutative diagram 





gh™ n 
Fj FK 
| "i l (11) 
Tww* 
F F, 





which means that for w # 1 we have zg Tyy* = 0. It now follows from (8) that 
TKO}, = axTy* = nay. Therefore, since 07 (F) is simple and nz; (F) Æ 0, 
we see that nz (F) & @ (F). Finally, since xy is surjective, we have n(F,;) & 


oF (F). This completes the proof of Theorem 4.1. o 


5 Highest Weights 


If G is a universal Chevalley group or a twisted subgroup of such a group then 
there is an algebraic group G(k), the Chevalley group over k, and a Frobenius 
endomorphism o of G(x) such that G is the group of fixed points of o. References 
for this theory are the original paper [16, 12.4] or the very complete account in [11, 
Chap. 2]. 

The simple &G-modules are restrictions of certain simple rational modules L(A) 
of G(k) [16, 13.1], where A is the highest weight of the module. This connection 
is well known; for definitions and details we refer to the original sources [15, 16]. 
The simple module L(A) has a unique B-stable line, and T acts on this line by the 
character À. 

Assume that G is a universal Chevalley group over F,. By Steinberg’s theorem 
[16, 13.3], the simple G(k) modules with highest weights in the set of q-restricted 
weights 

L 
X, = JA =) aow € X4|0<a; <q- 1 (Yi) 
i=l 
remain irreducible upon restriction to G and this gives a complete set of mutually 
non-isomorphic simple k G-modules. 

It is useful to identify the highest weight of the module in Theorem 4.1. We 
may assume that R is indecomposable, since simple modules for direct products are 
easily described in terms of the factors. 

Let Àopp denote the q-restricted highest weight such that the restriction of the 
simple G(k)-module L(Aopp) to G is the simple module in Theorem 4.1. The 
condition in Theorem 4.1 that Py is the full stabilizer in G of the one-dimensional 
highest weight space of L(Aopp) is equivalent to the condition that fori = 1,..., 


282 P. Sin 


£, (Aopp,@”) = 0 if and only if i € J. The condition in Theorem 4.1 that Py 
acts trivially on the highest weight space means that the restriction of Aopp to T 
is the trivial character, which in turn means that, when opp is written as a linear 
combination of fundamental weights, all of the coefficients must be 0 or q — 1. 
These conditions allow us to identify Aopp. The fundamental weights œw; for the 
ambient algebraic group are indexed by J, and Aopp = J;e 1\ 7(q — laj. 

Consider next a twisted group G, constructed from an overlying universal 
Chevalley group G* over F,, as the group of fixed points of an automorphism 
induced by an isometry p of order e of the Dynkin diagram of G*. Then g = q6 
for some prime power qo. Let 7* = {1,...,€*} index the fundamental roots for 
G*. Then the index set J for G labels the p-orbits on 7*. Let w;, i € I* be the 
fundamental weights of the ambient algebraic group. For J C T, let J* C I* be 
the union of the orbits in J. Then Agpp = Vier \s* (qo — loi. 

Finally, we consider the case of Suzuki and Ree groups. Here G is the subgroup 
of fixed points in G(k) of a Steinberg endomorphism t which induces a length- 
changing permutation of the Dynkin diagram of G(k) and such that t? = o is a 
Frobenius endomorphism of G (k) with respect to a rational structure over a finite 
field F,. Then the set J for G indexes the subset of fundamental weights of the 
ambient algebraic group which are orthogonal to the long simple roots, and for 
J C I, we have App = Viens 4 — 1)a;. 


Example 5.1. As examples, we can consider the extreme cases. If J = K = I, 
then L(Aopp) S k. If J = K = Ø, L(Aopp) is the Steinberg module of the group G, 
which has dimension equal to the the order of U, a p-Sylow subgroup of G. 


From the discussion above, we see that opp has the form (q — 1)@, where @ 
is a sum of fundamental weights. If q = p‘, then by Steinberg’s Tensor Product 
Theorem, we have an isomorphism 


L((q = DE) = Lp = DË) ® L((p = 16) 8- 8 L(p = DEP (12) 


as modules for the algebraic group. Here, the superscripts indicate twisting by 
powers of the Frobenius morphism. This twisting changes the isomorphism type 
of a module, but does not change its dimension. In particular, we have the following 
numerical result. 


Proposition 5.2. Let the root system R and opposite cotypes J and K be given and 
let A(q) = A(q)j x denote the oppositeness incidence matrix for objects of cotypes 
J and K in the building over F}, where q = p'. Then rank, A(q) = (rank, A(p))’. 


Remark 5.3. The proposition states that once rank, A(p) is known then we know 
rank, A(q) for all powers q of p. This reduction of the computation to the prime case 
is significant from the viewpoint of representation theory of algebraic groups, where 
the Weyl modules with modules highest weight (p — 1)@ are much less complex in 
structure than those of highest weight (p? — 1)@, say. 
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A very useful tool for analyzing Weyl modules is the Jantzen Sum Formula [12, 
II.8.19]: The Weyl module V(A) has a descending filtration, of submodules V(A)', 
i > 0, such that 


V(A)! =radV(A), (so that V(A)/V(A)! = L(A)) 


and 


yd cnv(ay’) = — > vp(mp)x(A—mpa) (13) 


i>0 a>0 {m:0<mp<(A+p,aY )} 


First, we recall the notation in this formula (which is standard, and follows from 
[12]). The module V(A) is the Weyl module and the module L(A) is its simple 
quotient. The weight p is the half-sum of the positive roots and v,(m) denotes the 
exponent of p in the prime factorization of m. Finally, the character y(u) is the so- 
called Weyl character; there is a unique weight of the form w’ = w(u + p) — p 
in the region {v : (v + p,aY) > 0,Va € Rt}, where w € W. Then y(u) 
is the sign(w)ChV(w’) if u’ is dominant, and zero otherwise. The usefulness of 
the sum formula is based on the fact that the characters of the Weyl modules 
themselves are given by Weyl’s Character Formula, so that the right hand side can be 
computed from p, R and A. In [2] there is a detailed description of a procedure for 
performing this computation. We shall refer to the quantity in (13) as the Jantzen 
sum for V(A). As can be seen from the left hand side of (13), the Jantzen sum 
gives an upper estimate on the composition multiplicities in the radical of the Weyl 
module V(A) in terms of the composition factors of Weyl modules which have lower 
highest weights. Sometimes, for weights of a special form, more information can be 
obtained, using induction and other facts from representation theory. For example 
when we start with a weight of the form A = (p — 1), it may be that the highest 
weights of the Weyl characters y(u) in the Jantzen sum are very few in number 
or all have a similar form, such as ræ for r < p — 1. In such cases, it is possible 
to deduce the character of L((p — 1)@). Numerous examples of this method were 
worked out in detail in [2]. 


6 Examples 


We consider again some of the examples from the Introduction. 


Example 6.1. For type Ag, J = I \ {i}, the p-ranks have been computed in [14]. (In 
fact it is the p-rank of the complementary relation of nonzero intersection which is 
computed, which equals one plus the p-rank for zero intersection.) In this case, the 
simple modules L((p — 1)@;) can be found without reference to Weyl modules. Let 
S(i(p — 1)) denote the degree i(p — 1) homogeneous component of the truncated 
polynomial ring k[xo,..., x¢]/(x?;0 < i < £), with G = SL((£ + 1,k) acting 
through linear substitutions. Then it is well known and elementary to show that 
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S(i(p — 1)) is a simple kG-module. By inspecting the highest weights, we see that 
S(i(p —1)) S L((p — I)we41-;), fori = 1,..., £. 


Example 6.2. For the examples of types Be, Ce and De, with J = TI \ {1} 
concerning singular points in classical spaces, the p-ranks have been computed 
in [2] by analysis of the Weyl modules, as outlined above. The Weyl modules in 
question are V((p — 1)@,) and for type Ce they are simple, so work is only needed 
for types By and Dz. The method can also be extended to the classical modules of 
the classical groups of twisted type, namely the non-split orthogonal groups (type 
2 De) and the unitary groups (type 7A). In the latter case, one must study the Weyl 
module V((p — 1)(@; + @¢)), in accordance with our discussion in Sect. 5. 


Example 6.3. We will sketch the computation of the p-rank for Example 2.3. The 
Jantzen sum for V((p — 1)@ 1) is equal to the following: 


X((p — 7)a1 + 3a6) — x((p — 8)a1 + w4 + 26) + x((p — 9)wı + œ + ws) 
—xX((p — 10)wı + œ + ws) + x((p — 11)@ + 2%2) (14) 


The next step is to study the structure of the Weyl modules appearing in this 
character, again by using the sum formula. 

We observe first that the Jantzen sum for V((p — 11)@, + 2@2) is zero, so this 
Weyl module is simple. 

Next, the Jantzen sum for V((p — 10)@1 + @2 + ws) is y((p — 11)wı + 2%2). 
It follows that the radical of V((p — 10)@; + w2 + ws) is isomorphic to the simple 
module V((p — 11)@1 + 2@2). 

The Jantzen sum for V((p — 9)a@ + 3 + ws) is equal to 


X((p — 10)@1 + œ + 5) — x((p — 11)a1 + 22), 
which by the previous paragraph is equal to ChL ((p —10)@1 + wz +s). Therefore, 
radV((p — 9)wı + @ + w6) S L((p — 10)wı + @2 + w5). 
The Jantzen sum for V((p — 8)wı + @4 + 26) is 


X((p — 9) + w3 + ws) — x((p — 10)@ + w2+as) + x((p — 11)o: + 2%2) 
= ChL((p — 9) + w3 + %6), 
which leads us to conclude that radV((p — 8)@; + w4 + 2w6) = L((p — 9)wı + 
@3 + w6. 


The Jantzen sum for V((p — 7)@, + 3a@¢6) is 


X((p — 8)@1 +4 + 206) — X((p — 9)a1 + @3 + ws) + X((p — 10)@1 +0@2+05) 
—x((p — 11)@, + 2@2) & ChL ((p — 8)wı + w4 + 206). (15) 


Hence, radV ((p — 7)@ + 306) = L((p — 8)a@ + w4 + 206). 
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Finally, by (14), we have radV((p — 1)a@,) = L((p — 7)@, + 3w6). Therefore, 
there is an exact sequence 
0 > V((p — 11a; + 2@2) > V((p — 10)wı + @2 + ws) 
> V((p — Yai + w3 + 6) > V((p — 8)a + 4 + 206) 
—> V((p —7)a) + 36) > V((p — ar) > L((p — Iai) > 0 


The dimensions of the V(jz) are given by Weyl’s formula. Hence, 


1 
dim L((p — 1)a1) = 735112” + 1)(p + 3) 


x (3p — 12p’ + 39p + 320p° 
—550p* + 1240p? + 2080p* — 1920p + 1440) 
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Modular Representations, Old and New 


Bhama Srinivasan 


To the memory of Harish-Chandra 


Abstract The modular representation theory of finite groups has its origins in the 
work of Richard Brauer. In this survey article, we first discuss the work being 
done on some outstanding conjectures in the theory. We then describe work done in 
the eighties and nineties on modular representations in non-defining characteristic of 
finite groups of Lie type. In the second part of the article, we discuss some recent de- 
velopments in the theory for symmetric groups and Hecke algebras, where remark- 
able connections with Lie theory and graded representation theory have been made. 


Subject Classifications: Primary 20C20, Secondary: 20C33, 20C30, 20C08 


Keywords Modular representations 


1 Introduction 


The art of story telling is very old in India, as is evidenced by the great epics 
Ramayana and Mahabharata. Even now lectures by scholars who tell contemporary 
versions of these epics are very popular, as was a TV series on the Ramayana, where 
it is said that a train stopped at a station long enough for the passengers to get out 
and see the latest episode. 

In this paper, I would like to tell a story of modular representations of symmetric 
groups, Hecke algebras and related objects, starting from Brauer’s introduction of 
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the concept and describing some recent developments connecting this theory with 
Lie theory. 

We begin with stating some conjectures in the representation theory of finite 
groups, some of them being long-standing, and discuss recent progress in them. 
We then discuss the ordinary, or characteristic 0, representation theory of finite 
reductive groups, including Harish—Chandra theory and Deligne—Lusztig theory, 
which also play a role in the modular representation theory. The main theorem in 
the classification of blocks in the £-modular representation theory is stated. 

In recent years, there has been a new direction in the modular representation 
theory of symmetric groups and Hecke algebras via connections with Lie theory, 
leading to the concept of graded representation theory. A detailed, definitive account 
of these developments has been given by Kleshchev [32]. In the second part of the 
paper we give an introduction to these ideas, and hope that the reader will then be 
encouraged to read [32] and other papers in the literature. 


1.1 Notation 


Given an algebra A, A — mod (resp. A — pmod) is the category of finitely 
generated A-modules (resp. projective A-modules). For a category A, Ko(A) is the 
Grothiendieck group. For an algebra A, Ko(A) is the Grothiendieck group of the 
category A — mod. 

For a finite group G, Irr(G) is the set of ordinary irreducible characters of G. The 
usual inner product on the space of class functions on a finite group will be denoted 


by (—, —). 


2 Finite Groups 


References for this section are [14, Chap. 12]. All groups in this section will be 
finite. 

Let G be a finite group. The theory of group characters goes back to the work of 
Frobenius. If p : G + GL(n, K) is a representation of degree n over a field K, the 
character y of p is the class function on G defined by x(g) = Tr(p(g)). If K =C 
(or a sufficiently large field of characteristic 0) the (ordinary) irreducible characters 
form an orthonormal basis of the space of K-valued class functions on G. The 
number of ordinary characters is the number of conjugacy classes of the group, 
and this leads to a “character table” for the group which yields a lot of information 
about the group. We can now state 


Problem 1. 


(1) Classify and describe the (ordinary) irreducible characters of G over K as 
above, e.g., give their degrees. 
(2) Describe the character table of G. 
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For some well-known groups such as the symmetric group S, or the finite general 
linear group GL(n,q) we can answer these questions. In a fundamental paper in 
1955, Green constructed the characters of the groups GL(n, q) (see e.g., Springer, 
Characters of special groups, in [7]). 

Frobenius computed the first character table, that of PSL(2, p). He also defined 
the important notion of induced characters, which we still use today even though 
there are generalizations for groups of Lie type, for example. 

The theory of modular representations, i.e., the representations of G over a 
field k of characteristic p where p divides the order of G was developed by 
Richard Brauer starting in the 1930s. In this case, Brauer defined characters of the 
irreducible representations as complex-valued functions on the p-regular classes 
of the group, and they are now called Brauer characters. Brauer then divided the 
ordinary characters into subsets called “blocks” as follows. 

Let K be a sufficiently large field of characteristic 0, O a complete discrete 
valuation ring with quotient field K, and k a residue field of © such that the 
characteristic of k is p. Consider the algebras KG, OG, kG. We have OG = 
Bı ® B2 ®...@ Bn where the B; are “block algebras,” indecomposable ideals of 
OG. We have a corresponding decomposition of kG. The principal block is the one 
which contains the trivial character of G. 

An invariant of a block B of G is the defect group, a p-subgroup P of G, 
unique up to G-conjugacy. One definition of P is that P is minimal with respect to: 
Every B-module is a direct summand of an induced module from P. The “Brauer 
correspondence” then gives a bijection between blocks of G of defect group P and 
blocks of Ng(P) of defect group P. 

An ordinary representation of G, i.e., a representation over K, is equivalent to a 
representation over O, and can then be reduced mod p to get a modular represen- 
tation of G over k. Then one can define the “decomposition matrix,” the transition 
matrix between ordinary characters and Brauer characters. This leads to: 


— A partition of the ordinary characters, or KG-modules, into blocks 
— A partition of the Brauer characters, or kG-modules, into blocks 
— A partition of the decomposition matrix into blocks 


Example: As, p = 2: Ordinary characters in the principal block: 








Order of element 1 2 3 3 5 

Class size 1 15 20 12 12 

val 1 1 1 1 1 

X2 5 1 —1 0 0 

x 3 =f 0 55-1 Buy 
Xa 3 <1 o 4x5 Eyi 
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Example: As, p = 2: Brauer characters in the principal block: 











Order of element 1 3 3 5 
Class size 1 20 12 12 
yi 1 1 1 1 
1+-/5 1-5 
y 2 1 a 1 =. 1 
Ws 2 1 =y] HY] 
1111 
Decomposition matrix for Principal Block of As: | 001 1 
0101 


Some of the main problems in the modular theory are: 


Problem 2. 


1. Describe the Brauer characters of G over a (sufficiently large) field k of 
characteristic p as above, e.g., give their degrees. 

2. Describe the blocks. 

3. Find the decomposition matrix D. 

4. Global to local: Describe information on the block B by “local information,” i.e., 
from blocks of subgroups of the form Ng(P), P a p-group. 


Problem 2(1) is hard, and still open even for S,, and GL(n, q). We will say more 
about (2) and (3) later. We discuss (4) below. 

The Sylow theorems are among the first facts we learn about finite groups. One of 
Brauer’s insights was to realize the importance of what we now call local subgroups 
of a group G, i.e., subgroups of the form Ng(P) where P is a p-subgroup of G, 
for p- modular representation theory. His idea is that “global information” about a 
p-block of G must be obtainable from “local information,” i.e., the characters of 
Noc(P) where P is the defect group of the block. A striking example of this is when 
the defect group of the block is cyclic (see [1, p. 126]). 

There have been several conjectures put forward in modular representation theory 
relating the characters in a block of G with the characters in blocks of local 
subgroups of G. Of these, the simplest to state is the McKay conjecture, which 
asserts that for every finite group G and every prime p, the number of irreducible 
characters of G having degree prime to p is equal to the number of such characters 
of the normalizer of a Sylow p-subgroup of G. There also exists a block-wise 
version, the Alperin—Mckay conjecture, comparing characters in blocks of G and 
in the normalizer of their defect groups. The Alperin weight conjecture counts 
the number of Brauer characters [13, p.96], [42]. There are various further deep 
conjectures in the representation theory of finite groups, the most elaborate ones 
being the Isaacs—Navarro conjectures, Dade’s conjectures and Broué’s conjectures 
[2,42]. 
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The McKay-conjecture was proved for solvable groups and more generally for 
p-solvable groups as well as for various classes of non-solvable groups, like the 
symmetric groups and the general linear groups over finite fields, but it remained 
open in general. Recently, Isaacs, Malle and Navarro [22] reduced the McKay 
conjecture to a question about simple groups and gave a list of conditions that they 
hoped all simple groups will satisfy. They showed that the McKay conjecture will 
hold for a group G if every simple group involved in G satisfied these conditions. 
For more on this problem, see [39, 40]. These are conjectures at the level of 
characters. 

Let O be as above. Given a block B of a group G and a block b of a group 
H (e.g, H = Ng(D), D defect group of B), a perfect isometry is a bijection 
between Ko(B) and Ko(b) preserving certain invariants of B and b, and an isotypy 
is a collection of compatible perfect isometries [9]. Here, B and b are regarded as 
O-algebras. At the level of characters, Broué’s conjecture is that there is a perfect 
isometry between Ko(B) and Ko(b) where H = Ng(D). At the module level we 
have Broué’s abelian defect group conjecture [9], which we state below. 

If A is an O-algebra, D’ (A) is the bounded derived category of the category 
A — mod. It is a triangulated category. 


2.1 Broué’s Abelian Defect Group Conjecture 


Conjecture 2.1. Let B be a block of G with the abelian defect group D, b the 
Brauer correspondent of B in Ng(D). Then D’ (B) and D? (b) are equivalent as 
triangulated categories. 


A discussion of the Abelian Defect Group Conjecture is in the 1998 ICM address 
of Rickard [44]. Marcus [42] gives the current status of the conjecture and describes 
some of the methods used to prove it. 


3 Finite Reductive Groups 


References for this section are [10, 11, 13,15, 19]. 

Until 1955 the known finite simple groups which included the classical groups 
and the alternating groups were all studied separately. A fundamental paper of 
Chevalley [12] changed this by giving a unified treatment of finite simple groups, 
arising from simple Lie algebras. A treatment of this theory can be found in [11]. 

The modern view is as follows. Let G be a connected reductive group defined 
over F}, F a Frobenius endomorphism, F : G > G. Then G = GF, the group of 
F-fixed points of F, is called a finite reductive group (or finite group of Lie type). 
Using the structure of reductive algebraic groups we get subgroups of G as follows. 
A torus is a closed subgroup T ~ F* x F* x--- x F*, where F is an algebraic 
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closure of F}. A Levi subgroup L is the centralizer Cg(T) of a torus T. A Borel 
subgroup B is a maximal connected solvable subgroup. By taking F -fixed points we 
get tori T, Borel subgroups B and Levi subgroups L in G. In G there may be several 
conjugacy classes of maximal tori, but there is, up to conjugacy, a distinguished pair 
T C B of a maximal torus and a Borel subgroup in G. A subgroup containing a 
Borel subgroup is a parabolic subgroup of G. A parabolic subgroup P has a Levi 
decomposition P = LV where L is a Levi subgroup and V is the unipotent radical 
of P. 


Examples. G = GL(n,q), U(n,q), Sp(2n,q), or SO*(2n,q). In GL(n, q) Levi 
subgroups L are isomorphic to []; GL(m;, q“). 

The modular representation theory of finite reductive groups over a field of 
characteristic p where p divides q (the “defining characteristic”) was in fact 
developed earlier than the ordinary representation theory. The work of Curtis on 
this in the setting of “BN-pairs” is described in [7]. This theory is modeled on the 
highest weight theory for representations of semisimple Lie algebras and Lie groups. 
Later work in this theory, again viewing the finite groups as coming from algebraic 
groups via a Frobenius morphism, is due to Andersen, Humphreys, Jantzen, Lusztig, 
Soergel and others. The reader is referred to [21] for this rich theory which we will 
not describe in this paper. 

In the ordinary representation theory of finite reductive groups, Curtis, Iwahori 
and Kilmoyer constructed the “principal series” for G by inducing characters of 
a Borel subgroup and showing that the endomorphism algebra of the induced 
representation is a Hecke algebra (these days sometimes called Iwahori-Hecke 
algebras) (see [15, Sect. 67]). This then led to Harish—Chandra theory, described 
below. 

Let P be an F-stable parabolic subgroup of G and L an F-stable Levi subgroup 
of P so that L < P < G. Then Harish-Chandra induction is the following map: 
RẸ : Ko(KL) —> Ko(KG), where K is a sufficiently large field of characteristic 0 
as before, such that if y € Irr(L) then RẸ (y) = Ind¢ (W) where j is the character 
of P obtained by inflating y to P, using the Levi decomposition P = LV of P. 

We say x € Irr(G) is cuspidal if (x, RẸ (y)) = 0 for any L < P < G where P 
is a proper parabolic subgroup of G. The pair (L, @) is a cuspidal pair if 0 € Irr(L) 
is cuspidal. We then have the main theorem of Harish-Chandra induction: 


Theorem 3.1. (i) Let (L,0), (L’,6’) be cuspidal pairs. Then (RẸ (0), R&,(0’)) = 0 
unless the pairs (L,@), (L’, 0’) are G-conjugate. 

(ii) If x is a character of G, then (x, RẸ (0)) £ 0 for a cuspidal pair (L, 0) which 
is unique up to G-conjugacy. Thus Irr(G) is partitioned into Harish-Chandra 
families: A family is the set of constituents of R$ (0) where (L, 0) is cuspidal. 





The endomorphism algebras of Harish-Chandra-induced cuspidal representa- 
tions from parabolic subgroups were then investigated and described by Howlett 
and Lehrer (see [10, Chap. 10]). However, not all irreducible representations, in 
particular the cuspidal ones, were obtained this way. There were some character 
tables as well as the work of Green on the characters of GL(n,q) which led to the 
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idea (attributed to Macdonald by Springer in [Cusp forms in finite groups [7]]), that 
there should be families of characters of G corresponding to characters of maximal 
tori. This was in fact what was proved in the spectacular paper of Deligne and 
Lusztig in 1976 using €-adic cohomlogy, where £ is a prime not dividing q. They 
introduced a map Re : Ko(Q;T) — Ko(Q,G) where T is a maximal torus of G. 
Lusztig later generalized this map, replacing maximal tori by Levi subgroups, and 
we will describe this below. 

Suppose L is an F-stable Levi subgroup, not necessarily in an F-stable parabolic 
P of G. Let £ be a prime not dividing q. The Lusztig linear operator is a map RE i 
Ko(Q,L) — Ko(Q,G), which has the property that every y in Irr(G) is in RS (0) 
for some (T, 0), where T is an F-stable maximal torus and 6 € Irr(T). 

The unipotent characters of G are the irreducible characters y in RS (1) as T runs 
over F -stable maximal tori of G. Here | is the trivial character of T. If L < P < G, 
where P is a F-stable parabolic subgroup, RE is just Harish-Chandra induction. 

To see how the map RE is constructed using an algebraic variety on which G and 
L act, see [19, Chap. 11]. 

In a series of papers and in his book [37], Lusztig classified all the irreducible 
characters of G, provided G has a connected center. (This restriction was removed 
by him later.) This classification leads to two new orthonormal bases of the space 
C(G) of Q;-valued class functions of G: the basis of “almost characters” and the 
basis of characteristic functions of F-stable character sheaves on G. Character 
sheaves are certain perverse sheaves in the bounded derived category DG of 
constructible Q;-sheaves on G. Lusztig then conjectured that the almost characters 
coincide with the characteristic functions of F-stable character sheaves on G, up 
to a scalar multiple, if the characteristic p of Fg is “almost good”. This conjecture 
has now been proved by Shoji and others in many cases, including groups G with 
a connected center (see [46]). If the conjecture is true, including the precise values 
of certain scalars, the character table of G is determined in principle. This shows 
the power of geometrical methods in representation theory. Indeed, the theory of 
character sheaves is an aspect of “geometric representation theory”, a flourishing 
area of research. 


4 Symmetric Groups, General Linear Groups, Finite Reductive 
Groups 


References for this section are [13, 23, 26-29]. 

Many expositions of the ordinary representation theory of the symmetric group 
Sn over Q are available (see e.g., [28, 29]). If y € Irr(G) then we can write y = x, 
where À is a partition of n. Then there is a Young diagram corresponding to À and 
p-hooks, p-cores are defined, so that we can talk of the p-core of a partition A for a 
prime p. 
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In the modular representation theory, the p-blocks were classified in the famous 


Theorem 4.1 (Brauer-Nakayama [29, p.245]). The characters X}, Xu of Sn are 
in the same p-block (p prime) if and only if à and u have the same p-core. 


However, the p-modular decomposition numbers are not known for S„. The 
modular theory has taken surprising new directions which will be described later. 

We now look at the -modular theory for GL(n,q) where £ is a prime not 
dividing q (the “non-defining characteristic”) which was started in [23] and led to 
the development of the theory by several authors for finite reductive groups. 

Let q be odd. The €-blocks were classified in [23] for £ odd and extended to £ = 2 
by M. Broué. Let e be the order of q mod £. The unipotent characters of GL(n, q) 
are parametrized by partitions of n, and we denote the character corresponding to a 
partition À by %1. 


Theorem 4.2 (Fong-Srinivasan). X}, x, are in the same t-block of GL(n,q) if 
and only if A, u have the same e-core. 


Example: n = 5, £ divides q + 1, e = 2. Then y, for 5, 32, 312, 271, 1> are in 
a block. Same for $5, p = 2. 

Example: n = 4, £ divides q? + l,e = 4. Then x, for 4, 31, 212, 14 are in a 
block. 


(: ‘) has no 4-hooks. 
* OK 


The £-blocks were then classified for various special cases, and finally Cabanes 
and Enguehard [13, 22.9] proved the following theorem for unipotent blocks, which 
are in some sense building blocks for all £-blocks. 

Definition. A unipotent block of G is a block which contains unipotent 
characters. 


Theorem 4.3 (Cabanes-Enguehard). Let B be a unipotent €-block of G, £ odd. 
Then the characters in B are a union of Lusztig families, i.e., a union of constituents 


of R$ (y) for various pairs (L, y). 


This theorem leads to the following 

Surprise: Brauer Theory and Lusztig Theory are compatible! 

We have now described a satisfactory solution to Problem 2 (2), i.e., the 
classification of -blocks for finite reductive groups. We now consider Problem 2 
(3), the decomposition matrix. In the case of GL(n, q) the decomposition matrix is 
related to that of a g-Schur algebra, and this will be described in Sect. 7. In the case 
of classical groups, work has been done by Geck, Gruber, Malle and Hiss where 
£ is a so-called “linear prime,” using a modular version of Harish-Chandra theory 
[17,26]. The problem of finding the decomposition matrix in general is still open, 
even for unitary groups. For more recent work here see [27]. 
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5 Weyl Groups, Cyclotomic Hecke Algebras, qg-Schur Algebras 


References are [3, 18,41]. 

Our story continues with the introduction of some more major players. 

Weyl groups play an important role in the theory of finite reductive groups. 
For example, the conjugacy classes of maximal tori in a finite reductive group G 
are parametrized by the F-conjugacy classes in the Weyl group (see [10, 3.3]). 
There is a set of class functions on G known as “almost characters” which involves 
the characters of W and plays an important role in the character theory of G, as 
mentioned in Sect. 3. The ordinary characters of Weyl groups are understood, but as 
mentioned above the modular theory has open problems even for the type A case, 
i.e., Sn. 

The Hecke algebras which are deformations of Weyl groups and which arise 
as endomorphism algebras of induced representations of finite reductive groups 
were studied by Curtis, Iwahori and Kilmoyer [15, Chap. 8]. These Hecke algebras 
and their characters are studied from the point of view of symmetric algebras in 
the book by Geck and Pffeifer [24]. With each Hecke algebra we have certain 
polynomials called generic degrees, which when specialized give the degrees of the 
constituents of the induced representations mentioned above. Lusztig also showed 
that more complicated Hecke algebras occur as endomorphism algebras of Harish- 
Chandra induced cuspidal representations of Levi subgroups, and used these results 
to classify the unipotent representations. Variants of these Hecke algebras also 
occur in the work of Howlett and Lehrer on more general induced representations 
[10, Chap. 10]. 

Later, Ariki-Koike and Broué—Malle introduced cyclotomic Hecke algebras 
which are deformations of complex reflection groups [4]. These algebras also arise 
in the Deligne—Lusztig theory in a mysterious way, that is, they behave as though 
their specializations are endomorphism algebras of the virtual representations Re 
defined above. For example, it has been observed that there is a bijection with signs 
between the constituents of Re (A) for a suitable pair (L,A4) and characters of a 
complex reflection group [8, 3.2]. In the paper [8] there is developed a theory of 
“generic groups” which are defined with respect to root data, and the Weyl group 
plays a central role. 

The cyclotomic Hecke algebras which we are interested in are deformations of 
the groups denoted G(m,1,n) by Ariki. The group G(m, 1,7) is isomorphic to 
Zin 2 Sn . 


Definition ([32, p. 420], [3, 12.1]). The cyclotomic Hecke algebra Hn over a field 
F has generators Ti, 7>,...7;, and parameters g,v1,V2,...Vm Which satisfy the 
relations [3, 12.1]: 


(Ti — v1 )(T, — v2)... (Ti — Vm) = 0, (T; — g)(T; +4) = 0 (i = 2), 
TEAD = ToT, ToT), T;T; = T)T; @ = j +2), 
TTT; = T;-1T;T;-1 3 <i <n). 
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In particular, we get the Hecke algebra of type B or C if m = 2. It is a classical 
result that the ordinary representations of G(m, 1,7) are parametrized by m-tuples 
of partitions whose sizes add up to n. The analogous result holds for the ordinary 
representations of H, in the semisimple case. Now H, is semisimple if and only if 
qivj —ve (liļ <n, j #k) and1+q+...q' (1 <i < n) are all non-zero (see 
[4, 2.9]). In the non-semisimple case of interest to us where F has characteristic 
0, the v; are powers of q and q is an eth root of unity, we have to take e-restricted 
partitions (also called Kleshchev partitions) when m = 1, and Kleshchev multi- 
partitions when m > 1, to parameterize the irreducible modules (see [3, 12.1, 12.2]). 
Here, a partition À is e-restricted if A; —A;+, < e for alli > 1, where the À; are the 
parts of A. 

In order to study the decomposition numbers for GL(n,q) Dipper and James 
[18] introduced the g-Schur algebra. In the classical Schur—Wey] theory, the Lie 
group GL(n,C) and S4 act as centralizers of each other on a tensor space. The 
Schur algebra S4, n which has a basis indexed by partitions of n with no more than 
d parts is the image of the action of GL(n, C) on the tensor space. The q-Schur 
algebra is a deformation of the Schur algebra, defined by Dipper and James as the 
endomorphism algebra of a sum of permutation modules for the Hecke algebra H, 
of type A corresponding to Sn. 

The q-Schur algebra S, (n) is defined over any field F and involves an element 
q € F. We use the same q for Hp. 


Definition ([41, p.55]). S (n) = Endy, 9 M”. 

Here, u runs over the partitions of n, and M” is a permutation module for H,. 

At this stage, we mention another important object, the affine Hecke algebra. This 
has been studied for a long time, but is of special interest here. In a paper of Ram 
and Ramagge [45] it is shown how the representation theory (in characteristic 0) of 
Hecke algebras of classical type can be derived from the representation theory of the 
affine Hecke algebra of type A. Indeed, there is also a flourishing “Combinatorial 
Representation Theory,” see [6]. 


6 Lie Algebras 


References are [20,30,31]. 

In the classical Cartan—Killing theory, finite-dimensional semisimple Lie alge- 
bras are classified by Cartan matrices and Dynkin diagrams. Let g be a complex 
semisimple Lie algebra. There is a root lattice and a weight lattice associated with 
g. The root lattice has a basis of simple roots, and there is a concept of dominant 
weights with respect to this basis. The weight lattice has a basis of fundamental 
dominant weights, in duality with the basis of simple roots. The Cartan subalgebra h 
acts on a finite-dimensional irreducible module of g by linear functions, also called 
weights, of which one is a “highest weight”. The module is then a direct sum of 
weight spaces. 
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Kac and Moody generalized this theory to construct infinite-dimensional 
semisimple Lie algebras which are now known as Kac-Moody algebras. In this 
theory a generalized Cartan matrix A is a real matrix of the form A = (a;;) 
where aj; = 2, aj; are non-positive integers if i Æ j, and aj; = 0 if and only 
if aj; = 0. Then A is said to be symmetrizable if A = DB where D is diagonal 
and B is symmetric. The classical representation theory was also extended to the 
Kac-Moody case, but now we have to consider infinite-dimensional modules. In 
order to get a theory resembling the finite-dimensional case one considers modules 
in the category O. Then again the module is a direct sum of weight spaces for the 
Cartan subalgebra (see [31, Chap. 9]). 

Given a generalized Cartan matrix A there are (1) a semisimple Lie algebra 
(Kac-Moody algebra) g = g(A), (2) a universal enveloping algebra U(g), and (3) 
a quantum enveloping algebra (a Hopf algebra) U,(g). The universal enveloping 
algebra of a finite-dimensional semisimple Lie algebra is a classical object, but the 
quantum enveloping algebra U,(g) has been studied since the 1980s and is now a 
part of Lie theory. Its representation theory mirrors the classical theory. 

Given a Kac-Moody algebra g we have a weight lattice P with a basis {Aj;, 
i € I} of fundamental dominant weights and the notion of a dominant integral 
weight in P. If A is a dominant integral weight then g has an irreducible integrable 
module V(A) which is the direct sum of weight spaces for the Cartan subalgebra 
[31, Chaps. 9 and 10]. 

The quantum enveloping algebra U,(g) is generated by E;, Fj, Ke, i € I, with 
some relations. We have a triangular decomposition (isomorphism of vector spaces) 
U, (g9) = Ugt (g) ® U3’ (9) ® Ug" (g) (see [30, 4.3 and Theorem 4.21], [3, p. 21]). 

In the case of the quantum enveloping algebra U,(g), for A as above we have 
again an integrable module V(A) which is the direct sum of weight spaces for U,°, 
the subalgebra generated by the ke: Then V(A) is irreducible if q is not a root of 
unity. 

Lusztig proved a remarkable result regarding represenations of quantum envelop- 
ing algebras and thus of reductive Lie algebras. He defined a “canonical basis” for 
such an algebra g with some remarkable positivity properties, which gives rise to a 
distinguished basis again called a canonical basis of any irreducible g-module (see 
(3, 7.1]). Kashiwara has a similar basis known as the crystal basis. 


7 Modular Representations, New 


References are [18,41]. 
New modular representation theory connects decomposition numbers for sym- 
metric groups, cyclotomic Hecke algebras and g-Schur algebras with Lie theory. 
We will first discuss what is meant by “modular representations” for the various 
objects we have introduced: (1) Finite groups of Lie type (2) Hecke algebras (3) 
q-Schur algebras. 
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For (1) the method of reduction mod p has already been described, and this 
can be applied to S,, and GL(n, q). In the case of S,, we have the classical Specht 
modules which can be defined over any field. 

(2) As in [41, p. 133], [3, 12.1] consider H, over a field F. We have elements 
q Æ 0 and v1, v2,...Vm in F, and a presentation for H,. Then a “Specht module” 
can be defined for H, corresponding to a multipartition, which is irreducible over F 
in the semisimple case (see Sect. 5). In the non-semisimple case, the Specht module 
is no longer irreducible and we can look at its composition factors and talk of the 
decomposition matrix. When F has characteristic 0 and q is a root of unity Ariki’s 
Theorem, which will be discussed in Sect. 8, describes the decomposition matrices. 

(3) As in (2) a “Weyl module” can be defined for S, (n), and its composition 
factors when q is an e-th root of unity give rise to a decomposition matrix. Then 
Dipper and James proved a remarkable relationship between the decomposition 
matrices of S,(n), GL(n,q) and S, [41, 6.47]. Their theorem states that the 
decomposition matrix of S4 (n), now defined over a field F of characteristic 4, with 
e the order of q mod £, is a submatrix of the decomposition matrix of FGL(n,q). 
In fact, it is the same as the part of the decomposition matrix of FGL(n,q) 
corresponding to the unipotent representations. An interesting fact is that both these 
matrices are square matrices; in the case of GL(n, q) this fact is known by [23]. 

However, by the work of Varagnolo—Vasserot [41,47], we know the decompo- 
sition matrix of S, (n) only in characteristic 0. One then has the James Conjecture, 
which is still open, which relates the decomposition matrices in characteristic 0 and 
characteristic £ by means of an “adjustment matrix” [41, p.115]. 

Example, Source: GAP An example of a decomposition matrix D for S,(7), 


4|| 1000 
n=a4eua:| Jill 1100 
211|| 0110 
1111|}0011 


8 Introducing Lie Theory 


References are [3, 25,41]. 

The story now continues with a classic paper of Lascoux, Leclerc and Thibon on 
the Hecke algebra H,, of type A, defined over a field of characteristic 0. They gave 
an algorithm to compute a matrix, conjectured to be the decomposition matrix of 
H, when the parameter q is an e-th root of unity, and connected it with the affine 
Kac-Moody algebra S (see [41, p. 95]). Ariki proved the conjecture, in fact for 
cyclotomic Hecke algebras. We state his theorem as in [3, Theorem 12.5]. 

Consider the cyclotomic Hecke algebra H, over a field F of characteristic 
0 associated with the group G(m,1,n) with parameters q,v1,v2,...Vm, where 
each v; =q", yi E€ Z/eZ,i=1,2,...m and q is an e-th root of unity, 
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not equal to 1. Let A= a n;A;, where v; occurs with multiplicity 7;. 
Let V(F) be the complexified Grothiendieck group @;>0Ko(Hn — pmod) &z C. 


Remark. Here all the H, are assumed to have the same parameters. Note that q is a 
special parameter. Then 


Theorem 8.1 (Ariki). The Kac-Moody Lie algebra sle acts on V(F) and V(F) is 
isomorphic to the irreducible sle-module of highest weight A. The canonical basis 
(in the sense of Lusztig) of the module, specialized at q = 1 corresponds under the 
isomorphism to the basis of V(F) of indecomposable projective modules of the Hy. 


Thus, we introduce Lie theory into the modular representation theory of the 
Hecke algebras H, taken over all n. Now we also have a standard basis for V(F), 
corresponding to the irreducible modules of H,,. We then have the important fact 
that the transition matrix between the two bases gives the decomposition matrices 
for the e-modular theory of the Hn. Furthermore, the decomposition of V(F’) into 
weight spaces (of the Cartan subalgebra) of sle corresponds to the decomposition 
into blocks for the Hn, which is another amazing fact. 

The algebra slo has generators e;, fi, i = 1,2,...e. Their action on V(F) 
is given by functors called i-restriction, i-induction which can be described 
combinatorially. 

It is worth noting that in the case of the symmetric groups, these operations were 
defined by de B. Robinson, a pioneer in the representation theory of S, (see [29, 
p.271]). In that case, i-restriction, i-induction correspond to ordinary restriction 
and induction followed by cutting to a block. We describe these operations below. 

Irreducible K S,,-modules are indexed by partitions of n, and a partition of n is 
represented by a diagram with n nodes. Induction (resp. restriction) from S, to Sy+1 
(resp. Sn to S,—1) is combinatorially represented by adding (resp. removing) a node 
from a partition. 

Now fix an integer £ > 2. The residue r at the (i, j )-node of a diagram is defined 
asr = (j—i)(mod £). We define induction (resp. restriction) from S, to Sn+1 (resp. 
Sn to S,—1) by defining operators e; and f;,0 < i < (€— 1), which move only 
nodes with residue i. Then Ind = a fi and Res = a e;. We have similar 
operations, with multipartitions, in the case of H, (see [25] for a discussion). 

We now see that given the Hecke algebra Hn with certain parameters, we have 
a dominant weight A for sle associated with it. Thus the Hecke algebra can be 
parametrized by A. In Ariki’s theorem we may denote the Hecke algebra as H and 
the module V(F) as V(A). This is the view adopted in [32]. 

The other main idea arising from the work of Lascoux, Leclerc and Thibon and 
of Ariki is the decomposition of V(F) into blocks of the H coincides with the 
decomposition of the sl--module into weight spaces. This leads to a new notation 
for the blocks: blocks of H4 can be parametrized by v = )°,<, mii, where the m; 
are non-negative integers and 7 = Z/eZ [33, 8.1]. 
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9 Categorification 


A reference is [43]. 

Our story takes an abstract direction in this section. “Categorification” is indeed 
one of the buzzwords of the last few years. The idea is that set-theoretic notions 
are replaced by category-theoretic notions (see [43]). We state here a definition 
given in [35]. 

Let A be a ring, B a left A-module. Let a; be a basis of A. One should find an 
abelian category 6 such that Ko(B) is isomorphic to B, and exact endofunctors 
F; on B which lift the action of the a; on B, i.e., the action of [F;] on Ko(B) 
descends to the action of a; on B so that the following diagram commutes. The 
map @ : Ko(B) — B is an isomorphism. 


[Fi] 
Ko(B) —— Ko(B) 


| ‘| 


B — B 


Example. Ariki’s Theorem. Here A = sl , B= V(F) and B = @n>0 (Hn—pmod). 

We return to Broué’s Abelian Defect Group Conjecture, stated in Sect. 2. Chuang 
and Rouquier proved the conjecture for S, and GL (n, q) by introducing the concept 
of SL2-categorification. On the way they prove that if two blocks of symmetric 
groups (possibly not the same S,, ) have isomorphic defect groups, the block algebras 
are derived equivalent, i.e., the derived categories of the module categories are 
equivalent [16]. This has shown the power of categorification in a seemingly 
unrelated area such as finite groups. For a discussion of categorical equivalences 
in the modular representation theory of finite groups, see [42]. 


10 KLR-Algebras: The Diagrammatic Approach 


References are [34, 38]. = 
We have seen that the algebra sle is related to the category ae, (Hn — pmod). 


We have the following question: Suppose we want to replace U (sle ) by U(g), where 
g is an arbitrary semisimple Lie algebra. Then how will we define B to give a 
categorification as above? 

Now we come to the papers of Khovanov—Lauda, which have connections with 
Knot Theory. Given a symmetrizable Cartan matrix A, there is a Kac-Moody algebra 
g corresponding to A, the “negative part” of the quantum enveloping algebra U, (g) 
over Q(q) and an integral form § of U,~(g), a ring defined over Z[g,q7']. As 
before (see Sect.6) J is an index set for the fundamental weights or the simple 
roots. Khovanov and Lauda then construct an algebra R corresponding to this data 
as follows (see [38]). 
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A diagram is a collection of (planar) arcs connecting m points on a horizontal 
line with m points on another horizontal line. Arcs are labeled by elements of 7. Let 
NU] = (v|v = YO vii, v; € N). Khovanov and Lauda first define rings R(v) for 
each v € N[/]. The ring R(v) is generated by diagrams in which v; arcs have the 
same label i. The product is defined by concatenation of diagrams, subject to some 
relations. Then R = @,R(v) and Ko(R) = @, Ko(R(V)). 


Theorem 10.1. The category R — pmod categorifies §. In other words, we may 
take A = §, B = §, B = R — pmod in the commutative diagram describing the 
categorification. In particular, there is an isomorphism between Ko(R) and §. 





Rouquier defined these algebras independently and they are now called 
Khovanov-Lauda—Rouquier (KLR) algebras, or sometimes as quiver Hecke 
algebras. An important property of these algebras is that they are naturally graded. 
This has ramifications in “graded representation theory” [32, 2.2], to be described 
in the next section. 


11 Graded Representation Theory 


Ariki’s theorem was regarding representations of sle, but it can be generalized to 
those of Ug (sle) [3, 10.10]. This leads to the idea of graded representation theory, 
where multiplication by q represents a shift in grading. Indeed, in [32, p. 431] the 
classification of graded irreducible modules of cyclotomic Hecke algebras is stated 
as the Main Problem. One can also talk of graded decomposition numbers. 

We now briefly mention some of the recent important work in this theory; 
references for (1) and (2) are references [38, 40, 42] in [32]. 


(1) (Brundan and Kleshchev) Blocks of cyclotomic Hecke algebras are isomorphic 
to blocks of Khovanov—Lauda—Rouquier algebras. Since the latter are graded, 
there is a Z-grading of blocks of cyclotomic Hecke algebras, including group 
algebras of symmetric groups in positive characteristic. 

Building on the above, Brundan, Kleshchev and Wang have constructed grad- 
ings of Specht modules of cyclotomic Hecke algebras. Brundan and Kleshchev 
then describe graded decomposition numbers of these Specht modules over 
fields of characteristic 0. 

Using the connection between the Hecke algebra H„ and the q-Schur algebra 
S,(n), Ariki [5] has shown that S,(n) and its Weyl modules can be graded. 
Moreover, he shows that certain polynomials in v introduced by Leclerc and 
Thibon give the graded decomposition numbers for S,(n) over a field of 
characteristic 0 with g an e-th root of unity. Here we consider the algebra 


(2 


wa 


(3 


wm 


U,(sle) with a parameter v, as distinct from the parameter q in S,(n). 
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4| 1000 
Example. Graded decomposition matrix for n = 4, e = 4: i H 7 : : 
1111||00v1 


Remark. If v = 1, we get the usual decomposition matrix given in Sect. 7. Other 
decomposition matrices are found in [41, Appendix]. The above matrix corresponds 
to a block, and the reader can make the connection with the theorem of [23], stated 
in Sect. 4; these are the partitions with an empty 4-core. 


12 Higher Representation Theory 


A reference is [43]. 

Let C be a 2-category. Then for any i, j € C the morphisms form a category 
whose objects are called 1-morphisms and morphism are called 2-morphisms of C. 

We recall the definition of Categorification in Sect. 9, where the action of the 
algebra A on B was lifted to an action by endofunctors on a category B. In a 
good situation the image of this lift would be a nice subcategory of the category 
of endofunctors on 6, and we can compose these endofunctors. Here we have an 
example of a 2-category with one object, whose 1-morphisms are functors and 
2-morphisms are natural transformations (see [43, 2.4]). 

The concept of “Higher Representation Theory” was introduced by Chuang 
and Rouquier [16] and continued by Rouquier and Khovanov—Lauda. Here a 
2-category is defined corresponding to a Cartan matrix and is a categorification or 
a “2-analogue” of the enveloping algebras U(g) and U,(g) where g is a semisimple 
Lie algebra. The idea then is to study “2-representations” of a 2-category. 

One of the first explicit examples here was a categorification of U4 Gh) due 
to Lauda [36]. B.Webster has constructed 2-categories corresponding to U4 (g) 
where g is a semisimple Lie algebra and categorifies tensor products of irreducible 
representations of U} (g). A generalization of Ariki’s theorem in this context can be 
found in [48, 5.11]. 


13 End of Story? 


We have come to the end of our story. However, as we all know there is no end to 
mathematical stories, and future generations will continue them. 


Acknowledgment I thank the organizers of the interesting and enjoyable conference “Buildings, 
Finite Geometries, Groups” in Bangalore, August 2010, for their hospitality. 
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The Use of Blocking Sets in Galois Geometries 
and in Related Research Areas 


V. Pepe and L. Storme 


Abstract Blocking sets play a central role in Galois geometries. Besides their 
intrinsic geometrical importance, the importance of blocking sets also arises from 
the use of blocking sets for the solution of many other geometrical problems, and 
problems in related research areas. This article focusses on these applications to 
motivate researchers to investigate blocking sets, and to motivate researchers to 
investigate the problems that can be solved by using blocking sets. By showing 
the many applications on blocking sets, we also wish to prove that researchers 
who improve results on blocking sets in fact open the door to improvements on 
the solution of many other problems. 


Subject Classifications: AMS classification: 05B25, 51E20, 51E21, 94B05 


Keywords Blocking sets * Substructures in projective spaces ° Linear codes and 
projective geometry 


1 Definitions and Introductory Results 


A set B of points of PG(1, q) is called a k-blocking set if every (n —k)-dimensional 
subspace of PG(n,q) has a non-empty intersection with B, and a set B of points 
of PG(n, q) is called a t-fold k-blocking set if every (n — k)-dimensional subspace 
contains at least ¢ points of B. In PG(2,q), the 1-blocking sets are simply called 
blocking sets. Two subspaces X and X of PG(n,q) of dimension k and n — k 
always have a non-empty intersection, hence a set B containing a k-dimensional 
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subspace is called a trivial k-blocking set. Moreover, a k-blocking set B is called 
minimal if it is minimal with respect to the containment relation, i.e., B \ { P} is not 
a k-blocking set for every P € B, and it is called small if |B| < ag) 

The blocking sets of PG(2,q) have been extensively studied in the last years 
and there are plenty of results about characterizations (of small ones) and about the 
bounds on the size. A trivial blocking set of PG(2, q) is a set of points containing a 
line. The first examples of non-trivial blocking sets of small size of PG(2, q) have 
been given in the following: 


qt3 


Theorem 1.1. In PG(2, q), q odd, there exists a projective triangle of side that 


is a minimal blocking set of size ECan [12]. 


a? 


In PG(2,q), q even, there exists a projective triad of side that is a minimal 


blocking set of size 3442 [35]. 


This motivates the choice of the bound ATEN for the size of a small blocking set 


in PG(2, q) and then generalized as wi for the k-blocking sets of PG(n, q). 

In PG(2,q7), there are other well known examples of minimal blocking sets: 
the Baer subplanes and the unitals. A Baer subplane B of PG(2,q*) is a plane 
isomorphic to PG(2, q) contained in PG(2,q7), hence it has size q? + q + 1 and 
it has the property that every line of PG(2,q7) intersects B in 1 or q + 1 points. 
A unital U is a set of q? + 1 points of PG(2,q7) such that every line of PG(2, q4?) 
intersects it in 1 or q + 1 points and through every point P of U, there exists a unique 
line £ such that £ NU = {P}. These two examples are remarkable for the following 
results: 


Theorem 1.2. /11] Let B be a non-trivial minimal blocking set of PG(2, q), then 
|B| > q4 + q+ 1 and equality holds if and only if q is a square and B is a Baer 
subplane. 


Theorem 1.3. Let B be a minimal blocking set of PG(2,q), then 


= [13] |B| <9./¢ + 1, 
— [14] |B| = 44/4 + 1 ifand only if q is a square and B is a unital. 


In [8], the following lower bounds for planes of non-square order are proven: 


Theorem 1.4. If B is a minimal blocking set in PG(2,q) and q = p*'*', p prime, 
then |B| > q+q?? + 1 for p > 3 and|B| > q 4+ 47/3/27 + 1 for p = 2,3. 

On the other hand, there are results about large minimal blocking sets, that are 
also called spectrum results, like the following: 
Theorem 1.5. [37] There exists a minimal blocking set in PG(2,q), q > 4, for 
every size in [2q — 1,3q — 3]. 


Theorem 1.6. [16] For every value k in the interval [4q logg,q./q — 4 + 2,/q], 
there exists a minimal blocking set of cardinality k in PG(2, q), q square. 
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We now list some results about blocking sets in PG(n, q). We note that most of 
them are derived from the corresponding planar results. From now on, let 6 be the 
number of points of PG(k, q), that is, 9, = (q**! — 1)/(q — 1). 


Theorem 1.7 (Bose and Burton [10]). Let B be a k-blocking set in PG(n,q) 
that has the smallest possible cardinality. Then B is a k-dimensional subspace of 
PG(n, q). 


Theorem 1.8. /5, 31] Let B be a non-trivial k-blocking set in PG(n,q), q > 2. 
Then |B| > 0% + r(q)q*—', where q + r(q) + 1 is the size of the smallest non- 
trivial blocking set in PG(2,q), and the equality only holds if B is a cone with base 
a minimal non-trivial blocking set of size q + r(q) + 1 of a plane x and vertex a 
(k — 2)-dimensional subspace skew to 1. 


Theorem 1.9. /13, 14] Let B be a minimal 1-blocking set in PG(n, q), n > 3, then 
we have the following: 


— Ifn = 3, then |B| < q? + 1 and the equality holds if and only if B is an ovoid. 
— Ifn>4, then |B| < Jqrtt+ 1. 





Another important result about blocking sets that has been widely used to prove 
many other theorems is the following: 


Theorem 1.10. [6/1] Let B be a small minimal k-blocking set of PG(n, q), q = p}, 
p > 2 prime. Then every subspace that intersects B intersects it in 1 (mod p) 
points. 


In light of this, we define the exponent of a small minimal k-blocking set B as 
the largest integer e for which an (n — k)-space intersects B in 1 (mod p*) points. 
Then Sziklai proved: 


Theorem 1.11. [58] Let B be a small minimal k-blocking set of PG(n, q), q = p", 
p > 2 prime, with exponent e. Then e|h and every subspace that intersects B in 
1 + p° points intersects it in a subline PG(1, p°). 


Finally, a Rédei-type k-blocking set in PG(n, q) is a blocking set B such that 
there exists a hyperplane with | B|—q* points of B. If |B] < (3q* +3)/2, then these 
k-blocking sets are, in fact, linear k-blocking sets (see [3,57,62]). A Fy-linear set 
in PG(n, q”) is a set of points whose defining vectors form a F,-vector space (for 
more details about these sets, see [52]). A k-blocking set B that is also a linear set 
is called a linear k-blocking set. If B, |B| < (3q* + 3)/2, is of Rédei-type, then B 
is linear, but the converse is not true in general (see [50]). 

For more results on blocking sets, we refer to the survey articles [6,60] and also 
to the chapter on blocking sets [9] in the collected work [20]. 

The objective of this article is to illustrate the many geometrical problems and 
problems in related research areas that use blocking sets. The use of blocking sets for 
solving a great variety of problems gives blocking sets a central place within Galois 
geometries. By showing the many applications, we wish to motivate researchers to 
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investigate blocking sets, and/or to investigate problems that use blocking sets. We 
also wish to show to the readers that improved results on blocking sets will imply a 
large number of improvements to related problems. In particular, in the last section, 
we state some open problems. One of these open problems is the central problem 
on blocking sets: the investigation of the linearity conjecture on small (multiple) 
blocking sets. 

To conclude this introduction, we wish to note that p always will denote a prime 
number and that 6 = (g*t! — 1)/(q — 1) is equal to the number of points in the 
k-dimensional projective space PG(k, q) over the finite field F; of order q. 

We now present a classical example of a problem in Galois geometries that uses 
blocking sets; the investigation of maximal partial spreads in PG(3,q) of small 
deficiency ô. 


2 Maximal Partial Spreads 


A k-spread S of the projective space PG(n,q) is a partition of the point set of 
PG(n,q) in k-dimensional subspaces, that is every point of PG(n, q) is contained 
in exactly one element of S. It is well known (see e.g., [35]) that such a k-spread 
exists if and only if k + 1 divides n + 1 and then |S| = T 
S of PG(n, q) is a collection of pairwise disjoint k-subspaces, that is every point of 
PG(n, q) is contained in at most one element of S. A maximal partial k-spread is a 
partial k-spread, maximal with respect to the containment relation. The size of the 
largest maximal partial k-spread, different from a k-spread, has been investigated in 
great detail, and this is the classical example of a problem that is investigated, using 
results on blocking sets. 

Let S be a maximal partial line spread of PG(3, q) and let |S| = q? + 1 — ô (a 
line spread of PG(3, q) has size q? + 1). We call 6 the deficiency of S. We will call 
holes the points of PG(3, q) not contained in any line of S. Since the partial spread 
is maximal, the set of holes cannot contain lines. Since the lines of S are pairwise 
disjoint, every plane contains at most one line of S. The planes containing a line of 
S are called rich, otherwise they are called poor. Let £ be a line not in S: the lines 
of S meeting £ in a point must be contained in distinct planes, hence the number of 
holes of £ is the same as the number of poor planes through £. Let x be a poor plane 
and let B be the set of holes of x. Every line £ of x must contain at least a hole 
since £ is contained in a poor plane. Hence, we have the following: 








= . A partial k-spread 


Lemma 2.1. /49] The set of holes of a poor plane of a maximal partial spread of 
size q? + 1 — ô is a non-trivial blocking set of size q + 6 in this plane. 


Hence, results on non-trivial blocking sets in PG(2,q) give information on 
maximal partial spreads in PG(3, q) of small positive deficiency ô. 
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Let us first consider q to be a square. The largest value for the size of a blocking 
set B of PG(2,q) such that B definitely must contain a Baer subplane has been 
studied in detail; we list here the best known results. As mentioned in the preceding 
section, p will always denote a prime number. 


Theorem 2.2. Let B be a non-trivial blocking set of PG(2, q), q square. 


1. [8] Letq = p*,h > 2, cy = c3 = 2 3andcy = 1 for p > 3. If |B| < 
q+ cpq? + 1, then B contains a Baer subplane. 
2. [59] Letq = p°. If |B| < 3(q + 1)/2, then B contains a Baer subplane. 


In general, let 5(g) be the maximum integer such that a non-trivial blocking set 
of PG(2, q) of size q + 6(q) must contain a Baer subplane. Then, for every maximal 
partial spread S of positive deficiency ô < 6(q), the set of holes in a poor plane 
of S contains a Baer subplane of holes. One might wonder where all these Baer 
subplanes of holes in these poor planes arise from. A logical guess would be that 
the set of holes is the union of Baer subgeometries PG(3, ,/q), since |PG(3, ./q)| = 
(/¢+ D(q4+1) = 0 (mod q+ 1). This indeed was proven. Using the results about 
blocking sets, in [49], the following theorem was proven. 


Theorem 2.3. Let g > 4 be a square, let 5(q) be defined as before, O < 6 < 
min{(q + 1)/2,8(q)}. If S is a maximal partial spread of size q? + 1 — 6, then 


(a) 6 = s(./¢ + 1) for some integer s > 2, 
(b) The set of holes of PG(3, q) is the union of s pairwise disjoint Baer subgeome- 
tries PG(3, ./q). 


However, it is important to mention that no examples of maximal partial spreads 
in PG(3, q) having a set of holes equal to the union of y/q — 1 > s > 1 pairwise 
disjoint Baer subgeometries PG(3, ./q) are known. Most likely, such maximal 
partial spreads do not exist. The proof of the (non-)existence of such maximal partial 
spreads is one of the open problems we mention in Sect. 7.5. 

Let us now consider maximal partial spreads in PG(3, q°), where q = p”, h odd, 
p>. 

Under these hypotheses for q, the non-trivial minimal blocking sets of PG(2, q°) 
of the smallest and second smallest size have been completely classified in [7,51, 
33,39]. 


Theorem 2.4. In PG(2,q°), q = p", p > 7, h odd, p prime, the smallest and the 
second smallest sizes for a non-trivial minimal blocking set are q? + q? + 1 and 
q? +q? +q + 1, respectively. The minimal blocking sets of these sizes are unique 
up to projective equivalence and they are of Rédei type. More precisely, they are 
projected subgeometries PG(3, q) in a plane PG(2, q°). 


Similarly, as for q square, the set of holes in a poor plane PG(2,q°), q = 
př, p > 7, h odd, p prime, of a maximal partial spread, of deficiency 5 < 
q? + q + 1, contains a projected subgeometry PG(3,q). Again, where can all 
these projected subgeometries PG(3, q) of holes arise from? A logical guess is a 
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projected subgeometry PG(5, q) in PG(3, q?) of size qf + q4 +? +4? +q +1 = 
(q? +q + 1)(4? + 1) = 0 (mod q? + 1). This was indeed proven to be the case. 


Theorem 2.5. [49] Let S be a maximal partial spread of size qf + 1 — 6 of 
PG(3,q°), where q = p", h odd, p > 7, p prime, O < 8 < q? +q + 1. Then 
6 = q? +q + 1 and the set of holes forms a projected subgeometry PG(5, q) in 
PG(3, q°). 


Finally, let S be a maximal partial spread of PG(3,q°), where q = p",h > 2 
even, p > 7. Combining the aforementioned results, it is possible to describe the 
set of holes of S when its deficiency is small. As before, we first state the results on 
the small minimal non-trivial blocking sets of the plane. 


Theorem 2.6. [53] In PG(2,q°), where q = p", h > 2 even, p > 7, the smallest 
non-trivial blocking sets are: 


(a) A Baer subplane PG(2, q?) (hence of order q? + q? +1); 

(b) A minimal blocking set of Rédei type of size q? + q? + 1 which is a projected 
subgeometry PG(3, q); 

(c) A minimal blocking set of Rédei type of size q? +q? +q + 1 which is a projected 
subgeometry PG(3, q). 


Theorem 2.7. Let S be a maximal partial spread of size qf + 1 — 8 of PG(3, q°), 
where q = p}, h even, p > 7,0 <8 < q? +q + 1. If there is a Baer subplane of 
holes, then all poor planes contain a Baer subplane of holes, 6 = s(q? + 1),5 > 2, 
and the set of holes is the union of s pairwise disjoint subgeometries PG(3, q 2 J: 

If no poor plane contains a Baer subplane of holes, then 8 = q? +q + 1 and the 
set of holes forms a projected subgeometry PG(5, q) in PG(3, q?). 


It is clear from the preceding results that improved characterization results 
on small minimal non-trivial blocking sets in PG(2,q) will imply improved 
characterization results on maximal partial spreads of small positive deficiency 6. 

We refer to [5,24] for a more general application of the results about blocking 
sets in order to find a lower bound on the size of maximal partial t-spreads in 
PG(n, q). Precisely, let S be a maximal partial t-spread of PG(n, q): the maximality 
of S implies that the set of points contained in an element of S is an (n —t)-blocking 
set of PG(n, q). In [24], the author constructs as follows small maximal partial t- 
spreads: let B be a minimal (n —t)-blocking set of PG(n, q), then try to find a partial 
t-spread S; that contains as many points of B as possible; let A be B \ S4, then try 
to find the smallest set S2 of mutually disjoint t-spaces that covers all the points of 
A. In the same paper, the author finds a construction for maximal partial t-spreads: 


Theorem 2.8. In PG(n,q),n = k(t + 1)+t— 1 +r, withk > 2, there exist 
maximal partial t-spreads of size 

kt+D_] B = -œ ifr = 0, 
B= [(t+r—1)/2]4+1 otherwise. 


r4 r 
q es a +1, where (1) 
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Hence, by small maximal partial t-spreads, we mean maximal partial t-spreads 
of size less than (1). As stated in Sect. 1, the smallest minimal (n —1)-blocking set of 
PG(n, q) is a trivial one, i.e., an (n — t)-space, and the second smallest one is given 
by Theorem 1.8. By counting arguments, it is easy to see that if B is a blocking set as 
described in Theorem 1.8, a set of t-spaces covering |B| points has size larger than 
(1); hence, to find lower bounds on small maximal partial t-spreads, it is necessary 
to start from an (n — t )-space; in this way it is possible to find the following bounds: 


Theorem 2.9. [24] In PG(n,q),n = k(t + 1)+t— 1 +r, withk > 2, let S bea 
smallest maximal partial t-spread. Then the following hold: 


— Ifr =0, then |S| = He 


— Ifr =1, then|S| > 





(this is actually proven in [5]); 





foam 
É = +q 2 -q +1; 
- Ifr>landt+1 op ee IS| = qt + (q’tl-g)/2+1; 


— Ifr > landt+1 <2r, then|S| > q" tO grt =q" +q”! +3q+1)/2. 














In some cases, these lower bounds and the upper bound given by (1) coincide 
and so we have the exact size of a smallest maximal partial t-spread: 
Corollary 2.10. (a) In PG(2k + 1,q), k > 2, the smallest maximal partial line 
spreads have size qi +q? -q +1. 
(b) In a + 2,q), k > 2, the smallest maximal partial plane spreads have size 
q co +7 —9 +1. 





3 Blocking Sets and Coding Theory 


The most natural application of finite geometry to coding theory occurs when the 
codes are linear. Let Fy be the finite field of order q and let V := F} be 
the n-dimensional vector space of the n-tuples over F,. A linear code C is a k- 
dimensional subspace of V and it is called an [n, k] code over F; or an [n, k], code. 
The Hamming distance d(c,c’') of two codewords c and c’ is the number of the 
components in which they differ and the minimum distance d of C is the minimum 
of the set {d(c,c’)|c,c’ € C,c A c’}. A linear [n, k] code or [n, k]q code having 
minimum distance d is denoted by [n,k,d] code or [n,k,d], code. The weight 
w(c) of a codeword c is the number of the non-zero components of c. It is well 
known (see for example [32]) that for a linear code C, min{w(c)|c € C\{0O}} = 
min{d(c,c’)|c,c’ € C,c # c’}. One of the main reasons why the weight of the 
codewords of a linear code is investigated is that a code C with minimum distance 
d can correct up to ź errors, where 2t + 1 < d. 

One of the ways to define a linear code C is by means of its generator matrix H. 
If H is the incidence matrix of a finite geometry, the properties of the geometries can 
be translated to properties of C and we have in this case powerful tools to investigate 
the minimum distance and the weight distribution of C . If H is the incidence matrix 
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of the points and k-spaces of PG(n, q), then we will denote the code generated by 
H by C (n, q). When we say that a vector v € C(n, q) is a subset S of PG(n, q), 
we mean that v is the incidence vector of S. We let (c1, c2) denote the scalar product 
in F, of two codewords cı and cz of a q-ary linear code C. The dual code C = 
of a q-ary linear code C of length m is the set of all vectors orthogonal to all the 
codewords of C, hence C+ = {v € V(m,q)|(v,c) = 0, Vc € C}. If C is a linear 
Įm, k]-code, then C+ is an [m,m — k]-code and if H is a generator matrix for C, 
then H is a parity check matrix for C+. Hence, C;(n,q)+ is the code that has as 
parity check matrix H the incidence matrix of points and k-dimensional spaces of 
PG(n,q). The minimum distance d of C;(n,q)+ satisfies the following inequality 
[15]: (q + pq” *"! < d < 2q"~*, where q = p”, and for p = 2, the lower bound 
is sharp. In [42], the authors use some properties of blocking sets to prove upper 
bounds on d(C; (n, q)+). 


Theorem 3.1. [42] Let B be a minimal (n — k)-blocking set in PG(n, q) of size 
gq’ * + x, with x < (q"-* + 3)/2, such that there exists an (n — k)-space u 
intersecting B in x points. The difference of the incidence vectors of B and n is 
a codeword of Ck (n, q)} with weight 2q"—* + On—K-1 — x. 


Theorem 3.2. [42] There exists a small minimal (n — k)-blocking set B of size 
gq" +x in PG(n, q), q = p", such that there is an (n—k)-space u with |BN u| = x 
and with x = q"! (q — 1)/(p — 1) + 9n—-x-2. 


Corollary 3.3. [42] The minimum weight d of Ck(n,q)} satisfies the following 
inequality: d < 2g”* — q"™™=! (q — p)/(p — 1). 


There are also applications of the theory of the blocking sets to the study of the 
weights of the codewords of C (n, q). To define C (n, q), we have considered the 
incidence matrix H, that is we have labeled the columns of H by the points of 
PG(n, q), hence we have ordered the points. Let c € C,(n,q) and let supp(c) be 
the set of indices i for which the ith-component of c is non-zero: this set defines 
a set S of points of PG(n,q) and we will say that S is defined by c. As a first 
application, we mention the following theorem: 


Theorem 3.4. /1] The minimum weight of Cx (n, q) is 0; and a codeword of such a 
weight is a scalar multiple of the incidence vector of a k-space. 


This can be proven in an easy way (see [62, Theorem 6.3.3]) using the fact that a 
small weight codeword defines a k-blocking set and using the well known result 
that a k-blocking set of PG(n, q) of size 0 is a k-space (Theorem 1.7). Moreover, 
using the link between k-blocking sets and the codewords of C} (n, q), it is possible 
to compute a gap for the weight of the codewords. The first useful result is the 
following: 


Lemma 3.5. [43] Let c € C;(n,q), then there exists a value a € F, such that 
(c, u) = a for all the subspaces u of PG(n, q) of dimension at least n — k. 


Then it is easy to prove the following. 
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Theorem 3.6. Let c € Ck(n,q), q = pt, p > 3, with w(c) < 2q*, such that 
(c, u) # 0 for some (n — k)-space u, then c is a scalar multiple of the incidence 
vector of a small minimal k-blocking set in PG(n, q). 


Moreover, it is useful to see how the set defined by a codeword intersects a given 
blocking set. 


Lemma 3.7. [43] Let c € Cx(n,q), q = p", p > 3, with w(c) < 2q*, such that 
(c, u) # 0 for some (n—k)-space n, and let B be a small minimal (n —k)-blocking 
set. Then the set S of points defined by c intersects B in 1 mod p points. 


This very strong condition led to the following result about blocking sets. 
Theorem 3.8. [43] If B is a minimal k-blocking set in PG(n, p"), p > 2, |B| < 
3(p'* — pk-1)/2, intersecting every F ,-linear (n — k)-blocking set in 1 mod p 
points, then B is trivial. 

By Lemma 3.5, we have that either (c, u) # 0 for all (n — k)-spaces u, or 
(c, u) = 0 for all (n — k)-spaces ju, but in the latter case we get c € Cx(n,q)t. If 
c € Cx(n,q)+ and w(c) < 2q*, then by Theorem 3.6 we have that su pp(c) defines 
a small minimal k-blocking set B that by Lemma 3.7 and Theorem 3.8 turns out to 


be trivial, that is B is a k-subspace and w(c) = 0x. Hence, we have the following 
theorem. 


Theorem 3.9. [43] There are no codewords in C;(n,q) \ C(n,q)+, p > 5, with 
weight in the interval ]0;,2q* |. 


Finally, since we have: 
Theorem 3.10. [2] The minimum weight for C,(n,q)+ is at least Ue rary 
1 1 
(has) gh 
We get the following gap for the weight of the codewords of Cx (n, q). 


Theorem 3.11. [43] There are no codewords in C;,(n,q), p > 5, with weight in 
the interval |x. a a-4)+4) 





4 Minihypers and the Griesmer Bound 


4.1 The Griesmer Bound 


The Griesmer bound in coding theory gives a lower bound on the length n of a 
k-dimensional linear code over the finite field F, of order g, having minimum 
distance d. 
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Theorem 4.1. [27,54] For every linear |n, k, d]q code, 


k-1 
d 
raD |g | mateo, 
i=0 


where [x] denotes the smallest integer larger than or equal to x. 


Linear codes attaining the Griesmer bound, i.e., with parameters [g;(k, d), 
k, d]q, are called Griesmer codes. 

The problem of whether the lower bound g,(k,d) is sharp for given k, d, and 
q is a difficult problem. This problem is investigated by many different techniques, 
one of which uses the geometrical concept of minihypers. 

We now give the definition of a minihyper, as stated in the literature, but as 
immediately can be seen from the definition, a minihyper is nothing else than a 
blocking set. In the following definition, a multiset (H, w) in PG(N, q) is a set of 
points H of PG(N, q) with a weight function w associating a non-negative integer 
to every point P of PG(N, q). 


Definition 4.2. A multiset (F, w) in PG(N, q) is called an (f, m; N, q)-minihyper 
if 


(a) P € F 4> w(P) > 0; 
œo >) wP)=f; 
PePG(N,q) 
(b) |F N H| = 5 w(P) > m for any hyperplane H, and there exists a 


PEFNH 
hyperplane Ho with |F N Ho| = m. 


In case w( P) € {0, 1}, for every point P of PG(N, q), we can omit the weight 
function w in the definition of the minihyper and simply denote the minihyper by 
F, and refer to it as projective minihyper. We will also speak of ( f, m)-minihypers 
if the geometry PG(N, q) we consider is clear from the context. 


It is immediately clear from the definition that an (f, m; N, q)-minihyper is in 
fact an m-fold 1-blocking set of size f. So, in the definition of an (f, m; N,q)- 
minihyper, not only the minimal number m of points the set has in common 
with every hyperplane is of importance, also the exact size f of the (fim; N,q)- 
minihyper is of importance. 

The reason why both the size f and the minimal number m of points the 
minihyper has in common with every hyperplane are important follows from the 
close link between linear codes meeting the Griesmer bound and their geometrical 
counterpart of the minihypers. 

We now describe this link and a general class of minihypers. 
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4.2 Minihypers and the Belov-Logachev—Sandimirov 
Construction 


The link between minihypers in PG(k — 1,q) and linear [n,k,d], codes meeting 
the Griesmer bound is described in the following way. 


h 
For (s—1)q*~! < d < sq‘!, d can be written uniquely as d = sq*—! — ` q^ 
i=l 
such that: 
(a) O05 A, <e SA, <k-1, 
(b) At most q — 1 of the values À; are equal to a given value. 


Using this expression for d, the Griesmer bound for a linear [n,k,d], code 
becomes: 


h 
n> shk- — Xon. 
i=1 


h 
Hamada and Helleseth showed that in the case d = sq*~! — Xog”, there 


i=] 
is a one-to-one correspondence between the set of all non-equivalent [n,k,d]q 
h 


codes meeting the Griesmer bound and the set of all projectively distinct Oo Ois 


i=] 
h 
X 0,,-1;k — 1,q)-minihypers F [29]. This correspondence is as follows: 
i=] 
Consider a generator matrix G = (P; --- Py) of the [n,k,d], code C meeting 
the Griesmer bound, and let (s — 1)q*~! < d < sq‘~', where d is written as 
h 


d = sq! — 2 qi, described above. Then the n columns of G define points of the 


i=l 
projective space PG(k — 1, q). Consider the multiset s -PG(k —1,q), which is equal 
to s copies of the projective space PG(k — 1, q). Then the multiset s -PG(k —1,q) \ 
h h 


{P1,..., Pa} is equal to a ye Oi > 6,,-1;k — 1, q)-minihyper (Fw). In other 
i=l i=l 
words, the weight w of a point P of PG(k — 1,q) is equal to s minus the number 
of columns of G defining the point P of PG(k — 1, q). Alternatively, the minihyper 
corresponding to a Griesmer code is the multiset in s - PG(k — 1,q) obtained by 
taking the complement of the multiset { P4, .. . , Pay in the multiset s -PG(k — 1, q). 
We note that this construction of linking minihypers to Griesmer codes is also 
known in the literature under the name of anticodes [48]. 
Belov et al. [4] gave a construction method for Griesmer codes, which is easily 
described by using the corresponding minihypers. 
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Consider in PG(k — 1,q) a sum of €o points P, P2,..., Pe, €1 lines £1, l2,..., 


les ---, €k-2 (k — 2)-dimensional subspaces me), cane ni), with 0 < éi < 
k—2 k—2 


q—1,i =0,...,k — 2, then such a sum defines a O a0 Y abi; k — 1,q)- 


i=0 i=0 
minihyper F, where the weight of a point R of PG(k — 1,q) equals the number of 
objects, in the description above, in which it is contained. 

Now that the standard examples of minihypers are known, different problems 
on minihypers arise. One of them is the construction of other examples of minihy- 
pers. The Belov—Logachev—Sandimirov construction can be extended by allowing 
subgeometries and projected subgeometries, but there must be definitely many other 
types of minihypers. There is also the problem of determining the minihypers which 
cannot be written as the sum of two other smaller minihypers. One of the problems 
investigated greatly in recent years is the characterization problem on minihypers, 
and equivalently on linear codes meeting the Griesmer bound: 

k-2 

Characterize (f,m;k —1,q)-minihypers F for given parameters f = x Eib, 

i=0 
k—2 
m = X éibi-1,k, and q. 

Pundaiientil research on this problem was performed by Hamada et al who, in 
many articles, obtained a lot of results on minihypers and who developed a great 
amount of techniques useful in the study of minihypers. Their main results are in 
[28, 30]. 

Since the research they performed, the techniques they developed have been 
extended, including the use of the recent results on blocking sets. This has made 
it possible to obtain great improvements. Since minihypers are in fact particular 
blocking sets, the complete characterization of minihypers is greatly based on 
corresponding characterization results on blocking sets. However, differences occur 
between the geometrical study of blocking sets, and the corresponding coding- 
theoretical characterizations of minihypers. 

The geometrical interest is mainly the characterization of minimal blocking sets. 
This characterization includes minimal blocking sets which are cones having a 


vertex and a base which is a non-trivial minimal blocking set in a smaller space. 
h 


But such cones are not always minihypers with the correct parameters o> Oio 


i=l 


h 
> 0,,-1;k — 1, q). For instance, consider a 2-blocking set B in PG(3, q), q square, 
i=1 
which is a cone with vertex the point P and base the Baer subplane PG(2, ,/q) in 
a plane skew to P. This cone has size f = q? + q /¢ +q + 1, and it intersects 
every plane in at least m = ,/q + 1 points. But it is not possible to write ( f, m) in 
h h 
the form o> Ora 5 §,,—-1). For the main known results on minihypers, we refer to 


i=l i=l 
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Table 1 Upper bounds on ôo 


p sS 50 

P 1 < (p + 1)/2 

p 3 <p 

p Even < 

2 6m+1,m>1 <24"tl_ 24m _ 9?2mt1/9 


>2 6m+l,m>1 < ptt! — pt — pmtt/241/2 
2 6m +3,m>1 <2 t5/2 _ atm tl _ 32m+1 4 ] 
>2 6m+3,m>1 < pir t?— p?mt2 +9 

>5 6m+5,m > 0 < pint7/2 Ma pons = pont? /2 +1 








the survey articles [55,56] and also to the chapter on Galois geometries and coding 
theory [40] that appeared in the collected work Recent research topics in Galois 
geometry [20]. 
We mention here the most recent results on projective minihypers, and on 
weighted minihypers. 
k—2 k—2 
Theorem 4.3 (De Beule et al [19]). A projective o> cibi, 5 ciO; k — 1,q)- 
i=0 i=0 
k—2 
minihyper, where > €i < 50 with 59 equal to one of the values in Table 1, is a 
i=0 
union of €,—2 hyperplanes, €,—3 (k — 3)-dimensional spaces, ...,€, lines, and €o 
points, which all are pairwise disjoint, so is of Belov-Logachev-Sandimirov type. 


In the following table, q = p°, p prime, s > 1. 


k—2 k—2 
Theorem 4.4 (De Beule et al. [18]). A ($ €;:0;, X €:0i-1; k — 1,q)-minihyper, 
i=0 i=0 
k—2 
where 5 €i < y/q + 1, is a sum of €k—2 hyperplanes, €k- (k — 3)-dimensional 
i=0 
spaces, ...,€ lines, and € points, so it is of Belov-Logachev—Sandimirov type. 


The results on the minihypers are obtained by using results on blocking sets via 
different kinds of methods. 


For instance, consider a Oo Eib, > €;9;-1; k — 1,q)-minihyper F, > é = 
i=0 i=0 i=0 

h small and with es # 0. Then there exist (k — s)-dimensional subspaces IT;,—; 

intersecting F in (es(q +1) ma”, €s; k—s, q)-minihypers, with €s +m” <h. 

This is in fact an €,-fold 1-blocking set in /7,_,;. If these €,-fold 1-blocking sets in 

PG(k — s,q) are characterized, then the (k + 1 — s)-dimensional spaces Mk+1—s 


intersecting F in (e,(q7+q+1)+6€,-1(¢+ Dm ?, eslq+1)+6s-1;k+1-s,q)- 
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6a 7 —2 . 7 . 
minihypers Fk+1—s, with €s +€s— itm" ) < h, can sometimes be characterized via 


the many hyperplanes of Tk+1—s that intersect F in (es(q + 1) +m” 9 egk=5; q)- 


minihypers, with €s + me 9 <h. 
S S 


Inductively, if all the ( XO 66;-; + mg’, YO &bi-j-; k —1— jq) 
i=jt+l i=j+l 


minihypers, with > €i + mË ) < h, are characterized, then sometimes all the 
i=j+1 


S S 
Zes s41 —;+mIT 1) , 6 6:—j; k— j, q)-minihypers, with X` e; +m9™” < h, 
i=j i=j 


can ‘be a aan Finally, for j = 0, this might lead to the complete character- 


ization of the 03 cibi, > €;9;-1; k — 1,q)-minihypers F, with 3 6 =h. 


For instance, “this E was used in [18, 19] and in [28, 30]. 

Since the characterization of minihypers heavily relies on the characterization 
results on (multiple) blocking sets in the plane PG(2,q), also here we have the 
phenomenon that improved characterization results on (multiple) blocking sets in 
PG(2, q) imply improved characterization results on minihypers. 


5 Extension Results 


Recently, a new link of blocking sets to a coding-theoretical problem has been 
found. Namely, a link between blocking sets and the extendability of linear codes 
has been determined. This link has already been used in combination with the 
two classical results on blocking sets of Bose—Burton (Theorem 1.7) and of 
Beutelspacher—Heim (Theorem 1.8). 

Regarding the extendability problem for linear codes, it is already known for a 
long time that a binary [n, k, d] code of odd minimum distance d can be extended to 
an [n + 1,k,d + 1] code by adding a parity check. This result has been generalized 
by Hill and Lizak in [33,34]. 


Theorem 5.1 (Hill and Lizak [33, 34]). Let C be an [n,k,d], code with 
ged(d,q) = 1 and with all non-zero weights congruent to 0 or d (mod q). 
Then C can be extended to an [n + 1,k,d + 1]q code. 


The geometrical version of this result is obtained in the following way. For the 
details, we refer to the chapter on Galois geometries and coding theory [40] in the 
collected work [20]. 

Consider a generator matrix G = (P| --- P,,) of the linear code C of Theorem 
5.1. Then the n columns of G define an (n, w; k—1, q)-arc, i.e., a multiset of n points 
in PG(k — 1, q) intersecting every hyperplane in at most w = n — d points, and with 
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moreover gcd(n—w, q) = 1. From the assumptions of Theorem 5.1, the intersection 
sizes of all hyperplanes with this multiset are congruent to n or w (mod q). 

A geometrical proof shows that there are (g*~! — 1)/(q — 1) hyperplanes with 
intersection size congruent to n (mod q), which form a dual blocking set with 
respect to the (k — 3)-dimensional subspaces of PG(k — 1, q), i.e., through every 
(k — 3)-dimensional subspace of PG(k — 1, q), there passes at least one hyperplane 
of PG(k — 1,q) with intersection size congruent to n (mod q). By the dual of the 
Bose-Burton theorem (Theorem 1.7), these hyperplanes pass through a fixed point 
P. Hence, we can construct an (n + 1, w; k — 1, q)-are by increasing the multiplicity 
of P by 1. 

Then G = (Pi +-+ Pa P) is the generator matrix of an [n + 1,k,d + 1], code C 
which is an extension of C. 

Using the result of Beutelspacher and Heim (Theorem 1.8) and the geometrical 
ideas described above, the preceding result was improved. 


Theorem 5.2. (Landjev and Rousseva [39]) Let K be an (n, w; k — 1,q)-arc, q = 
p°, with spectrum (ai)i>o. Let w #n (mod q) and 


Xo a< talg ra), (2) 
i#w (mod q) 


where q + r(q) + 1 is the minimal size of a non-trivial blocking set of PG(2, q). 
Then K is extendable to an (n + 1, w; k — 1, q)-arc. 


This result is as follows restated into a non-extendability result for linear codes. 


Theorem 5.3. Let C be anon-extendable |n, k, d], code, q = p*, with gcd(d,q) = 


1. If (Ai)i>o is the spectrum of C, then bD Aj = go -r(q), where r (q) is 
i#0,d (mod q) 
the same as in Theorem 5.2. 


6 Blocking Sets and Cryptography 


We now mention an application of blocking sets in cryptography. 

In [38], the authors designed a new key distribution scheme for TV-nets. A 
major problem in the design of such a key distribution scheme is the fact that 
sometimes subscribers to such a TV-net become compromised; this means that 
they no longer wish to pay for receiving the programs of this latter TV-net. If 
this happens, the codes (called keys) of these compromised subscribers become 
themselves compromised, and must be no longer valid. The system of [38], based 
on points and lines of projective planes, enables a TV-net to distribute keys to 
their subscribers in such a way that keys still remain valid, even if subscribers 
become compromised. Only if certain subsets of compromised subscribers are 
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reached, the TV-net has to distribute a new set of keys to all of their subscribers. 
We now describe this key distribution scheme. 

We identify the subscribers with the points of a projective plane PG(2, q). The 
keys are identified with the lines of the projective plane PG(2, q). 

If a person subscribes to the TV-net, he is identified with a point P of PG(2, q) 
and he receives the keys of all the lines of PG(2, q) passing through P. This enables 
him to receive the programs of the TV-net. 

If however a subscriber P decides not to pay any longer for receiving the 
programs of the TV-net, the keys of the lines of PG(2, q) passing through the point 
P become invalid. This is no problem for the other subscribers since they still lie 
on q lines not passing through P, so they still have q valid keys for receiving the 
programs of the TV-net. 

It is clear that if at most q subscribers become compromised, then every non- 
compromised subscriber still has at least one valid key to receive the programs 
of the TV-net. More precisely, when does a non-compromised subscriber Q loose 
all his keys to view the programs? He looses all keys when all the keys of the 
lines of PG(2,q) through Q become invalid. In other words, when the set of 
compromised subscribers forms a trivial dual blocking set in PG(2, q), containing 
all lines through Q. 

Only when the compromised subscribers form a trivial dual blocking set in 
PG(2, q), the TV-net has to distribute a new set of keys to all of their subscribers. 


7 Other Applications and Open Problems 


In this section, we shall give a brief overview on other applications of blocking sets. 
The first to mention is on the theory of t-covers. 


7.1 Covers in Galois Geometries 


A t-cover C of PG(,q) is a set of t-subspaces of PG(n, q) that cover the point 
set of PG(n, q), i.e., every point of PG(n, q) is contained in at least one element 
of C. Obviously, |C] > r2] (we remind that a t-spread, which is a particular case 


of a t-cover, has size 2) and we call the excess of C the integer € = |C| — (#1. 
The multiple points of C are the points contained in more than one element of C 
and if P is a multiple point, then the surplus of P is the number of elements 
of C containing P minus one. One can consider the surplus as a weight function 
mapping a point P € PG(n, q) to a non-negative integer surplus(P). So we have 
surplus(P) > 0 if and only if P is a multiple point and, if £ + 1 divides n + 1, 
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then surplus(P) = €6;. The following theorem shows the link between 
PeEPG(ngq) 
blocking sets, more precisely minihypers, and the multiple points of a t-cover. 


Theorem 7.1. [26] Let C be a t-cover of PG(n,q), (t + 1)|(n + 1), with excess 
€ < q. Let F be the set of multiple points of C and let w(P) = surplus(P), VP € 
PG(n, q). Then (F, w) is an (€6;, €0;-1; n, q)-minihyper. 


By a classification result about minihypers of [26], it is possible to describe the 
set of multiple points: 


Corollary 7.2. [26] Let C be a t-cover of PG(n,q), (t + 1)|(n + 1), with excess 
€ < éq where eq is such that q + €q is the size of the smallest non-trivial blocking 
sets of PG(2,q). Then the multiple points form a sum of € t-subspaces. 


7.2 Minihypers and i -Tight Sets 


By a polar space, we will mean the lattice of subspaces of a projective space 
contained in a non-singular quadric or Hermitian variety, or the lattice of subspaces 
totally isotropic with respect to a symplectic polarity (see for example [36]). 
A subset 7 of a polar space of rank r > 2 over F, is i-tight if 


„g1 oe 

i —— + ifP eT, 
p+ AT|= Ps 
if ifP¢éT. 


q-1 





The easiest example of an i-tight set of a polar space is the union of i pairwise 
disjoint generators. 

In [17], it has been shown that an i-tight set T of W(2r + 1,q), O*(2r + 
1,q), or H(2r + 1,q) is a set of 76, points intersecting every hyperplane in at least 
i6,—1 points, hence J is an (i6,,70,—1; 2r +1, g)-minihyper. Using characterization 
results about minihypers of [17,25], it is possible to characterize i-tight sets in the 
aforementioned polar spaces. 


Theorem 7.3. [17] Ani-tight set on O* (2r+1,q), with2 <i < q/2—1, can only 
exist for r odd; then such an i-tight set is the union of i pairwise disjoint generators 
of O* (2r + 1,q). For every r > 1, a 1- or 2-tight set on Q+ (2r + 1,q) consists of 
one or two disjoint generators. 


Theorem 7.4. [17] Let T be an i-tight set of H(2r + 1,q), with q>16 and 
i< qi /J2 + 1, then T is the union of pairwise disjoint generators and 
Baer subgeometries PG(2r + 1, ~q), such that the Hermitian polarity induces a 
symplectic polarity on these Baer subgeometries. 

Theorem 7.5. [17] Let T be an i-tight set of W(2r + 1,q), with q square 
andi < qi /J2 + 1, then T is the union of pairwise disjoint r-dimensional 
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subspaces and Baer subgeometries PG(2r + 1, ,/q). The r-dimensional subspaces 
are either generators or pairs {U,U+}, with U N U+ = Ø; the subgeometries are 
either Baer subgeometries invariant under the symplectic polarity or pairs of Baer 
subgeometries {B,, B2}, where P+ A By =PG(2r, JQ), YP € By. 


Since an i-tight set T of W(2r + 1,4), OT(2r + 1,q), or H(2r + 1,q) is 
an (i6,,i10,—1;2r + 1,q)-minihyper, improved results on (10,,10,-1;2r + 1,q)- 
minihypers will imply improved results on these i-tight sets 7. As minihypers 
are blocking sets, we can again state that improved results on blocking sets imply 
improved results on another topic, i.e., that of i -tight sets of polar spaces. 


7.3 t-Fold k-Blocking Sets in PG(n, q) 


Recently, results on onefold blocking sets have been extended to t-fold blocking 
sets. This includes in particular the 1 (mod p) result (Theorem 1.10), which was 
extended to a ¢ (mod p) result. Since such £ (mod p) results are very strong 
results, implying strong characterization results, we mention this £ (mod p) result 
on t-fold blocking sets, and give also a characterization result on t-fold blocking 
sets heavily relying on this ¢ (mod p) result. 


Theorem 7.6. [22] Let B be a minimal weighted t-fold k-blocking set of PG(n, q), 
q = p", p prime, h > 1, of size |B| = tq +t +k’, witht +k’ < (q* — 1)/2. 
Then B intersects every (n — k)-dimensional subspace in t (mod p) points. 


Theorem 7.7. [22] Let B be a minimal weighted t-fold k-blocking set of PG(n, q), 
q = p", p prime, h > 1, of size |B| = tq% +t +k’, witht +k’ < (q* —1)/2. 

Let e > 1 be the largest integer such that each (n — k)-dimensional subspace 
intersects B int (mod p°) points. Then, for 0 < s < n—k and every s-dimensional 
subspace ITs, |B ITs| € {0,1,...,¢} (mod p°). 


Theorem 7.8. [23] Let B be a minimal t-fold k-blocking set in PG(n, q), q square, 
q > 661, t < cpq'/°/2, of size at most |B| < tq* + 2tq*" Vg < tq* + cpqh V3, 
with c2 = c3 = 273 and cp = 1 for p > 3. 

Then B is a union of t pairwise disjoint cones (1tm,,PG(2(k — m;i — 1), /q)), 
—-l<m;<k—-1,i=1,...,¢. 


Theorem 7.9. [23] Let B be a minimal t-fold k-blocking set in PG(n, q), q square, 
t > 2, which is a union of t pairwise disjoint cones (1m,,PG(2(k — m; — 1), /q)), 
max{—1,2k — n — 1} < m; < k — 1. Then k < n/2 if B contains at least one 
k-dimensional space PG(k,q) and k < n/2 in the other cases. 
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7.4 Blocking Sets and Semifields 


A finite semifield S is a finite algebraic structure satisfying all the axioms of a skew 
field except (possibly) associativity. These algebraic structures are of considerable 
interest because they coordinatize certain translation planes, called semifield planes 
and two semifields are isotopic if and only if the corresponding translation planes 
are isomorphic. A semifield coordinatizing a Desarguesian plane is isotopic to a 
field. A geometric construction to get a translation plane is the following: let S 
be a (t — 1)-spread of PG(2t — 1,q), embed PG(2r — 1,q) as a hyperplane into 
PG(2t,q), and let A(S) be a point-line geometry such that the points are the 
points of PG(2t, g)\PG(2t — 1,q) and the lines are the t-dimensional subspaces 
of PG(2t,q) intersecting PG(2t — 1,q) in an element of S and the incidence is 
the containment. Then A(S) is a translation plane of order gq‘ (see e.g., [21]). 
A spread S is called a semifield spread if A(S) is coordinatized by a semifield. 
For PG(2t — 1,q), it is always possible to choose as homogeneous coordinates 
(X1,---,X¢3 V1,---, Yt) = (X; y) in such a way that the space A of equation x = 0, 
B of equation y = 0 and C of equation x = y are elements of the spread S. Then 
for every element D of S distinct from A, there is a unique t x t matrix Jp 
over IF, such that the point (a; b) belongs to D if and only if b = aJp. The set 
C = {Jp|D € S, D +Æ A} is called the spread set associated to S with respect to 
A, B and C. The spread S is a semifield spread (with respect to A) if and only 
if C is closed under the sum (for more details, see [21, Section 5.1]). Since C 
is closed under the sum, there exists a subfield F, of F, such that C is a vector 


space of rank tn over F;, where q = s”. Embed PG(2t — 1,q) as a canonical 
subgeometry into PG(2t — 1,q') in such a way that (x; y) €PG(2t — 1, q) if and 
only if x? = x and y? = y, where x? = (x/,...,x/). Let A* and B* be the 


spaces of equation x = 0 and y = O respectively. If P = (b;9) is a fixed 
imaginary point of B*, then J = {(b;bX)|X e€ C} is the indicator set of S 
(actually the definition of indicator set appears in a different, more involved way 
in [44], but here, for the sake of brevity, we give this equivalent way to introduce 
them) and let /* = {(Ab;bX)|A € F,,X © C}. Let us now focus on the case 
t = 2. Embed PG(3,q) as a canonical Baer subgeometry into PG(3, q?) and let 
A* = {(x1,x2;0,0)|x; € Fy}, then T = (A*, P) is a plane isomorphic to 
PG(2, gq). Then, with the notations as above, we have the following theorem. 


Theorem 7.10. [44] The spread S is a semifield spread for PG(3, q) if and only if 
I* is a Rédei-type blocking set of T =PG(2,q7) disjoint from the Baer subline A 
of A* which is a Rédei line of I*. 


The semifields are not only linked to the spreads of projective spaces, but also to 
flocks, and, in [44], it is also shown when a Rédei-type blocking set gives rise to a 
semifield flock (for the definitions and details, we refer to [44]). 

For a survey on the most important results on finite semifields, we refer to the 
article [41] in the collected work [20]. 
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7.5 Open Problems 


1. The linearity conjecture. 

All the known examples of small minimal k-blocking sets in PG(n, q) are 
linear k-blocking sets. If £ such pairwise disjoint small linear k-blocking sets in 
PG(n, q) exist, their union is a t-fold k-blocking set in PG(n, q). 

It is generally believed that all small minimal k-blocking sets in PG(n, q) 
are linear k-blocking sets, and that all small minimal t-fold k-blocking sets in 
PG(n, q) are the union of linear sets, under suitable conditions on the parameters 
t,k,n,q, and |B|. This had led to the following linearity conjecture on blocking 
sets. 


Conjecture 7.11 (Linearity conjecture for multiple blocking sets [58]). In 
PG(n,q), any t-fold minimal k-blocking set B is the union of some (not 
necessarily disjoint) linear point sets B1, .. . , Bs, where B; is a t;-fold k-blocking 
set, and fı +---+t, = t; provided that ¢ and | B| are small enough (t < T(n,q,k) 
and |B| < S(n,q, k) for two suitable functions T and S). 


The proof of this linearity conjecture or parts of this conjecture will imply 
many new results. As we have mentioned in the preceding sections, improve- 
ments to characterization results on blocking sets will open the door to new 
results on many other problems. That is why we present the problem of proving 
the linearity conjecture as the central problem on blocking sets. 

2. Maximal partial spreads. 

In Theorem 2.3, a theorem on maximal partial spreads in PG(3, q), q square, is 
stated where it is mentioned that the set of holes is the union of s, with /q — 1 > 
s > 1, Baer subgeometries PG(3, ./¢). Presently, no such examples of maximal 
partial spreads are known. 

Therefore, as a second open problem, we present the problem of proving 
or disproving the existence of maximal partial spreads in PG(3, q), q square, 
satisfying the conditions of Theorem 2.3. 

3. Extendability of linear codes. 

Improvements to the results on the extendability of linear codes are stated in 
the chapter on Galois geometries and coding theory [40] of [20]. For instance, 
Maruta proved other extension results [45—47], including a doubly-extendability 
result. The conditions that need to be satisfied however are very technical. An 
open problem is to simplify these conditions. Here, a link with blocking sets or 
with (weighted) 2-fold blocking sets might occur. In general, is it possible to 
prove a t-fold extendability result on linear codes involving (weighted) t-fold 
blocking sets? 
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Quadratic Action 


F.G. Timmesfeld 


Abstract Let V be a vectorspace over a field of char. different from two and x 
be an element of GL(V) different from id. Then x acts quadratically on V, if 
(x —id)* = 0. In this survey we study and classify subgroups of GL(V) generated 
by quadratically acting elements. 


Subject Classifications: AMS classifications: 20E32, E34 and E42 


Keywords Quadratic action 


1 History 


Let G be a group and V a ZG-module, i.e., an abelian group on which G acts. 
Then we say that the element x € G acts quadratically on V if V(x — id) = 0 F 
V(x — id). In multiplicative notation, which we prefer, the condition is 


[Vx x] =14 [Vxl]. 


where the commutator is computed in the semidirect product of V and G. 
A subgroup A of G acts quadratically on V, if C4(V) = 1 and [V, A, A] = 1. 

For finite groups the concept of quadratic action is as old as modern group 
theory and goes back to J. Thompson. It underlies Glauberman’s theorem, see [7], 
and also the Glauberman-Thompson normal p-complement theorem. The major 
classification result was announced by Thompson [12] at the ICM in Nice 1970: 
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Theorem 1.1. Suppose the finite group G acts faithfully and irreducibly on the 
ZpG-module V, where p = 5 is a prime, and G is generated by quadratically 
acting elements. Then G is a central product of finite Lie-type groups in char. p 
different from Es(q),q = p". 


The proof of this theorem still remains unpublished, although there exists a 
preprint containing many important features. It is obvious that, to prove this 
theorem, Thompson had to develop a new theory. I will mention some of its 
highlights. 


Lemma 1.2 (SL2-Lemma). Let G and V be as in Theorem 1.1. Among all 
quadratically acting elements of G choose x such that dim[V, x] is minimal. Choose 
xE such that (x, x*) is not unipotent on V. Then (x, x£) ~ SL2(q), q a power of p. 


The existence of xê is guaranteed by the so called Baer—Suzuki Theorem, which 
says that either x € O,(G) or there exists an x£ such that (x, x£) is not a p-group. 
Now O,(G) = 1, since G acts irreducibly on V. 

The proof of Lemma 1.2 depends on the well known Dixon-lemma determining 
subgroups of SL2(q), q = p” generated by non commuting p-elements. If p = 3 
there is an additional case in Dixon’s lemma, namely SL2(5) as subgroup of SL2(q). 
This (and the fact that SL2(3) is solvable) prevent, that the theory of quadratic action 
works as well in case p = 3. (If p = 2, then all involutions of G act quadratically 
on V. So there cannot be such a classification.) 

From Lemma 1.2 one obtains 


Corollary 1.3. Let x and x£ be as in (1) and set Ex = {y € G | [V, y] = [Vx] 
and Cy (y) = Cy(x)} and E(x) = (Ex). Then the following hold: 


(1) E(x) = E, U {id} is an elementary abelian p-group. 
(2) (E(x), E(x)8) > SL2(|E(x))). 


It can be shown that the central involution in this SL2(|E(x)|) is a classical 
involution of G in the sense of Aschbachers’ classical involution theorem, [1], for 
which he won the Cole-price in Algebra. That is, if i is this central involution, then 
SL, (| E (x)|) is a subnormal subgroup of C (i). 

If p = 3 = |E(x)| some work on quadratic action has been done by Ho [8] and 
Chermak [4]. In particular Ho determined the groups (x, x£) when (x, x£} is not a 
3-group. 


2 Connections with Abstract Root Subgroups 


If one thinks about generalizing Theorem 1.1 to arbitrary fields k with char. k Æ 2 
and k # GF(3) then one realizes that one needs a condition, which prevents 
the groups from being defined over a ring. (For example SL,(Z) is generated 
by quadratically acting elements on Q”.) This condition should be automatically 
satisfied if k = Zp. 
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Definition 2.1. Suppose V is a kG-module and x € G acts quadratically on V. 
Then x = id + œ, œ? = 0 Æ «. For c € k let 


cox =id+ cg. 


Then kox = {cox | c € k} ~ (k, +) with multiplication (cox)(dox) = (c+d)x. 
Further, if k = Zp, then k o x = (x). 


Now the appropriate condition is that G should be generated by quadratic 
elements x with k o x C G. With this condition we obtain: 


Theorem 2.2 (Root-structure theorem). Suppose the group G acts faithfully on 
the finite dimensional k-vector space V, char. k # 2 and k # GF(3), such that 
the maximal unipotent normal sugbroup R,(G) = 1 and G contains a quadratic 
element x withk ox C G. Under all such quadratic elements pick x such that 
dim, [V, x] is minimal. Let 


Ey = {y |koy CG,[V, y] = [V, x] and Cy(y) = Cy(x)} 


and E(x) = (Ex). (y € Ex automatically acts quadratically on V.) Then the 
following hold: 


(1) E(x) = E, U {id} is either an elementary abelian p-group (if char. k = p) or 
torsionfree and divisible (if char. k = 0). 

(2) Let X = E(x)? = {E(x)8 | g € G}. Then for A,B € X one of the following 
holds: 


(i) [A, B] = 
(ii) (A, B) is e of class two with lA, Ble X. 
(iii) (A, B) is a “special rank one group,” i.e., for each 1 # a € A there exists 
+ 


al Æb €B with 


b — b™ and A? = B® and vice versa. 


For proof see [14, Th.2 and Th.1] or [13, V(1.28)]. In fact, certain technical 
matrix calculations are not contained in [13]. Under a slightly different condition 
it has been shown in [6] that (2)(i) or (ii) holds, when (A, B) is unipotent on V. 
Unfortunately, I assumed in the statement of Th.2 in [14] that G acts irreducibly on 
V, which is only needed to obtain R,(G) = 1. 


Definition 2.3. A conjugacy class X of abelian subgroups generating a group R, 
such that for each pair A, B € X one of the cases (2)(i)—(iii) is satisfied, is called a 
class of abstract root subgroups of R. 


With this notation we obtain: 


Theorem 2.4 (Central-product-theorem). Suppose G acts faithfully on the k- 
vector space V, k as in Theorem 2.2, such that R,(G) = 1 and G is generated by 
quadratic elements x with k ox C G. Then G = G; *--- * Ge (x means central 
product) such that each G; is generated by a class X; of abstract root subgroups. 
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The central-product theorem is a consequence of Theorem 2.2 and Th.1 of [14]. 
Again this theorem is stated in Th.1 of [14] resp. in V (1.6) of [13] only under the 
hypothesis that G acts irreducibly on V. 

Now the problem of determining groups generated by quadratically acting 
elements is reduced to the determination of groups G which are generated by 
a class X of abstract root groups, and which satisfy R,(G) = 1. In fact the 
latter problem also makes sense in char. 2, i.e., when the elements of X are 
elementary abelian 2-groups. This problem has been solved completely in [Til] 
under the additional hypothesis that X contains a pair of commuting root groups. 
The classification depends on the classification of spherical buildings by Tits resp. 
the classification of Moufang polygons by Tits and Weiss [20]. The condition that 
there exist commuting root subgroups is needed to obtain lines of certain geometries 
related to the building of G. 


Remark 2.5. (1) Similarly as in Sect. 1, the proof of Theorem 2.2 resp. 2.4 depends 
on an extension of the Baer—Suzuki theorem to arbitrary linear groups and 
on an extension of the Dickson lemma to infinite fields. The first was given 
by Aschbacher in [2], see also [17, (2.1)]. The second has been obtained by 
Bashkirov [3] resp. unpublished by Chernousov, see also the Appendix of [13]. 
The result is: 

Let k be an infinite field of char. # 2 and A algebraic over k. Then 


(C C gji € k) = SL,(k(A)). 


(2) Groups X generated by two different (nilpotent) subgroups A and B satisfying: 


For each 1 Æ a € A there exists a 1 Æ b € B with A? = B“ and vice versa 
are called (abstract) rank one groups. 
These rank one groups are nearly equivalent to the Moufang sets introduced by 
Tits [19]. This is a set 2 together with a family (Ux)ac2 of subgroups of Sym(2) 
satisfying: 


(i) Uy fixes a and acts regularly on 2 — {a}. 
(ii) Uy normalizes {Ug | B € 2} (as subgroup of Sym(2).) 


In fact, given a Moufang set, then the subgroup (Ux, Up | a # B € Q) of 
Sym({2) is a rank one group with A = U, and B = Ug. Conversely, if X = (A, B) 
is a rank one group and X = X/Z(X), then setting 2 = {A* | x € X} and 
Uy, = A fora = A*, 2 together with (Uy) veq is a Moufang set. For details see 
[13, I(1.3)]. 

There is recently a large amount of literature on Moufang sets. I only mention 
two papers, which are of particular interest for us: 


[5] Moufang sets and Jordan division algebras, where the connection between 
special rank one groups and Jordan Division algebras is discovered. This will 
be exploited in the next section. 
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[10] Proper Moufang sets with abelian root groups are special. In this paper it is 
shown, that if X = (A, B) is a rank one group with A abelian, then either 
X/Z(X) is sharply doubly transitive on A* or the special equation a? = b~4 
holds, for all a € A, b € B satisfying A? = B®. 


3 Quadratic Action Without Commuting Root Groups 


One is naturally led to ask what can be said in Theorem 2.2 about the normal 
subgroup Y = (x) of G, if X does not contain a pair of commuting root groups. 
If this is the case, then there does not exist a pair of elements of X satisfying (2)(ii) 
too. This means that (A, B} is a rank one group for all A #4 B € X. In this case the 
geometric arguments of [13,14] to classify Y don’t work, since there is no geometry 
around. 

In case G is finite, the only possibilities for the group Y are SL2(q) and SU3(q). 
This has been shown by Thompson in his preprint, but also follows from papers of 
Aschbacher and Hall. In the infinite case the problem is much more substantial, 
since one does not only obtain unitary groups of Witt-index one of arbitrary 
dimension, but also algebraic groups of relative rank one like ? 6,1, the root groups 
of which act quadratically on the 27-dimensional module for £6. 

There are the following results: 


Theorem 3.1. /15] Suppose G satisfies the hypothesis of Theorem 2.2 and (A, B} 
satisfies (2)(iii) for A, B € X. Then (A, B) = SL (J, R), where R = End; V and J 


is a Jordan division subalgebra of R. (Here SL2(J, R) = ((' i} (i g |A,we J) 


considered as subgroup of GL2(R).) 


Actually, the theorem also holds in char. 2, see [15]. Now it is not clear how 
useful Theorem 3.1 is, since the group SL2(J, R) might be unknown. In particular 
the latter group does not only depend on J, but also on R. But using Zelmanov’s 
famous classification of Jordan division algebras one obtains the following: 


Corollary 3.2. [15] Let Y = (A,B) be as in Theorem 3.1. Then one of the 
following holds for Y = Y/Z(Y): 


(1) J = K is a division ring and Y ~ PSL2(K). 

(2) J = Kg, where K is a division ring with involution o andY ~ PS U2(K, f), 
where f : K? x K? > K is ao-hermitian form of Witt-index one. 

(3) J is the Jordan Clifford algebra of some anisotropic quadratic form q : W —> 4, 
£ an extension field of k and Y ~ P2(W’',q'); where W' =W LH, Ha 
hyperbolic plane and q' is the extension of q to W’. 


I actually think that the outcome of the classification of the “quadratic rank one 
groups” in Corollary 3.2 is too complicated to be of much use for the classification 
of the higher rank groups in [13, 14]. It is the definition of “special rank one groups” 
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which somehow picks the right properties for a classification of groups generated 
by abstract root subgroups. 

Next, a Proposition, which connects the case where X does not contain different 
commuting root subgroups with rank one groups. 


Proposition 3.3. [16] Suppose G satisfies the hypothesis of Theorem 2.2, but there 
are no commuting root subgroups A # B in X. Then 


Y = (X) = (U(A), U(B)) is a rank one group with respect to U(A), U(B) for 
A Æ B € X, where 


U(A) = {0 € Y | [V, o] € Cv (4), [Cv (4), 0] € [V, A] and [V, A, 0] = 0} 
is nilpotent of class two. 


In particular, Y acts doubly transitively on X. 
In the same paper, I determined Y in case X does not contain commuting root 
subgroups and Y is generated by 3 root subgroups. 


Theorem 3.4. /16] Let G, X and Y be as in Theorem 2.2 and assume that X 
does not contain a pair of commuting root subgroups and Y is generated by three 
elements of X. Let J be the Jordan division algebra of Theorem 3.1. Then one of 
the following holds: 


(1) J is a field and Y is a 3-dimensional unitary group of Witt-index one over a 
quadratic extension field K of J. 

(2) J = Kg, where K is a division ring with involution o and Y = SU;3(K, f), 
where f : K? x K? > K is a o-hermitian form of Witt-index one. In particular 
K is the associative envelope of J and whence uniquely determined by J. 


The main problem in this area is, in my view, the determination of the algebraic 
groups of relative rank one by quadratic action. (All such groups, except of type 
Eg, admit a “quadratic module.”) This is a difficult problem, since there does not 
exist any group theoretic classification of these groups so far. By Proposition 3.3 
this problem is closely related to the determination of non special Moufang sets. 

I spent some time on the problem of determining Y, if it is generated by 4 
root subgroups. But finally I decided that this is not the right way to proceed, 
since it gets more and more complicated, but one still does not obtain the more 
interesting groups. (For example, ?E6,ı needs at least 5 root groups to generate it, 
since the irreducible “quadratic” module is the 27-dimensional module for E6 and 
the commutator space of a root group with this module is of dimension 6.) 

I recently discovered an argument which is somewhat more in the spirit of 
algebraic groups. Namely, I showed that under the hypothesis of Theorem 3.4 you 
can embed Y into some SL3(K) which acts on the original quadratic module for Y. 
Now suppose that Y = ( X} is generated by an arbitrary number of root subgroups 
and X does not contain a pair of commuting root subgroups. Pick a 3-generator 
subgroup Y; which is known by Theorem 3.4 and whence can be embedded into 
Yı ~SL3(K) acting on the original module V for Y. Hence, Y = (Y, Yı) acts on 
V, satisfies the hypothesis of Theorem 2.2 and contains commuting root subgroups 
(obtained from Y1). Thus, by the classification in Sect. 2 Y is known. Hence, the 
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problem of determining Y is reduced to the problem of determining subgroups 
of a known group Y generated by a class X of abstract root groups, which act 
quadratically on some module V, which is irreducible for Y and for Y. Moreover 
Y=(ANY|AeZ,ANY F1) and the set of such A N Y is a class of K root 
subgroups, K a proper subfield of the field of definition of Y. This could be split 
into a number of special problems like: Suppose Y = E(k) and V is one of the 
27-dimensional k Y -modules on which the long root groups of Y act quadratically. 
Let X be the class of long root groups of Y. Suppose Y is a proper subgroup of Y 
acting irreducibly on V and satisfying: 


Le A= {ANY |A€e Land ANY 4 1}. Then Y = (A) and A is a class of £ root 
subgroups of Y, ¢ a proper subfield of k, containing no commuting root groups. Show that 
then k is a quadratic extension field of £ and Y œ 7E6,(k). 


4 Quadratic Modules 


Let G be a finite Lie-type group in char. p # 2. Then Premet and Suprunenko [9] 
have determined the irreducible “quadratic” kG-modules, i.e., when an element of 
G acts quadratically, where k is the algebraic closure of Zp. It follows from the 
theory described in Sect. 2, that if one element of G acts quadratically, then the long 
root subgroups must act quadratically. (This can also be shown directly.) Now for 
group theoretic purposes I recently have shown: 


Theorem 4.1. [18] Let G be a finite Lie type group in char. p # 2 different from 
SL2(3) and V a Z,G-module on which the root groups of G act quadratically. Then 


(*) V =Cy(G) ® [V, G] 


and |V, G] is a direct sum of nontrivial irreducible modules in some list. 


Of course, if one knows that (*) holds, the list of irreducible summands of [V, G] 
can be obtained from [9]. But the proof of (x) is constructive, i.e., we have to 
construct the irreducible direct summands of [V, G] by induction on the rank of 
G, knowing that by [13, I(3.4) and (3.8)(1)] the result is true for SL2(k), when 
char. k # 2 and k # GF(3). In fact the proof of Theorem 4.1 works, except for E6 
and £7, for arbitrary fields k. 

Unfortunately, Theorem 4.1 is not the theorem one would really like to have. As 
the remarks at the beginning of this section show, one would like to have the same 
theorem just under the hypothesis that the long root subgroups act quadratically. 
Unfortunately, this more general theorem is false. Counterexamples are given by the 
Weyl-modules with fundamental weight w;,2 <i < £ for Sp(2¢,q),q = p”. In 
fact the Weyl modules are always indecomposable, see [11, p.211]. Moreover, since 
they are submodules of the ith exterior power of the natural module for Sp(2€, q), 
the long root groups, which are transvection groups, act quadratically. But they are 
not always irreducible. (The Weyl-module corresponding to œz is not irreducible 
if p | £.) 
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Two Problems on Finite Sets 


Bhaskar Bagchi 


1. An MIF(k) is a maximal intersecting family of k-sets; i.e., it is a pairwise 
intersecting family of sets of size k such that at least one member of the family 
is disjoint from any k-set from outside the family. The elements of the union 
of a MIF(k) will be called its points. The number n of points will be called its 
size. Though it may look surprising, any MIF(k) is finite: indeed one has the 
bound n < k**! on its size. (One may prove by backward induction on £ that for 
0 < £ < k, any ¢-set is contained in at most k‘~ members of the MIF(k). The 
case £ = 0 gives the bound.) An example of a MIF(k): all k-subsets of a given 
(2k — 1)-set. This is clearly the smallest MIF(x). 

We shall say that a MIF() is special if each set of k + 1 points contains either 0 
or 2 members of the MIF(k). 


Problem. Prove (or disprove!) that any special MIF(k) has size 3k — 3. 


(Very few special MIF(k) are known: one each with k = 3, 4 and six with k = 6.) 
2. A linear space is a pair (P, L) where P is a finite set (whose elements are called 
points) and L is a collection of subsets of P , each of size 2 or more (the elements 
of L are called the lines) such that any two distinct points are together in a unique 
line. For a positive integer n, we say that a linear space is of order n if each point 
is in exactly n + 1 lines. For a prime p, we say that the linear space (P, L) is 
non-trivial at p if there is a function ġ : P > Z/pZ, not identically zero, such 
that X` (x) = 0 foreach £ € L. 
xel 
Problem. (a) If a linear space (P, L) of order p is non-trivial at the prime p, 
then show that #(P) > 2p and equality holds iff P is the disjoint union of 
two lines of size p. 


N.S.N. Sastry (ed.), Buildings, Finite Geometries and Groups, Springer Proceedings 337 
in Mathematics 10, DOI 10.1007/978-1-4614-0709-6, 
© Springer Science+Business Media, LLC 2012 
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(This is a theorem due to Inamdar. But we are looking for an elementary 
proof.) 

(b) Ifa linear space (P, L) of odd prime order p is non-trivial at p and if #(P) > 
2p, then prove (or disprove!) that #(P) > 3p — 3 and equality holds iff P is 
the disjoint union of three lines of size p — 1. 
(This is known to be true for p < 7.) 


Remark. (1) A pure simplicial complex of dimension d is said to be a (weak) 


(2) 


pseudo-manifold if each of its (d — 1)-dimensional faces is contained in exactly 
two d-dimensional faces (facets). It is said to satisfy complementarity if, for 
each partition A LU B of its vertex set into two subsets, exactly one of A, B 
is a face. It is known that any triangulation of a projective plane over a real 
division algebra of real dimension d requires at least 3d + 3 vertices, and any 
triangulation attaining this lower bound must satisfy complementarity. In [1], 
we conjectured that any d-dimensional pseudomanifold with complementarity 
must have exactly 34 + 3 vertices (in particular d must be even). It is 
easy to see that the complements of the facets in any pseudomanifold with 
complementarity form a special MIF, as defined in Problem 1 above. Thus the 
known examples of special MIFs mentioned above arise from the well known 
minimal triangulations of the projective planes over reals, complex numbers 
and quaternions (using 6, 9, 15 vertices respectively). A positive resolution of 
Problem | will lead to a proof of the conjecture in [1]. 

Problem 2(b) is an easy to understand reformulation of the 3p — 3 conjecture in 
[2] and [3]. Problem 2(a) is a theorem from [4]. 
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Embedding the Dual of a Non-Embeddable Polar Space 


A. 


Pasini 
It is well known that only one family of non-classical (i.e. non-embeddable) thick 


polar spaces exist of rank n > 3. They have rank 3 and their planes are moufang but 
not Desarguesian (see Tits [[1], Chap.9]; also Miihlherr [2]). Each of these polar 
spaces can be obtained as a subgeometry of an E7(k)-building for a suitable field k. 
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Let A be such a building, S a polar space as above realized as a subgeometry of A 
and D the dual of S. 

It is not difficult to see that the 56-dimensional embedding e : A > V = 
V(56, K) induces an embedding ep of D in the subspace (e(D)) of V spanned by 
the e-image e(D) of D. It is known that actually e(D) spans V. I have been told 
by A. Cohen that this fact has been proved by Freudenthal many years ago in the 
context of his investigations of buildings of exceptional Lie type, although he has 
never published that proof. Anyway, (e(D)) = V. Namely, ep is an embedding of 
D in V. However, a number of questions remain to answer. Here are two of them. 


1. Is ep universal? 
2. Compute the generating rank and the embedding rank of D. 
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Linearity Conjecture on Blocking Sets in PG(n, q) 


Leo Storme 
In PG(2,q): 


Definition. (1) A blocking set B in PG(2,q) is a set of points intersecting every 
line in at least one point. 

(2) A blocking set B in PG(2, q) is minimal when no proper subset of B still is a 
blocking set. 

(3) A blocking set B in PG(2,q) is small when |B| < *429, 


Known Examples of Small Minimal Blocking Sets 


Let g = p", p prime, and let e|h, then the projection of a subgeometry PG, p°) 
in PG(2, q) is a minimal blocking set of P G(2, q), called a linear blocking set. 

(It has the properties that it intersects every line of PG(2,q) in 1 (mod p°) 
points and every (1 + p*°)-secant is a subline PG(1, p°).) 
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Known Results on Small Minimal Blocking Sets 


Let B be a small minimal blocking set in PG(2,q), q = p", p prime, h > 1, 
then 


(1) B intersects every line in 1 (mod p) points. 

(2) Let e be the largest integer such that B intersects every line in 1 (mod p°) 
points. (This number is called the exponent of B.) Then e|h and every (1 + p®)- 
secant to B is a subline PG(1, p°). 


Conjucture. All small minimal blocking sets in PG(2,q),q = p", p prime, h > 1, 
are linear blocking sets. 


In PG(n,q): 


k-Blocking Sets in PG(n, q) 


Definition. (1) A k-blocking set B in PG(n, q) is a set of points intersecting every 
(n — k)-dimensional subspace of P G(n, q) in at least one point. 

(2) Ak-blocking set B in PG(n, q) is called small when |B| < 3(q* + 1)/2. 

(3) The known examples of small minimal k-blocking sets in PG(n,q) are 
again linear, i.e. they are (possibly) projected subgeometries of appropriate 
dimensions and defined over appropriate subfields F pe of F4, q = p", p prime, 
h > 1,e|h,in PG(n,q). 


Conjucture. Every small minimal k-blocking set in P G (n, q) is a linear k-blocking 
set. 


“Which (Families of) Finite Groups Admit Neat/Natural Gelfand 
Model?” 


D.-N. Verma, dnverma@ math.tifr.res.in 

Given a group G, a locally finite(-dimensional) G-module M is to be called a 
Gelfand model of G iff M is semisimple (= direct sum of simple modules), and 
every simple G-module occurs once and exactly once in M. But, we ought to rule 
out the “unnatural” construction for M if it were to be defined as the direct sum 
of one copy of each G-irreducible; indeed, the quest of a Gelfand model not only 
presumes a lack of prior knowledge of any description of the G-irreducibles, but 
needs also to be supplemented with the TASK of describing how to find each of the 
minimal G-stable subspaces. 

This definition is motivated from the (semisimple) “Lie Representation Theory”, 
as all reductive algebraic groups in characterization 0 possess one (or more) natural 
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Gelfand models, which are obtained intrinsically from the given group structure and 
the underlying Geometry. A priori, no one seems to have ever suggested of a similar 
possibility for the class of all finite groups (or even finite simple groups). 

Yet, there are reasons to suspect of some, or many, large classes of finite groups 
that may admit some (or even many) Gelfand models. At the root of this lies the 
relatively new awakening (over recent decades) that the vectorspace spanned by (or 
in some way related to) the set of all involutions in G is suspected to be a candidate 
for M; to be precise, if F is “totally real” (in that RG is a direct sum of matrix 
algebras over R, i.e. matrix summands over complex numbers and quaternions do 
not occur), it is known that dim M = expect sum of dimensions of G-irreducibles, 
which makes this suspicion natural. While many families of finite groups are known 
to be totally Real, such as the class of “Weyl groups” (= crystallographic finite 
coxeter groups), the said suspicion is still conjectural in that generality. For the 
case of Symmetric Groups S, (= Type-A,—-1 Weyl group = the group of all n! 
permutations of n given objects), however, this has been established during the past 
decade, through many independent efforts (indicated below). 

The most notable reference is to the continuing work of Jorge Soto-Andriade 
(from Chile); full references to his early works, as also to previous relevant works 
of Klyachko, Inglis and Richardson’s 2 page paper, and to J.L. Aguado and J. Araujo 
(from Argentina) can be found in the unpublished manuscript of D.-N. Verma and 
Vijay Kodiyalam at 2003 ArXiv. These were followed by some more general results 
of D. Bump and D. Ginzburg (J. Alg. 04), referred in later papers of Soto-Andrade 
on ArXiv, — who also gave a related talk at the ICM 2010 very recently. 


